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CHAPTER | 
The calculus of variations 


I.1 Introduction 


In this final block of MS324 we introduce two related mathematical entities, 
which are of use in many areas of applied mathematics and are of immense 
importance in formulating the laws of theoretical physics. These are the 
functional and variational principles. The theory of these entities is called 
the calculus of variations. 


A functional is a generalisation of a function. A real function of a single real 
variable maps an interval of the real line to real numbers; for instance, the 
function f (2) = 1/(1+ 2”) maps the whole real line to the interval (0, 1}; 
function Ina maps the positive real axis to the whole real line. Similarly, a 
real function of n real variables maps a domain of R" into the real numbers. 


A functional maps a given class of functions to real numbers. A simple 
example of a functional is 


1 
sui= [ dry'(x)?, y(0)=0, y(1) =1, (1.1) 
0 


which associates a real number with any real function, y(x), satisfying the 
boundary conditions and for which the integral exists. Here y/(x) = dy/dx, 
and throughout this block we use the notation f’(a) to denote the derivative 
of f(a) with respect to its argument when f(x) is a function of a single 
variable. The square bracket notation S{y] is used to emphasise the fact 
that the functional depends upon the choice of function used to evaluate the 
integral. Later in this chapter we shall see that a wide variety of problems 
can be described in terms of functionals. 


Real functions of n real variables can have various properties: for instance 
they can be continuous, they may be differentiable or they can have station- 
ary points and local maxima and minima. Functionals share many of these 
properties. In particular, the notion of a stationary point of a function has 
an important analogy in the theory of functionals and this gives rise to the 
idea of a variational principle, which arises when the solution to a problem 
is given by a function that makes a given functional stationary. Variational 
principles are very common and important in the natural sciences. 


A simple example of a variational principle is that of finding the shortest 
distance between two points. Suppose that the two points lie in a plane, 
with one point at the origin, O. and the other at point A with coordinates 
(1,1), and that y(«) represents a smooth curve passing through O and A. 
The distance between O and A along this curve is given by the functional 


1 
sui = [ dx /i+y(@?, y(0)=0, y(1)=1. (1.2) 
0 
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This result is proved in Section 1.2, where we also prove the physically 
obvious result that the shortest distance is given by the straight line joining 
O to A. This may seem like using a sledgehammer to crack a walnut, but 
the methods introduced are important parts of the calculus of variations 
and can be used to solve more general and difficult problems. 


Variational principles are important for three principal reasons. First, many 
problems are naturally formulated in terms of a functional and an associated 
variational principle. For instance, the shape of a closed curve of given length 
that encloses the largest area is defined by a variational principle. When 
the closed curve is on a flat surface, this becomes a traditional problem that 
was first posed and solved by Zenodorus (c. 180 BC). but for curves on other 
surfaces the solution is not so easy. Other examples are the shape assumed 
by a hanging chain, which is determined by minimising the functional for 
the energy, and the path taken by a ray of light, which minimises the time 
of passage. These, and other, variational principles will be described later 
in this chapter. 


Second, most equations of mathematical physics can be derived from vari- 
ational principles. This is important partly because it suggests a unifying 
theme in our description of nature and partly because such formulations 
are independent of any particular coordinate system, so making the essen- 
tial mathematical structure of the equations more transparent and easier 
to understand. We explore some of these aspects in Chapter 4, where we 
reformulate Newton's equationsof motion as a variational principle. 


Finally, variational principles provide powerful computational tools; this use 
is not considered here. 


The structure of this block is as follows. In this introductory chapter we 
first consider the particular variational principle defining the shortest dis- 
tance between two points in a plane. This simple example is used to in- 
troduce many of the important ideas associated with functionals and also 
the notation required to deal with the general theory. Chapter 1 ends with 
a discussion of some of the problems that can be formulated in terms of 
variational principles. 


Chapter 2 contains the main theory, where we deal with a general class 
of variational principles described by the Euler-Lagrange equation. We 
develop and generalise the ideas introduced here, in order to obtain necessary 
conditions for a function to make this class of functionals stationary. 


Chapter 3 is in two parts. In the first part we develop a minor generalisation 
of the theory described in Chapter 2, which is required later in order to 
reformulate Newton's equations as a variational principle. In the second 
part we consider how some general properties of functionals can impose 
constraints upon the behaviour of the stationary functions. For instance, 
this theory shows how momentum conservation in a mechanical system is 
caused by the invariance of the associated functional under translations in 
space; similarly, energy conservation is a consequence of the invariance of 
the associated functional under translations in time. 


In Chapter 4 we discuss the application of Newton's equations to simple 
mechanical systems and show how this task is often made easier using La- 
grange’s formulation. We also show that, under certain widely applicable 
circumstances, Newton’s three laws can be expressed as a simpler variational 
principle, called Hamilton’s principle. 
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1.2 The shortest distance between two points 


Exercise 1.1 


Determine the value of the functional 
1 
Sly] -| dry'(x)?, y(0)=0, y(1) =1, 
fy 


for the following functions: 
(a) ya) =x 

(b) y(«) = a* where a > 
(ce) y(«) = sin(mar/2) 


1.2 The shortest distance between 
two points 


The distance between two points on a given surface can be expressed in 
terms of a functional depending on the path between the two points and the 
properties of the surface. The simplest surface is a two-dimensional plane, 
and we deal with this case here. 


In this section two significant results are derived. First. we derive the func- 
tional for the distance between two points in a plane along a given smooth 
curve. Second, we show that the stationary path is a straight line. 


It is well known that the shortest path between two points in a plane is the 
straight line joining them; indeed, it is Euclid’s definition of a straight line. 
However, it is almost always easiest to understand a new idea by applying it 
to asimple familiar problem, so here we introduce the ideas of the calculus of 
variations by finding the equation of this line. The algebra may seem over- 
complicated for this simple problem, but far more complicated problems 
may be solved with very little extra effort. 


1.2.1 The distance between two points on a given 
curve 


First, we need an expression for the length of a curve between two given 
points P, and P, in a plane, having the Cartesian coordinates (a, A) and 
(b, B), respectively. If the curve is represented by y = f(r) with a <a < b, 
then, since it passes through P, and P;,, we must have f(a) = A and f(b) = 
B, as shown in Figure 1.1. We also assume that f(x) is differentiable for 
asxr<b. 


uA 
Z P, 
| 
f(z) 
Pu 

A 

| 

| ~ 

a b = 


Figure |.! The graph of an arbitrary curve passing through P, and P,, with 
coordinates (a, A) and (b, B), respectively. 


See Book I of Euclid’s 
Elements, Definition 4. 
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We assume that the curve joining P, and P, is described by a single-valued 
function f(a), i.e. for each x in the interval a < x < b, f(x) has one and 
only one value. This means that curves such as those shown in Figures 1.2 
and 1.3 are not considered, because they are not the graphs of single-valued 
functions. 


Pa 


Figure 1.3 


ide the interval between a and b into N equal-length segments (2,-1.2), 
Madey N, where 2p = a and ry = b, so 


Th41 =e, +6x and Ndr =b—a, 


(1.3) 


as shown in Figure 1.4. 


vr 
B Py 
f(z) 
Pa 
A 
mo 1 ©2 © a as = 
a b 


Figure 1.4 Diagram showing the subdivision of the interval [a,b] into N equal 
intervals, where x41 — 2% = dx, k =0,1,...,2 N —1; in this example N = 5. 


The curve is now approximated by a continuous curve Cy comprising N 
straight-line segments, the Ath segment joining the points (2,—~),y,—1) and 
(xp. Yk), Where y, = f(a,). The length of the original curve is defined to be 
the limit as N — 00 of the length of Cy. Thus we need to determine the 
length of each segment of Cy, to add these together and then to take the 
limit as N — oo. 


First, we find the distance along the straight line between (a, yj) and 
(@e41,Ye41)- Since y, = f(a,), k = 0.1,....N, are the points defining Cy 
the relation between successive values of y is obtained using Taylor's expan- 
sion, 


Yer = f (xe + ox) 


= ye + dx f'(xx) + O(6x”), ye = f(wK)- (1.4) 
The length of the required segment. denoted by ds,. is given by Pythagoras’ 


theorem, as illustrated in Figure 1.5. 
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A more rigorous definition 

of the length allows for the 
increments along the a-axis 
to be different lengths. 


1.2 The shortest distance between two points 
yt 


Ye+1 


dk Yk+1 — Yk 


Yk 


aft 


Tr Tk 
Figure 1.5 
The length ds, is determined by the end points: 
O5K = (wer — te)? + (Yer — Ye)?» 
= ba? + (f' (ae) dx + O(62x?))? = (1+ f'(xx)*) dx? + O(6x'), (1.5) 
where we have used equation (1.4) to write yxi1 — yk = f'(xp) 6a + O(6xr?). 


On taking the square root of each side of this equation, we obtain an ex- 
pression for ds, 


68, = dx /1 + f! (xx)? + O(6x) 


O(6x) 
"ayy? aha 
1+ f'(x) T+ fen” (1.6) 
and hence, using the binomial expansion for the right-hand side, 
bs, = dav/1 + f'(ae)? + O(5x?), (1.7) 


The approximate distance from (a, A) to (b, B) along the curve y = f(a) is 
given by the sum of all the segment lengths: 


N-1 N-1 
SUf] ~ D> bse = SO de VT fan)? + O(N Sr”). (1.8) 
=O 


k=O k 
Since Néa = b—a, as da — 0 this sum becomes the integral 


b 
Sif] = ih dx /1+ f(z), f(a) =A, f(b) = B. (1.9) 


The distance between the two points P, and P,, along the curve y = f(x). 
is given by the above expression: for each suitable real function, f(x), the 
integral has a numerical value denoted by Sf]. the functional for the dis- 
tance. For instance, if P, is at the origin and Pj, = (1,0) the distance from 
P, to P, along the straight line joining these points is 1, whereas along the 
semi-circle of which P,P, is a diameter, the distance is 7/2. 


The functional (1.9) defines the distance between the points (a, A) and (b, B) 
along a given curve passing through these points. In the next subsection we 
consider how the length of the path varies with f(x) and we shall define the 
notion of a stationary function; we also show that the straight line through 
the end points is a stationary function. This may seem an elaborate method 
of deriving the fourth definition given in Euclid’s Elements, particularly since 
we have already used this definition to derive said functional. However, the 
method of deriving this functional and finding its stationary paths can easily 
be generalised to more difficult problems; for instance, it may be used to 
derive functionals for the shortest distance between two points on curved 
surfaces. Some examples of such problems are discussed in Exercises 1.26 
and 1.27. 
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Exercise 1.2 
If P, is at the origin and P, = (b.0), where b > 0, show the following. 


(a) If y= f(x) is the straight line joining P, to P;, then the integral (1.9) has the 
value b. 


(b) If y= f(x) is a semi-circle with diameter P,P,, so that f(x)? = br — x”, show 
that 


Peery pt 1 
sin=5 [ de 


By putting a = bsin? 6, show that S = 7b/2. 


1.2.2 The stationary distance 


We require the equation defining the functions for which S{y] is stationary, 
that is the stationary paths. However, as in ordinary calculus, the idea of 
a stationary point of a function is preceded by the notion of the rate of 
change of functions. Similarly, in the calculus of variations we first need to 
consider the change of S{y] with changes in y; then we can define the idea of a 
stationary path and, hopefully, find these paths. These ideas are introduced 
here, and developed in Chapter 2, using the analogy of the stationary points 
of functions of many real variables. 


The calculus of variations 


You will recall from the discussion about stationary points of a function of n In real analysis bold 


variables (Block 0, Subs 
one at which the values of the function at all neighbouring points are ‘almost’ 
the same as at the stationary point. To be precise, if G(a)is a suitably 


tion 2.2.7) that we define a stationary point to be characters are often used 
to denote sets of variables; 


this notation will be used 
frequently in this block, 


behaved function of n real variables, # = (a).a2..... &,), we compare values particularly in Chapter 3. 
of G at a and the nearby point a + e€, where |e| < 1 and |€| = 1, Tiefinie ons ae tha eymbela 
” 0G P <and > are given in the 
G(x + e€) — G(x) =e >> = §, + O(). (1.10) Handbook. 
=1 Orn 


A stationary point is defined to be one for which the term O(e) is zero 
forall €. This gives the familiar conditions for a point to be stationary, 
namely 0G/0r, = 0 for k = 1,2,..., N. 


For a functional we proceed in the same way. That is, we choose two adjacent 
paths joining P, to P;, and compare the values of S along these paths. If 
one is represented by a differentiable function y(2), adjacent paths may be 
represented by y(x) + g(x), where ¢ is a real variable and g(x) is another 
differentiable function. Since both paths pass through P, and P,, we require 
y(a) = A, y(b) = B and g(a) = g(b) = 0: otherwise g(x) is arbitrary. The 
difference 


6S = Sly + eg] — Sly] (1.11) 


may be considered as a function of the real variable ¢, for arbitrary y(x) 
and g(x) and for small values of |e]. When « = 0, 6S = 0, and for small 
|e| we expect 5S to be proportional to ¢; this is true in general, as seen in 
equation (1.17) below. 

However, there may be some paths for which 6S is proportional to e?, rather 
than e. These paths are special, and we define them to be the stationary 
paths, stationary curves or stationary functions. Thus, a necessary condition 
for a path y(x) to be a stationary path is that 


Sly + eg] — Sly] = O(e) (1.12) 
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for any sufficiently well behaved function g(x) satisfying g(a) = g(b) = 0. 
The equation for the stationary function y(x) is obtained by examining this 
difference more carefully. 


The distances along these two adjacent curves are 


b 
= [ a VIeTeF (1.18) 


and 
Sly +g) = ri dx /1 + [y/(x) + €g'(x)}*. (1.14) 


We proceed by expanding the integrand of S|y + eg] in powers of e, retaining 
only the terms proportional to ¢. One way of making this expansion is to 
consider the integrand as a function of € and to use the Taylor series to 
expand in powers of ¢; in this manipulation « is treated as a constant, and 
hence so are y/(z°) and g/(x). Thus 


Vit te? =Vity?t+e [vi + vr +0(e) 


«=0 


(y' +9')g! 
1+ (y +9’) 
VOT. 92), (1.15) 

Vity@p 


Substituting this expansion into the integral gives 


Sty +e) = fax ( Ta 7aF + AOS *) +0(2) 


Mego de 


| + O(e) 
0 


=V1+y (a)? +e 


= Sly) + d. +0 1.16 
wl [de OO ad) (2). (1.16) 
The difference between the two distances is therefore 
> y'(x) 
Sly +9] — Stu =< de) __ g(x) + O(2). (1.17) 
| Wl a Vi+y(a)? 


This difference depends upon both y(a) and g(x), just as for functions of 
n real variables the difference G(a + «€) — G(x), equation (1.10), depends 
upon both w and €, the equivalents of y(x) and g(x) respectively. 


If S{y] is stationary it follows, by definition, that 


fa ew=o (1.18) 
a ity / 
and that this equation must hold for all functions g(x) for which g(a) = 
g(b) = 0 and g'(x) is continuous; we shall see in the next chapter that these 
properties are sufficient to determine y(a) uniquely. Here, however, we sim- 
ply show that if 


y'(x) 
Vi+y (a? 


then the integral in equation (1.18) is zero for all g(x). Thus, if equa- 
tion (1.19) is true then equation (1.18) becomes 


=a = constant, (1.19) 


b 
[ dx ag! (x) = alg(b) — g(a)] =0 since g(a) = g(b) = 0. (1.20) 


In Section 2.3 we shall show that condition (1.19) is necessary as well as 
sufficient for equation (1.18) to hold. 
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Rearranging equation (1.19) gives y/(x) =m, where m is a constant. Inte- 
gration now gives the general solution, 

y(x) = ma +e, (1.21) 
for another constant c: this is the equation of a straight line, as expected. 
The constants m and ¢ are determined by the conditions that the straight 
line passes through P, and P,: 

(«) BoA, Ab— Be 

y(«) = —— —__. 

¥ b-a b-a 
This analysis shows that the functional S[y] defined in equation (1.9) is 
stationary along the straight line joining P, to P,. We have not shown that 
this gives a minimum distance: this is done in Exercise 1.7. 


(1.22) 


Exercise 1.3 

Show that the equation of the straight line, y = ma +c, passing through the distinct 
points (a, A) and (b, B) is given by equation (1.22). Why does this equation fail if 
b=aand Af B? 

Exercise 1.4 

Use the stationary path defined by equation (1.22) in the functional (1.9) to show 
that along this path the distance between P, and P, is S = \/(b— a)? + (B— A). 
Exercise 1.5 


Use the method described in Subsection 1.2.2 on the functional 
1 
Styl =[ dx Ji +y(z), y(0)=0, y(1) = B>-1, 
0 


to show that on a stationary path y'(a) = constant. Hence show that the stationary 
function is the straight line y(*) = Bz and also that the value of the functional on 


this line is Sly] = VI-+ B. 


Exercise 1.6 
Consider the functional 
Siol= [dey y(1) =0, y(2)=1. 
Show that 
Sly + €g] — Sly] = 2 [eave +O(e) 
and, employing the same analysis as used to derive equation (1.22), show that, if 


g(1) = g(2) =0, the stationary path satisfies zy'(x) = constant. Integrate this 
equation to show that the stationary function is y(x) = In2/In2. 
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1.2 The shortest distance between two points 


1.2.3 Geodesics 


Problems involving shortest distances on surfaces other than a plane illus- 
trate other features of variational problems. For example, if we replace the 
plane by the surface of a sphere then the shortest distance between two 
points on the surface can be shown to be the length of an arc of the great 
circle joining the two points, i.e. the circle created by the intersection of 
the spherical surface and the plane passing through the two points and the 
centre of the sphere. Now, for most points. there are two stationary paths 
corresponding to the long and the short arcs of the great circle. However, 
if the points are at opposite ends of a diameter, there are infinitely many 
shortest paths. This example suggests that solutions to variational problems 
can be complicated. 


In general, the stationary paths between two points on a surface are called 
geodesics. For a plane surface the only geodesics are straight lines; for a 
sphere, most pairs of points are joined by just two geodesics, i.e. both 
segments of the great circle through the points. For other surfaces there 
may be several stationary paths; an example of the consequences of such 
complications is described next. 


Gravitational lensing 


In Einstein’s general theory of relativity, the path taken by light from a 
source to an observer is along a geodesic on a surface in a four-dimensional 
space. In this theory gravitational forces are represented by distortions to 
this surface. The theory therefore predicts that light is ‘bent’ by gravi- 
tational forces, a prediction that was first observed in 1919 by Eddington’s 
measurements of the positions of stars during a total solar eclipse. These ob- 
servations provided the first direct confirmation of Einstein's general theory 
of relativity. 


The departure from a straight-line path depends upon the mass of the body 
between the source and observer. If it is sufficiently massive then two or 
more images may be seen, as illustrated schematically in Figure 1.6. 


juasar image 
Bc 


Earth 


Quasar 
—— \ 
Quasar image sasueeanse 


Figure 1.6 Diagram showing, schematically, how an intervening galaxy can 
sufficiently distort a path of light from a bright object, such as a quasar, to provide 
the two stationary paths and hence the two images shown. Many examples of 
such multiple images, and more complicated but similar optical effects, have now 
been observed. Usually there are more than two stationary paths. 


Albert Einstein, 
1879-1955, 


Arthur Stanley Eddington, 
1882-1944. 
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1.2.4 The shortest path 


In this subsection we show that the straight line given by equation (1.22) 
gives a minimum distance. This involves the expansion of S{y + eg] to O(e). 
The general theory that describes the behaviour of this second-order term 
is difficult, and it is not part of this course: the material of this subsection 
is therefore not assessed. 


First, recall that for functions of n variables the nature of a stationary point 
is determined by making a second-order Taylor expansion about a point 
@2=a, 


ag nn 
Gla +e) = 6a) +S 5 rae Pies Bayes +» (1-28) 
I= 


where all derivatives are evaluated at 2 =a. This is a generalisation of the 
three-dimensional Taylor expansion given in Block 0 (Subsection 2.2.7). If 
G(x) is stationary at a = a then all first derivatives are zero. The nature of 
the stationary point is usually determined by the behaviour of the second- 
order term. For a stationary point to be a minimum it is necessary for the 
quadratic term to be strictly positive for all €, i.e. 


eee Pa 
Ly ag > 0 for all G6). I= 1,2. (1.24) 


kel j=t 3 


provided || = 1. The stationary point is a maximum if this quadratic form 
is strictly negative. Usually for large n it is difficult to determine whether 
these inequalities are satisfied, although there are well-defined tests. The 
relevant test for n = 2 is given in Chapter 2 of Block 0. 


For a functional we proceed in the same way: the nature of a stationary path 
is detérmined by the second-order expansion. If S{y] is stationary then, by 
definition, 


Sly +g] — Sly] = Kly. gle + Of) (1.25) 


for some quantity K{y,g]. depending upon both y and g; examples of this 
expansion are found in Exercises 1.7 and 1.8. Then S{y] is a minimum if 
gh > 0 fer oll g(a), and a maximum if K’{y,g] < 0 for all g(x). Normally 
i! is difficult to establish these inequalities, and the necessary general theory 
is not part of this course. For the functional defined by equation (1.9), how- 
er, the proof is straightforward; the following exercise guides you through 


Exercise 1.7 
(a) Using either the binomial expansion or a Taylor expansion show that 
age Pe 
+ = + 5 
Vita? 2(1+a7)3/? 


b) Use this result te show that if y(a) is the straight line defined in equation (1.22) 
and Sly\ is the functional (1.9), then 


Vit (ated = Vi +a? +O(e). 


Ga 3 2 B-A 
Sly + eq! — Sly] = ————- ! (x). = 
Sly [ul m0 an | dxg'(x)’, m =e 


Deduce {hat the straight line is a minimum distance between P, and P,. 


|.3 Two generalisations 


Exercise 1.8 
In this exercise we consider the functional defined in Exercise 1.5 in more detail. 
By expanding the integrand of S[y +g] to second order in €, show that if y(x) is 


the stationary path, then 


: 
Siy-+ea) = Sis] — if drg'(z)?+0(@), B>-1. 


2 
8(1 + B)3/2 


Hence deduce that the path y(x) = Br, B > —1, 0 < x <1, is a maximum of this 
functional. 


1.3 Two generalisations 


In this section we extend the preceding analysis to deal with more gen- 
eral functionals. First, we consider functionals having integrands of the 
form F(y/), where F is any suitably well-behaved, real function of a single 
real variable. By setting F = \/1+ y’?, we regain the example treated in 
Subsection 1.2.2, Second, we generalise this by considering integrands of 
the form F(x,y'), which depend explicitly upon x and y’; an example is 
F=VePty?. 


1.3.1 Functionals depending only upon (x) 


The functional (1.9) (page 9), depends only upon the derivative of the un- 
known function. Although this is a special case, it is worth considering it in 
more detail in order to develop the notation we need. 


If F(z) is a function of z, which we need to be differentiable, then a general 
functional of the form (1.9) is 


‘b 
sul=f der). va)=4, u(b)=B. (1.26) 


where F(y’) simply means that in F(z) all occurrences of z are replaced by 
y'(x). Thus in the previous example 


F(z)=V1+22 so Fly)=V/1+y(a)?. (1.27) 
Note that the symbols F(y') and F(y/(a)) denote the same function. 


The difference between the functional evaluated along y(x) and the adjacent 
paths y(x) + eg(a), where |e] < 1 and g(a) = g(b) = 0. is 


b 
Sly + eg] — Sly] = if dx [F(y! + €q) — F(y)} - (1.28) 


Now we need to express F(y! + eg’) as a series in €; because F(z) is differ- 
entiable, Taylor’s theorem gives 


F(z + eu) = F(z) +euZF(2) +0(@). (1.29) 


The expansion of F(y’ + g') is obtained from this simply by replacing z by 
y'(a) and wu by g/(2), which gives 


Py +e) FW) = aa GFW) +0), (1.30) 
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where the notation dF/dy' means 


d d 
—F(y’) = —F(z) . 1.31 
ay Ge oes ee) 
For instance, if F(z) = V1 + 2? then 
dF z dF y'(x) 
= and = 2 1.32 
dz T+z dy  /i+y(zP? ae 
Exercise 1.9 
Find the expressions for dF/dy’ for the following cases of F(y'): 
(a) F(y’)=(+y?)'4 
(b) Fly’) =siny’ 
(c) Fy’) = exp(y') 
Substituting the difference (1.30) into the equation (1.28) gives 
b 
d 
Sty +ea)- Sh] =e [ dra@)s FW) +0(#). (1.38) 
a 


By definition the functional S{y] is stationary if the term O(e) is zero for all 
suitable functions g(x). We now give a sufficient condition, deferring until 
Chapter 2 the proof that it is also necessary. In this analysis it is important 
to remember that F(z) is a given function and that y(x) is an unknown 
function that we need to find. Observe that if 

d 

dy 
then equation (1.33) becomes 


F(y') = a = constant, (1.34) 


b 
Sty + eg) - Sty) =e0 f drg(a) +0) 
= ca((b) — 9(a)) + (2) 


=O(e). (1.35) 
In general, equation (1.34) is true only if y/(«) is also constant, so 
y(a) = max +e. (1.36) 
Therefore 
BA 
y(x) = Fea a+ (1.37) 


using the boundary conditions y(a) = A and y(b) = B. 


This is the same solution as given in equation (1.22). Thus, for this type of 
functional, the stationary function is independent of the form of the inte- 
grand although the nature of the stationary function is not; see for instance 
Exercise 1.22 (page 29). The exception is when F(z) is linear, in which 
case the value of S[y] depends only upon the end points and not the values 
of y(a) in between; then there is no stationary path, as shown in the next 
exercise. 


Since g(a) = g(b) = 0. 


1.3 Two generalisations 


Exercise 1.10 


If F(z) = Cz + D, where C and D are constants, show that equation (1.34) does 
not imply that y/(x) = constant. 


In this case show that the value of the functional S{y] = f dx F(y/) is independent 
of the chosen path. 


Note that this is the only example where the equation dF'/dy' = constant does not 
imply that y/(z) = constant. 


1.3.2 Functionals depending upon x and 1/(:°) 
Now consider the slightly more general functional 
b 
Sly) «=f dz F(a,y'), yla)=A, y(b)= B. (1.38) 
a 


where the integrand F(x,y') depends explicitly upon the two variables x 
and y’, which are treated as independent variables. The difference in the 
value of the functional along adjacent paths is 


b 
Sly + €g] — Sly] =[ dex [F(a,y' + €9') — F(z,1/)] - (1.39) 


In this example F(x, z) is a function of two variables and we require the 
expansion 


F(a,z+eu) = F(0,2) euge + O(e), (1.40) 


where Taylor's series for functions of two variables is used. Comparing this 
with the expression preceding equation (1.30) we see that the only difference 
is that the total derivative with respect to y/ has been replaced by a partial 
derivative. As before, on replacing z by y/'(a) and u by g(x), equation (1.39) 
becomes 


) 
Sly +g] — Sly] =e ; dx g' (x) Pla) +0(2), (1.41) 
Ja f 
where 
o eee 
ape mY )= a F(z; (1.42) 
If y(a) is the stationary path, it is necessary that 
b 
deg (2) 55 Fle wy) =0 for all g(x). (1.43) 
a 


As before a sufficient condition for this is that OF /Oy’ = constant, which 
gives a first-order differential equation for y(x), 


a) 
ah ev) =c, y(a)=A, y(b)=B, (1.44) 
where c is a constant. This is the equivalent of equation (1.34), but now the 
explicit: presence of x in the equation means that y’(z) =constant is not a 
solution. 
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Exercise 1.11 


Consider the functional 
1 
Sly) = [ dz /l+x+y?, y(0)=A>0, yI)=B>A. 
Jo 


Show that the function y(x), defined by the relation 


ya) =e/l+a+y (x), 
where ¢ is a constant, makes S{y] stationary. By expressing y/(x) in terms of «x, 
solve this equation to show that 


(B— A) 


ve) = A+ Gaa—y (+2)? -1). 


1.4 Notation 


In the previous sections we used the notation F(y’) to denote a function of 
the derivative of y(a) and proceeded to treat y’ as an independent variable, so 
that the expression dF/dy’ had the meaning defined in equation (1.31). This 
notation and its generalisation are very important in subsequent analysis; i 
is therefore essential that you are familiar with them and can use them. 


Consider a function F(x, u. v) of three variables, for instance F = rV'u2 + v?. 
and assume that all necessary partial derivatives of F(x, u,v) exist. If y(x) 
is a function of # we may form a function of « by replacing u by y(«) and 
v by y/(x), thus 


F(a, u,v) 


Although this is a function of 2, 
it as a function of three independent variables (xr, y, y'). 
derivatives with respect to y and y’ are simply 


becomes F(x, y,y'). 


it is more often convenient to consider 
The first partial 


a ed F 

aye eu) = 5, Feu) tae (1.45) 
and 

) a 

=F (a.y.y') = (1.46 

ay (rw) = 5 She ) 


Because y depends upon x, we may also form the total derivative of F(x, y.y') 
with respect to x using the chain rule 


dF _ OF , OF dy , OF dy’ 
de Ox dydx dy dx 
ae OF 
= bt ayY@ + ay" @- (1.47) 


In the particular case F(x,u.v) = 2Vu? + v2, with u = y and v =y/, these 
rules give 
OF 
Ox 


Very? OF | ry eT xy! 
* ay /yp+y? dy! /ypP+yf? 


(1.48) 
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Similarly, the second-order derivatives are 


er _ er er OF 
By OF | pnwey’ OY? Ov 
er OF 
Se eet ish 


Because you must be familiar with and be able to use this notation we sug- 
gest that, before proceeding, you attempt as many of the following exercises 
as time permits. 


Exercise 1.12 
For the functions 

Fi(a,y) =sin(w@+y), Fo(x.y) =cos(r+y*) and Fy(x,y) = exp(zy). 
where y = y(xr), find F,/Ax, OF,/Oy and dF, /dx. for k = 1,2.3. Also, show that 


d OF, Pd dF, 
ey) oy =). 


Exercise 1.13 


For the function F = /x? + y'?, find 
or OF OF dk 
Ox’ ay? Ay” dx’ 


Also, show that 


a: (57) ~ ay (ae): 


Exercise 1.14 


For the function F = \/x? + yy’?, find 
OF OF OF wy ak 
oz’ Oy dy *™ aa 


Exercise 1.15 


Show that for an arbitrary differentiable function F(x. y,y') 
d (OF\_ ®F 4 Or ,. FF 
da ay) ~ ay?” Oxdy" 

Hence show that 
4 (aF) 4 0 (ae 
dz \dy) * dy \az )* 


with equality only if F does not depend explicitly upon y. 


Exercise 1.16 


Use the first identity found in Exercise 1.15 to show that the equation 


o Ro 
dx \ Ay! Oy 


js equivalent to the second-order differential equation 
Gr ,, fF ,, CF OF 
7a¥" + ay! + Seay ~ By = 
Oy OyOy' Oxdy' Oy 
Note: the first equation will later be seen as crucial to the general theory described 


in Chapter 2. The fact that it is a second-order differential equation means that 
unique solutions can be obtained only if two initial or two boundary conditions are 
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given. Also the fact that the coefficient of y’(x) is 0?F/@y'? is very important in 
the general theory of the existence of solutions of this type of equation. 


Exercise 1.17 


(a) If F(y,y’/) =y/1+y2, find This is a hard exercise 
oF oF @F eP which you are advised to 


pe ee eS do for revision. 
Oy" Oy” Ay'?”— Aydy’ 


and show that 


d (OF\ ar _ 2-3/2 (0d (yf) _ 
dr. () By = tH") Yaa ly i 


(b) By solving the equation y?(y//y)’ = 1 show that a non-zero solution of 


d (OF OF P 1 
= (FF) ars 0 is y= 7 cosh(Az +B). 


for some constants A and B. 


[Hint; let y be the independent variable and define a new variable z by the 
equation y2(y) = dy/dx to obtain an expression for dy/dx that can be inte- 
grated.} 


1.5 Some examples of functionals 


In this section we describe a variety of problems that can be formulated 
in terms of functionals, with solutions that are stationary paths of these 
functionals. This list is provided because it is likely that you will not be 
familiar with these descriptions and will be unaware of the wide variety of 
problems for which variational principles are useful, and sometimes essential. 
You should not spend long on this section if time is short; in this case you 
should aim at obtaining a rough overview of the examples. Indeed, you may 
move directly to Chapter 2 and return to this section at a later date, if 
necessary. 


In each of the following subsections, a different problem is described and 
the relevant functional is written down; some of these are derived later. In 
compiling this list one aim has been to describe a reasonably wide range of 
applications: if you are unfamiliar with the underlying physical ideas behind 
any of these examples, do not worry because they are not an assessed part 
of the course. Another aim is to show that there are subtly different types of 
variational problems, for instance the isoperimetric and catenary problems, 
described on pages 22 and 25, respectively. These variants are not considered 
further in this course, but you should know of their existence. 


1.5 Some examples of functionals 


1.5.1 The brachistochrone 


Given two points P, = (a, A) and Pj, = (b, B) in the same vertical plane, as 
illustrated in the diagram below. we require the shape of the smooth wire 
joining P, to P, such that a bead sliding on the wire under gravity, with no 
friction, and starting at P, with a given speed shall reach P, in the shortest 
possible time. 


Py 


Pe 


Figure 1.7 ‘The curved line joining P, to P, is a segment of a cycloid, as shown in 
Section 2.7. In this diagram the axes are chosen to give a= A = 0. 


The name given to this curve is the brachistochrone, which comes from the 
Greek brachystos, meaning shortest. and chronos, meaning time. 

If the y-axis is vertical, it can be shown that the time taken along the curve 
y(a) i 


Is 
Life. | eer a m 
Ty) = fae C259)’ y(a)=A, y(b) = B, 


where g is the acceleration due to gravity and C a constant depending upon 
the end points and the initial energy of the particle. This expression is 
derived in Section 2.7. 


(1.50) 


This problem was first considered by Galileo in his 1638 work Two new sci- 
ences, but lacking the necessary mathematical methods he concluded, erro- 
neously, that the solution is the are of a circle passing vertically through P,. 


Tt was Bernoulli, however, who made the problem famous when in June 1696 
he challenged the mathematical world to solve it. He followed his statement 
of the problem by a paragraph reassuring readers that the problem was very 
useful in mechanics, that it is not the straight line through P, and P, and 
that the curve is well known to geometers. He also stated that he would 
show that this is so at the end of the year, provided no one else had. 


In December 1696 Bernoulli extended the time limit to Easter 1697, though 
by this time he was in possession of Leibniz’s solution, sent in a letter dated 
16 June 1696, Leibniz having received notification of the problem on 9 June. 
Newton also solved the problem quickly, apparently on the day of receipt, 
and published his solution anonymously. 


The curve giving this shortest time is a segment of a cycloid, which is the 
curve traced out by a point fixed on the circumference of a vertical circle 
rolling, without slipping, along a straight line. The parametric equations of 


the cycloid shown in Figure 1.7 are 
aw =a(0—sin@), 


y = —a(1—cos@), (1.51) 


where a is the radius of the circle: these equations are derived in Subsec- 
tion 2.7.1. 
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Galileo Galilei, 1564-1642, 


Johann Bernoulli, 
1654-1705. 


Gottfried Wilhelm Leibniz, 
1646-1716. 


Further details of this 
history and these solutions 
may be found in Chapter 1 
of H. H. Goldstine, A 
history of the calculus of 
variations from the 17th 
through the 19th century 
(Springer-Verlag, 1980). 
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1.5.2 Minimal surface of revolution 


Here the problem is to find a curve y(:r) passing through two given points 
P, = (a, A) and P, = (b, B), with A > 0 and B > 0, as shown in Figure 1.8, 
such that when rotated about the x-axis the area of the curved surface 
formed is a minimum. 


Figure 1.8 Diagram showing the cylindrical shape produced when a curve y(x). 
joining (a, A) to (b, B), is rotated about the z-axis. 


The area of this surface is shown in Section 2.5 to be 


b 
Sly] = an [ dex y(x) 1+ y'(x)?, (1.52) 


and we shall see that this problem has solutions that can be expressed in 
terms of differentiable functions only for certain combinations of A, B and 
b-a. 


1.5.3 A problem in navigation 


Given a river with straight, parallel banks a distance a apart and a boat 
that can travel with constant speed c in still water, the problem is to cross 
the river in the shortest time, starting and landing at given points. 


If the y-axis is chosen to be the left bank, the starting point to be the origin 
and the water is assumed to be moving parallel to the banks with speed 
v(x), a known function of the distance from the left-hand bank, then the 
time of passage along the path y() is, assuming c > max(u(z)), 


Tly| = re da. VEO + 7?) — va)? — ule) (1.53) 


2 — v(a)? 


with boundary conditions y(0) = 0 and y(a) = A, where the final destination 
is a distance A along the right-hand bank. The derivation of this result is 
set in Exercise 1.28, one of the harder exercises at the end of this chapter. 


1.5.4 The isoperimetric problem 


Among all curves, represented by functions with continuous derivatives, that 
join the two points P, and P, in the upper half plane and have given length 
L, determine the one that encompasses the largest area, A[y], shown in 
Figure 1.9. 
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b 


Figure 1.9 Diagram showing the area Aly] under a curve of given length joining 
P, to Py. 


This is a classic problem discussed by Pappus of Alexandria in about AD 300. 
Pappus showed that of two regular polygons having equal perimeters the one 
with the greater number of sides has the greater area. In the same book he 
demonstrates that for a given perimeter the circle has a greater area than 
does any regular polygon. This work seems to follow closely the earlier work 
of Zenodorus (c. 180 BC): extant fragments of his work include a proposition 
that of all solid figures, the surface areas of which are equal, the sphere has 
the greatest volume. 


This intuitively obvious result is enshrined in the myth describing the foun- 
dation of the Phoenician city of Carthage in 814 BC; this is that Dido, also 
known as Elissa, having fled from Tyre after her brother, King Pygmalion, 
had killed her husband, was granted by the Libyans as much land as an ox- 
hide could cover. By cutting the hide into thin strips, she was able to claim 
far more ground than anticipated: this early display of deviousness was con- 
sidered by the Greeks and Romans a Punic trait. As with all foundation 
myths there is no trace of evidence for its veracity. 
. 


Returning to Figure 1.9, a modern analytic treatment of the problem re- 
quires a differentiable function y(x) satisfying y(a) = A, y(b) = B, such 
that the area, 


b 
Aly) = ih dzy(z) (1.54) 


is largest when the length of the curve, 


» 
L -/ da 1+ y'(«)?, (1.55) 


is given. It transpires that a circular arc is the solution. 


This problem differs from the first three because an additional constraint 
the length of the curve — is imposed. In this course we do not consider this 
type of problem, although another such example is described in Section 1.5.6. 


1.5.5 Fermat’s principle 


Light, and other forms of electromagnetic radiation, is a wave phenomenon. 
However, in many common circumstances light may be considered to travel 
along lines joining the source to the observer: these lines are called rays and 
are often straight lines. This is why most shadows have distinct edges and 
why eclipses of the Sun are so spectacular. 
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Tn a vacuum, and normally in air, these rays are straight lines and the 
speed of light is ¢ ~ 2.9 x 10!°cms~', independent of its colour. In other 
uniform media, for example water, the rays also travel in straight lines, 
but the speed is different: if the speed of light in a uniform medium is cy, 
then the refractive index is defined to be the ratio n = c/em. The refrac- 
tive index usually depends on the wavelength: thus for water it is 1.333 for 
red light (wavelength 6.5 x 10~°cm) and 1.343 for blue light (wavelength 
7.5 x 10~° cm); this difference in the refractive index is one cause of rain- 
bows. In non-uniform media, in which the refractive index depends upon 
the position, light rays follow curved paths. Mirages are one consequence of 
a position-dependent refractive index, where light passes through layers of 
air of differing densities. 


A simple example of the ray description of light is the reflection of light in 
a plane mirror, as shown in Figure 1.10. In the diagram the source is S and 
the light ray is reflected from the mirror at R to the observer at O. The 
plane of the mirror is perpendicular to the page and it is assumed that the 
plane SRO is in the page. 


Figure 1.1/0 Diagram showing light travelling from a source S to an observer at O, 
via a reflection at R. The angles of incidence and reflection are defined to be 4; 
and 4, respectively, 


Light travels in straight lines and is reflected from the mirror at a point 
R as shown in the diagram, but without further information the position 
of R is unknown. Observations, however, show that the angle of incidence, 
0,, and the angle of reflection, 42, are equal. This law of reflection was 
known to Euclid (c. 300 Bc) and Aristotle (384-322 Bc), but it was Hero of 
Alexandria (c. 125 BC) who showed by geometric argument that the equality 
of the angles of incidence and reflection is a consequence of the Aristotelian 
principle that nature does nothing the hard way. That is. if light is to travel 
from the source S to the observer O via a reflection in the mirror then it 
travels along the shortest path. 


This result was generalised by the French mathematician Fermat into what Pierre de Fermat, 
js now known as Fermat's principle, which states that the path taken by (1601-1665). 
light rays is that which minimises the time of passage. 


Fermat's original statement was that light travelling between two points 
seeks a path such that the number of waves is equal. as a first approxi- 
mation, to that in a neighbouring path. This formulation has the form of 
a variational principle, which is remarkable because Fermat announced this 
result in 1658, before the calculus of either Newton or Leibniz was developed. 


For the mirror, because the speed along SR and RO is the same, this just 
means that the distance along SR plus RO is a minimum. If AB = d and 
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AR =< the total distance travelled by the light ray depends only upon x 
and is 


f(a) = (a2 +h} + /(d—2)? + 3. (1.56) 


This function has a minimum when 6; = 62, that is when the angle of in- 
cidence, @,, equals the angle of reflection, 2. This result is derived in 
Exercise 1.20. 


In general, for light moving in the Oxy-plane, in a medium with refractive 
index n(a,y), with the source at the origin and observer at (a, A) the time 
of passage, T, along an arbitrary path y(x) joining these points is 


Ty] = if den(x,y)V1+y'?, y(0)=0, y(a)=A. (1:57) 


This follows because the time taken to travel along an element of length ds 
is n(x, y)6s/c and 6s = \/1 + y'(a)2 or. If the refractive index, n(x, y), is 
constant, this integral reduces to the integral (1.9) and the path of a ray is 
a straight line, as would be expected. 


Fermat's principle can be used to show that for light reflected at a mirror 
the angle of incidence equals the angle of reflection. For light crossing the 
boundary between two media it gives Snell’s law, 


soe (1.58) 
sina2 C2 
where a, and a2 are the angles between the ray and the normal to the 
boundary and c;, k = 1,2, are the speeds of light in the media, as shown 
in Figure 1.11, For example, in water the speed of light is approximately 
¢2 = ¢,/1.3, where c, is the speed of light in air, so 1.3sin ag = sina;. 


Figure |.1/ Diagram showing the refraction of light at the surface of water, The 
angles of incidence and refraction are defined to be ag and a; respectively: these 
are connected by Snell's law. 


In this figure the observer at O sees an object S in a pond and the light 
ray from S to O travels along the two straight lines SN and NO, but the 
observer perceives the object to be at S’, on the straight line ON. This 
explains, for instance, why a stick put partly into water appears bent. 


1.5.6 The catenary 


A catenary is the shape assumed by an inextensible chain of uniform density 
hanging between supports at both ends. In Figure 1.12 we show an example 
of such a curve when the points of support, (—a, A) and (a, A). are at the 
same height. 


Willebrord Snell, 
1591-1626, 
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Figure 1.12 The catenary formed by a uniform chain hanging between two points 
at the same height. 


If the lowest point of the chain is taken as the origin, the catenary equation 
is 


y=e (cosn (=) ~1), (1.59) 


for some constant ¢ determined by the length of the chain and the value 
of a. 


If the shape of the chain is described by the differentiable function y(x) it 
can be shown (see Exercise 1.25) that the potential energy E of the chain is 
proportional to the functional 


Styl = [ dey Jt +y?. (1.60) 


-a 
The function, y, that minimises this functional, subject to the length of the 
curve L = [°, dx \/1 + y'? remaining constant, is the shape assumed by the 
hanging chain. 


1.5.7 Coordinate-free formulation of Newton’s 
equations 
Newton's second law for an isolated system of N interacting particles relates 


the acceleration of the kth particle to the force acting upon it from all the 
other particles, 


dry 
mG = Fe(tayt2,-+-stN)s k=1,2,... (1.61) 


where m, is the mass of the kth particle at r;,. This law of motion accurately 
describes a significant portion of the physical world, from the motion of 
large molecules to the motion of galaxies. However, when formulated in this 
manner a number of difficulties arise, some practical and some theoretical, 
the latter concerning the underlying structure of this system of nonlinear 
equations and their solutions. 


More general systems, affected by external forces, can also be described by 
Newton's equations and we use one such system to illustrate the practical 
difficulties frequently encountered when using Newton's laws as originally 
formulated. This system is the simple pendulum, constrained to move in a 
vertical plane, as shown in the following diagram. Here the mass at P is 
attached to the point O, taken to be the origin, by a light rod of length 1, 
swinging freely, that is without friction, about O in the plane of the paper. 
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mg 
Figure 1.13 Diagram showing the geometry of the simple pendulum, 


If the y-axis points vertically upwards, the position of the mass at P has the 
coordinates r = I(sin@,—cos@), where the angle @ is defined in the figure. 
The external gravitational force acting on the mass is F = (0,—mg). In 
addition there is the tension of magnitude T in the rod, responsible for 
ensuring that the distance OP is constant. Because the length OP is fixed 
the coordinates of P depend upon only one parameter, #. but Newton's 
equations of motion involve the two coordinates of r and the two forces F 
and T. 


Often we are not interested in the tension because it does not affect the 
motion, until it exceeds the breaking strain of the rod. Thus, ideally, we 
require a more ‘natural’ formulation of the equation of motion for @ which 
does not involve T’. Also, observe that the vector velocity and acceleration 
of P in Cartesian coordinates are 


* = I(0.cos0,6sin 0) (1.62) 
and 


# =1 (cos — 6 sin8,0sin8 + 6 cos8) . (1.63) 


The acceleration depends on 6, @ and @ in a fairly complicated manner; in 
more complex problems the equivalent algebra is more complicated and adds 
additional and unnecessary difficulties to the formulation of the equations 
of motion (see Chapter 4). 


In this example the tension T is referred to as a constraining force ~ be- 
cause it constrains the distance OP to be constant. Another example of a 
constraining force is the reaction between a curved surface and a particle 
moving smoothly on it: in this case the constraint stops the particle falling 
through the surface. 


Constraining forces are clearly of physical importance, but it is often helpful 
to use a formulation of Newton's equations that avoids their use. By using a 
variational principle, not only are these forces avoided but so are the diffieul- 
ties encountered when expressing # in non-Cartesian coordinates. Further- 
more, the variational formulation highlights the underlying mathematical 
structure of Newton’s equations, which allows sophisticated methods to be 
used to help solve the equations. It also provides guides to the structure of 
the equations needed when Newton’s laws are not valid. as for example when 
speeds approach that of the speed of light (the relativistic limit), or when 
the momentum of particles become very small, that is atomic and nuclear 
systems, when quantum mechanics is needed. In this course, in particular 
in Chapter 4, we lay the foundations for the development of some of these 
ideas. 
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1.6 Summary and Outcomes 


These few examples provide some idea of the significance of variational prin- 

ciples. In summary, they are important for three distinct reasons: 

e A variational principle is often the easiest or the only method of formu- 
lating a problem. 

e A variational formulation provides a coordinate free method of express- 
ing the laws of dynamics, allowing powerful analytic techniques to be 
used in ordinary Newtonian dynamics. They also pave the way for the 
formulation of dynamical laws describing motion of objects moving at 
speeds close to that of light (special relativity) and particles interact- 
ing through gravitational forces (general relativity) and the laws of the 
microscopic world (quantum mechanics). 

e Often conventional boundary-value problems may be reformulated in 
terms of a variational principle; this provides a powerful tool for approx- 
imating solutions. (This theory is not covered in this course.) 


After studying this chapter you should: 

e have an idea of what a functional is and some appreciation of their 
applications; 

e be able to determine the conditions required of a differentiable path that 
makes functionals of the form 


b b 
Sly) = if dx F(y') or Sly] = if dx F(x,y) (1.64) 


a a 
stationary; 


e be able to perform elementary calculations on the partial derivatives of 
functions of three variables. 


1.7 Further Exercises 


Exercise 1.18 


Functionals do not need to have the particular form considered in this chapter. 
The following expressions, where a(«) and b(«) are prescribed functions, also map 
functions to real numbers. 


(a) Diy] =y'()) 
1 
(b) Kw = [ daz) [y(z) + w(t)y'(e)] 
1 1 
(c) Diy] = [zu(z)u’(@)| +f dr [ale)y/ (a) + H@)y(2)] 
es 


Find the values of these functionals for each of the functions y(2) = z? and y(x) = cos mr 
when a(x) = 2 and b(”) = 1. 


Exercise 1.19 


If F(y. y’) = exp(ay + y’). where a is a constant, show by direct calculation that 


Se oat (SS tifa =0 
ae \ay ay \a except if a =0. 
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Exercise 1.20 


Show that the function 


f(x) = 2? +3 + /(d— a)? +3, 


where hy, hg are defined in Figure 1.10 (page 24) and x and d denote the lengths 
AR and AB respectively, is stationary when @, = 0) where 


x d-xr 


Show that at this stationary value f(z) has a minimum, 


sin@; = sin 42 = 


Exercise 1.21 
Show that the functionals 
Si[y] = [ hae ev ig) andesite [ Taser 
Jo 2 
where b > a > 0, y(b) = B and y(a) = A, are both stationary on the same curve, 
namely 


In(a/a) 
In(b/a) 


Explain why the same function makes both functionals stationary. 


y() = A+(B-A) 


Exercise 1.22 


Show that the functional 
1 
Sly) -[ de (1+y'()?)“", y(0)=0, y(1)=B, 
0 


is stationary for the straight line y(a) = Bx. 


In addition, show that this straight line gives a minimum value of the functional 
only if B < V2, while for B > V2 it gives a maximum. 


1.8 Harder Exercises 


Exercise 1.23 
Consider the functional 
1 
Sly] -f dry'f1i+y', y(0)=0, y(1)=B>-l. 
0 
(a) Show that the stationary function is the straight line y(x) = Bx and that the 
value of the functional on this line is Sly] = BY1 + B. 


(b) Use the binomial expansion to expand the integrand of S{y + eg] to second 
order in € to show that if y(x) = Br, 

(4+3B)2 

a1 + By? 

Deduce that on this path the functional has a minimum. 


1 
Sly + eg] = Sly] + [ drqg'(x)?, B>—-1. 
0 
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Exercise 1.24 


In this exercise the theory developed in Subsection 1.3.1 is extended. The function 
F(z) has a continuous, non-constant second derivative and the functional S is 
defined by the integral 


b 
Sly) = [ dx Fly’). 
(a) Show that 


b by 
dF i CF 
Sly +g] — Sly] = de Sola) +52 [ de Teale? +0(@), 
w+eo]— Spl =< f dea a° f, ay? (e*) 
where o(a) = 9(b) =0. 


Show that if y(x) is chosen to make dF/dy’ constant then the functional is 
stationary. 


(b) 


(c) Determine the conditions that make the functional either a maximum or a 
minimum. 


Exercise 1.25 


A uniform, flexible, inextensible chain of length L is suspended between two sup- 
ports having the coordinates (—a, A) and (a, A), with the y-axis pointing vertically 
upwards. Show that, if the shape assumed by the chain is described by the differ- 
entiable function y(x), then its length and potential energy are given respectively 
by 


Ly) = a dx /i+y? and Ely] =o [ dryV1+y'?. 


where p is the line density of the chain and g the acceleration due to gravity. 


Exercise 1.26 


This question is about the shortest distance between two points on the surface of a 
right-circular cylinder, so is a generalisation of the theory developed in Section 1.2.1. 


(a) If the cylinder axis coincides with the z-axis we may use cylindrical polar 
coordinates (p,@, 2) to label points on the cylindrical surface, where p is the 
cylinder radius. Show that the Cartesian coordinates of a point (x,y) in the 
plane are given by « = pcos, y = psin@ and hence that the distance between 
two adjacent points on the cylinder, (p,@, 2) and (p,@ + 40, = + 62) is, to first- 
order, given by 

bs? = pPdd? + 52”, 

_b) A curve on the surface may be defined by prescribing = as a function of . 

Show that the length of a curve from @ = @; to @ = de is 


oa 
= do y/p? + 2'(@)?. 


o 


Liz 


{c) Deduce that the shortest distance on the cylinder between the two points 
(p.0,0) and (p,a,¢) is along the curve z = ¢é/a. 


1.8 Harder Exercises 


Exercise 1.27 


An inverted cone has its apex at the origin and axis along the z-axis. Let a be 
the angle between this axis and the sides of the cone, and define a point on the 
conical surface by the coordinates (p,), where p is the perpendicular distance to 
the z-axis and @ is the polar angle measured from the «z-axis, as in Exercise 1.26. 


Show that the distance on the cone between adjacent points (p,¢) and (p+ 6p,0+ 
60) is, to first-order, 
op? 


6s? = p?5g? + ——. 
sin” a 


Hence show that if p(#), 6, < p < @2, is a curve on the conical surface then its 
length is 


_ 2 po? 
til= [ doy? + S. 


Exercise 1.28 


A straight river of uniform width a flows with velocity (0,v(x)), where the axes 
are chosen so the left-hand bank is the y-axis and where u(x) > 0. A boat can 
travel with constant speed ¢ > max(v(x)) relative to still water. If the starting and 
landing points are chosen to be the origin and (a, A), respectively, show that the 
path giving the shortest time of crossing is given by minimising the functional 


VETTE) oF = We) i) <9, y(a)= A. 


Ty) = [ae aa 


Hint: the derivation of this result requires use of the identity 


14-VE = (1+v8) (EY) - 1s x 
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Solutions to Exercises in Chapter | 


Solution 1.1 
(a) If y =<, then y’ = 1 and the functional becomes S = } dr = 1. 


(b) If y=2%, then y! = ax? and the functional becomes 


1 a 


2a— 


Note that the integral does not exist if a < 1/2 because the integrand tends to 
zero too rapidly at the origin. 


(c) If y=sin(mr/2), then y’ = (7/2) cos(mx/2) and the functional becomes 


2 


1 ae ak 2 
s-f dx cos (5.7) -=f dx (1+ cosmz) = = 


Solution 1.2 
(a) On this straight line y = 0 so the value of the functional is S = Bede =b. 
(b) If f? = bx — 2? then 2/f f’ = b— 2a and the functional is 
e (b= 20)? * 1 
S| di =— i 
i= [ ell + ae — 23) =! ” elo —2) 


Setting 2 = bsin? ¢, so dx/dé = 2bsin@cos@ and x(b— x) = (bsin@cos@)?, 
gives S[f] =b Jo"? dé = 7b/2, as is obvious without this analysis. 


Solution 1.3 


The line passes through (a, A) and (b, B) so the constants m and ¢ are determined 
from the two equations. 


A=am+e and B=bm+e, 


Subtracting these gives B — A = m(b—a), giving the required expression for m. 
Substituting this into the first equation gives 

B-A _ Ab-Ba 

b-a b-a ~ 
Ifa=b and A ¥ B the two points are distinct and there is a straight line joining 
them. This line cannot be represented by an equation of the form y = mr +c, 
however, because on this line x is constant. 


In this case it is necessary to use parametric equation for the line, which is 
x=(b—a)t+a, y=(B-—A)t+A, whereO<t<1, 

and which is valid for all distinct points P, and P,. You are not expected to provide 

this part of the solution, 

Solution 1.4 

Since y’ = (B—A)/(b—a) the value of the functional (1.9) is 


Se (B-AP_ VO TS aed Ay 
sy)= f de fr+ 0 = fw 


V(b—a)? + (B— A)?. 


i 
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Solution 1.5 


In order to find the stationary function we need to compute the difference 6S = 
Sly + eg] — Sly] only to Oe). However, because we will require the second-order 
term in Exercise 1.8, here we evaluate the difference to O(e*). The difference is 


65 = f de (1+ ye) eg @) — VIF v@). 


where g(0) = g(1) = 0. But 


12 
Vit v@) +9) = VI ty'@) (1+ =) 


. 7 eg(z)__ 2 (_g'(z)_)? 
= ViFHe (1+ gS -$ ($5) +o), 


1+y(z) 


where we have used the binomial expansion (1 + z)!/? =1+ $= 
is equivalent to using the Taylor series for (1 + =)'/?. 


Thus to first order in € we obtain 
éS=5 sf=Ss £8 __ +012). 
WiryOaas 


The functional is stationary if the first-order term is zero for all g(x), otherwise 6S 
would change sign with e. Using the result quoted in the text (after equation (1.19)) 
this gives \/1 + y'(a) = constant, that is y'(x) = constant and y(x) = ax + 8. The 
boundary conditions, y(0) = 0 and y(1) = B, then give y= Bx for the stationary 
path. With this value for y(), the integrand is real if B > —1 and has the value 


S=V1+B. 


Solution 1.6 
The difference between S{y + eg] and S{y) is 


2 2 
Sly + eg] — Sly] = :) deca ((y +¢9')? = v*) = 2 [ daxy'q! +O(e). 


If xy’ = a = constant, this difference is O(c?) and y(x) is a stationary path. 
This differential equation is separable and becomes 

dy a 

—=- wi ti =b . 

ae with general solution y +alne. 


But y(1) = 0, so b= 0 and y(2) = 1, so a = 1/1n2, hence the required solution. 


Solution 1.7 


(a) The required expansion is given by first writing the square root as 


/2 
das  &F \' 
Vl t+o% + 2as+eR = Vive (14 8 + a) 7 


22 


Now use the binomial expansion (1 + 2)!/? =1+4 42-4 ++ to give 


2 2 
yp Pee, OR 5 1/208 OF) _1( tas | eR \ | 
1+a? 1+? 2\1+a? © 1+a? 8\1+a7  1+a? 


) + Ole’). 


Sag xt ud oF 


T+a2** \3G+a%) +02)? 
But 
1 a? 1 
T+a? (I+)? (1+a2)?" 
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so the final result is 


Gin 
ee 2 €a3 3 
V1+ (a+)? = V1+a’ ES reap ee +p +O(e*) 
= eas er 
Lhe’ rat +a 


(b) With a = y'(x) and 8 = g'(r) we see, using the argument described in the 
text, that the term O(e) in the expansion of S[y + eg] — S[y] is zero if y/(x) = 
constant, hence the line defined by equation (1.22) makes the functional sta- 
tionary. With this choice of y(x), a =m and the second term in the expansion 
derived in part (a) is zero and the quoted result follows. The second-order 
term in the expansion of the functional is positive for « # 0 and all g(:r), so 
the functional has a minimum along this line. 


Solution 1.8 


Tt was shown in the solution of Exercise 1.5 (page 33) that to second order in €, 


1 2 ft a)? 
Sly +9) — Sly] = sf dx Ss - S (i da a orn +O(e). 


With y = Bz the first-order term on the right-hand side is zero by definition, hence 


y 2 va. 
6S = - -aige [ drg/(z)? <0, B>=1. 


This term is always negative. so for sufficiently small |e| we have S{y, +g] < S{us|- 
where y,(a) = Bx is the stationary path, which is therefore a local maximum. 
Solution 1.9 
(a) If F(y’) =(1+y'2)", then 

HP 

dy 21+ y's" 
(b) If F(y’) =siny’, then dF/dy' = cosy’, 
(c) Since #4(e*) =e? we have dF/dy! = F 
Solution 1.10 
If F(z) =Cz+ D, F'(z) =C and equation (1.34) gives C = a. In this case the 
functional becomes 


b 
Sly] = [ dx (Cy'(x) + D) = C [y(b) — y(a)] + D(b—a). 


This depends only upon C’, D and the boundaries a and b: the value of the func- 
tional is therefore independent of the chosen path. 
Solution 1.11 ; 
In this example F(x,v) = 1 + x + v? and equation (1.44) becomes 
v=eV1+zr+v?, 

where v = y/(x). Squaring and rearranging this equation gives 

dy ; ee a ¢ 
(#) =Sa(i+z), a= T-2° 


The square root of this equation gives dy/dxz = ta/1 + x. Since x > 0, y'(x) # 0: 
also y(1) > y(0), so y’(a) > 0 and we need the positive sign. Now separate variables 
to write the solution in the form 


y 2 
[w= duV1+u, 
A 0 
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which includes the boundary condition at x = 0. Integrating this gives the solution 
in the form 


y(z) — A= 3a (a +a)9/? — 1) > 
The value of a is obtained from the boundary condition y(1) = B, i.e. 


2 B-A 4 ee AD 
5° aay mdhence ulz)=A+ Gea p (ata) -1). 


Solution 1.12 


We have 
OF, a oF, _ 3 
ae py ine + 9) =cos(r+y) and i = amet y) = cos(x + y). 
Note that for this function OF, /Ox = OF, /y. Also, 
dk, _ OF, , OF, 
de Oe By! = (1+y/)cos(x + y). 
For F, we have 
fh. 2, OF _ : 2 
TS =—sin(a+y*), @y = —2ysin(x + y*) 
and 
dF, OF, | OF, _ Te 2 
is +y ia (1 + 2yy’) sin(x + y°). 
For Fy we have 
LL oe OS yaya ate, 
Or = yFs, By =«xFy and =o (y + ay’) Fs = (ay)! Fs- 
For the last part, we note that the left-hand side is zero since OF, /Oy/ = 0. But 
dF, _ _ @/dhi\_ 
my (1+y')cos(a#+y). so B (FB) -este+n. 
Solution 1.13 
The partial derivatives are 
or x ar ar 


y' 
= » = =0, = , 
je fey? Oy Oy Va? +y/? 
and the total derivative is 
dF OF OF ,, OF , z yy" 


= +—-y'+ = 

dz Ox Oy! ay” Vr a il [xt + yf? 
Hence 

d (OF\_ ft ay! ___ yy" 

dz \dy) ~ Jetay? ty? +? 


and, using the above expression for dF'/da: 
a (2 Se ees a eA 
Oy ae @+y2Pe ferry? Gry? 
Solution 1.14 
The partial derivatives are 

oF et oF iy? OF ow 

a Vea Ww We Ov Prat 

The total derivative is 

dF _ OF +2 oF, y'= yi. wit 


= fre e 
dx Ox a Ta + yy’? ERS tu? Ve? + yy? 
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Solution 1.15 
The chain rule applied to a function G(x, y(x), y'(x)) has the form 


dG _ OGdy OC dy , OG 
dc dy de * Oy de * Ox 
In this example, where G = OF/0y/,, this expression becomes 
d (dF) 8 (aF\ dy Ly ca a (aF 
iz Oy) ~ dy \Oy') dx * By \ay a \ By! 
OF y" iad OF 
oe 
ay?" * ayay” * Ardy” 


which gives the required expression and is the left-hand side of the inequality. 
The right-hand side of the inequality is 
Oo (dF\_ a ee y+ da 
Oy! \dx )} ~ dy/ oy” * ay 
OF ein Or , PF y’ 
= eS 
Ozoy * + Byoy ay?” 


which differs from the ies side by the term OF /Oy. Thus if F is independent 
of y, the derivatives are equal. 


Solution 1.16 
Subtract the term 8F/@y to obtain the required result. 


Solution 1.17 


(a) Direct differentiation gives 


OF OF yy! 
> =vity?, =F 
Oy Y Oy ity 
Differentiating the second expression gives 
OLE le Ses wiete sae 
Oy? fi+y? (L+y'?)9/2 (1+ y/?)9/? Oy T+ yf?” 
Using the expression derived in Exercise 1.16, namely 
cl (BR DE Oe) | Ore! OR ee Ee 
de ay) ~ ay © ay? *” Buoy By Buoy 
we obtain 
yy" aad eh 1ayt/2 
deve Taya tH") 
1 2 
tay (uy + (1+9/?) 9? - (1+y?) ) 


1 


= 2 
= Gyan lw"? 1). 


hence 


d 
dar 


mre RF (“z (7) a '). 


os s 
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(b) If the left-hand side is zero we have 


é(t)-1 « o£ (2)- 


Now define z = y'/y and consider z to be a function of y. so in the following Note that this is possible 
= dz/dy. Now put the second equation in the form yz 2/(y) = 1, which can because x may be 


be integrated directly to give considered a function of y, 
so y'/y can be expressed in 


Ug Ge al terms of y. 
2 2 dy? 
for some constant C, Hence, since z = y//y, 
d. 
a = Vu? 
giving 
} a a) 
(Cy)? -1 


Finally, set Cy = cosh @ to give @ = C(x + D), i.e. y = (1/C) cosh(C(x + D)), 
which is the required solution if C = A and CD = B. 


Solution 1.18 


(a) If y(w) = 2?, then y/ = 2a and D{y] = 2. 
If y(«) = cos mr, then y/ = —msin wr and Dly] = 0. 


(b) If a(x) =<, then: 
if y(z) =a", Ky) = [ cea +2r) =; 
if y(x) =cosmr, Ky) = { dx x cos mr = — 2. 
(c) If a(x) = and b(a) = 1, then: 


if y(e)=2?, Diy) = [2x)) +f dx (3x*) 
fy 


1 
if y(x) =cosmr, Ly] = [—Farsin 2nz]} +f da (—mxsin rx + cos mx) = — 
0 


Solution 1.19 
Consider the left-hand side, AF /Ay/ = F and dF/dx = (ay! + y")F. Thus 
dF 


*) = (ay +y")F and 5 a (a) =aF + (ay! +y")F. 


Solution 1.20 
The derivative of f(x) is f’(a) = a/ /x? +h? — (d—2)/V/(d—2x)? +h. 2. Since 
AR x BB d=z 
sind; = = = > and sinh=>=- 
SR” Veet ‘ ~ Vida +8 
where the distances are defined in Figure 1.10 (page 24), we see that the distance 
travelled by the light is stationary when sin 4; = sin @2, that is @, = 62. Further, 
since 
o hi hg 
MC) = Gaeigee * (da? +i 


the stationary point is a minimum. 


> 0, 
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Solution 1.21 
Observe that 


b 
Silo) = Solu) +f dey/e) = Sily)+ B-A, 


that is, the values of the two functionals differ by a constant, independent of the 
path, Hence the stationary paths of the two functionals are the same. 


Consider the difference 6 = So[y + €g] — So[y], where g(a) = g(b) = 0: 


b 
= if dey (x)g/() + O(€) 


so that 6 = O(e) if ry'(x) = c, where c is a constant. Integrating this equation 
gives y(«) = d+ eln(x/a), where d is another constant. The boundary conditions 
now give 


A=d and B=d+eln(b/a) 


and hence 
In(w/a) 
y(z) =A+(B- Ayia)" 


Solution 1.22 


In this example F(y’) = (1+ y/2)!/“, and is a function of y/ only, so the stationary 
path is a straight line, y = ma +e, with the constants m and c being chosen to 
satisfy the boundary conditions. These give y = Bx. Also, 

OF _ y ang 2 2a? 

ay ase ay? ayy 
Using the result derived in Exercise 1.24, and the fact that y/ = B on the stationary 
path, we see that 


(2- Be 
(1+ B2y74 


Thus if B < V2 the difference is positive for all g(x) and ¢, if sufficiently small, so 
the functional is a minimum along the line f(«) = Ba. For B > V2 the difference is 
negative and the functional is a maximum. If B= v2 the nature of the stationary 
path can be determined only by expanding to higher order in ¢. 


1 
Sly + €g] — Sly] = iL dz g(x)? + O(e*). 


Solution 1.23 


(a) We need the difference 6 = S{y + eg] — S{y]. where g(0) = g(1) = 0, otherwise 
g(x) is an arbitrary continuous function. Now, using the binomial expansion 


2 
TFare=viFa(1+ ef op 


Wi+a) atop +00) ’ 


so 


: 2 
(a+cS)/lFareb=avita (: +g - apt) 


21+a) 8(1+a)? 
8 
+€BV1+ a(t+a ea I+ a +) 
B2+30) | AP (4+3a) 
=o a ——————— QWita + 30+a)2 + 


Now substitute a = y' and 3 =! to obtain 


1 -2+3y' et fe 4+3y' 
b= Ha Np\2 3), 
f Career AG 3 i ar yes) + Ole") 
If (x) is a stationary path of S, then the term O(e) is zero. Since g(0) = 
g(1) = 0 it follows, as in the text. that y/(x) = constant is a possible solution. 
Since y(0) = 0 and y(1) = B this gives y(x) = Br and S{y] = BV1+ B. 


The calculus of variations 


Solutions to Exercises in Chapter | 


Alternatively, using equation (1.34) (page 16), with F(y’) = y/ VI +’. we see 
that the stationary path is given by F’(y’) = constant and hence y’ = constant, 
that is y= mx +c: since y(0) = 0 and y(1) = B this gives y(x) = 

(b) On substituting Bir for y(a) we see that 


a : 
t= atten [ de g(x)? + O(8). 


Then, provided B > —1, 6 is positive and the functional is a minimum on the 
stationary path. 


Solution 1.24 


(a) Consider the difference 6 = S{y +g] — Sly] where g(a) = g(b) = 0, so we need 
the Taylor expansion 
,dF CPF 
Fy +e/)=FW) +75 +5 300 oe 
Hence 


sme ae g(a) +3 eve oF f(a)? +0(e), 


(b) IfdF/dy' = constant then 6 = O(c?) so S[y] is stationary. Further, if dF/dy' = 
constant then, provided F(z) is not a constant or a linear function of 2, y’(«) 
is also a constant. 


(c) On the stationary — y/(x) is a constant and hence d?F/dy'? is constant and 
1 PF 
=o" dy’ dy’? 
The integral is positive, so 5 is positive or negative when d*F/dy/? is positive 
or negative. That is, S{y] is either a minimum (d?F/dy’* > 0) or a maximum 


(d?F/dy'? < 0). If d?F/dy'? =0 the nature of the stationary path can be 
determined only by expanding to higher order in e. 


[ae g(x)? + O(8). 


Solution 1.25 


The functional L[y] is the length of the chain, given by the integral (1.9) (page 9). 
The potential energy, dV, of an element of the rope of length 6s centred on a point 
aw is given by mass x height x g, i.e. 6V = (pds)y(a)g. Since 6s = y/1 + y'76zx this 
gives the length of the chain as 


a 
ale i doytey? 
-a 
and the total potential energy as 


Ely) = oo [ dryVJl+y'?. 


Solution 1.26 


(a) The cylinder radius, p, is constant so, to first order, dx = —pddsind and dy = 
pod cos @, the distance is 


2 
6s? = dx? + dy? + 627 = p*66? + 62? = 50” (« + (&) ) e 


(b) The length along a curve is just the sum of the small elements which in the 
limit d6@ — 0 becomes the integral 


De if ” 16 /PP Eee. 
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(c) The functional L{z] is the same as that considered in Section 1.3.1 hence its 
minimum value is given when z(@) is a linear function of @. The boundary 
conditions give the result quoted. 

Solution 1.27 

The Cartesian coordinates of a point (p,¢) on the cone are 
(x.y, 2) = (pcos @, psin d, p/ tana) 


and for the adjacent point at (p + dp, @ + 6@), or (# + dx, y + dy. z + 62) in Cartesian 
coordinates, we have, to first order 


dx = dpcosd— pédsind, dy =dpsing+ pidcos@. dz = dp/ tana. 
The distance between the two adjacent Pe is therefore 


: ie 47h ae 
a 66? = an42 | 2 502. 
és’ (1+ ware) 7 + 86 on? a Oe (« +aa(¥)) ib" 


Hence the distance between the points @; and @2 along the curve p(@) is 


2 pl? 
Lia = f doy}? + = -. 
re sin? a 


Solution 1.28 


Let the velocity of the boat relative to the water be (u,. uy), where c? = uz + u5. 
and we assume that u, is positive. The velocity of the boat relative to land is 
therefore (up, v(x) + uy). If the path taken is y(z) it follows that 


de dtl dtu, 
Also, the time of passage is 
3 © dir 
Dighes | ass 
fo Ur 
Now we need an expression for u; in terms of y, v and c. Since c? = uz + uj, we 
have 
(y'(2)us —v)° =e — uz 
which rearranges to the quadratic 
(1+y/?) ud — Quy! uz — (ce —v*) =0, 
having the solutions 
_ vy + Joy? + (2 = 27) +9?) y?) 
= ———— OC 
Because ¢ > vu this equation has one positive and one negative root. We need the 
positive root: 
— vy + Voy? + (2 = v7) +?) 
1+y? ; 
This may be put in a more convenient form by noting that, for any X 


1+VX = (1+ VX) (=) = ie 
Hence 
aC] 
giving 


ae Ve +y?) — v — vy! 


(wy? + (2 — 0 +) — vy = fie 


e-v 


Tly) = [ dx 


—w 


The calculus of variations 


CHAPTER 2 
The Euler-Lagrange equation 


2.1 Introduction 


In this chapter we derive the most important result of the calculus of v: 
ations and apply it to a few of the examples described in Chapter 1. We 
show that for the functional 


b 
Sly] = [ dx F(x,y,y’), ya) = y(b) = B, (2.1) 


where F(a,u,v) is a real function of three real variables, and a necessary 
condition for the function y(a) to be a stationary path is that it satisfies the 
equation 


d (OF OF 
eA se ), =A, b)=B, a2 
dx ‘= ) oy y(d) = B poet) 


A, y(b) = B are named as the boundary con- 


where the conditions y(a) 
ditions. This equation is known as either Euler's equation or the Euler 
Lagrange equation. 


In order to derive the Euler-Lagrange equation it is helpful to first dis- 
cuss some preliminary ideas. We start by d bing briefly Euler's original 
analysis, because this provides an intuitive method and indicates why vari- 
ational problems are different from those of conventional calculus, and also 
provides a link between the calculus of functions of many variables and the 
calculus of variations. This leads directly to the idea of the rate of change of 
a functional, needed in subsequent analy: 
lemma. of the calculus of va 
the Euler-Lagrange equation. 


xt we prove the fundamental 


tions, whi s essential for the derivation of 


In the last two sections of this chapter, before the end of chapter exercises, 
we apply this theory to two of the problems described in Chapter 1: the 
surface of minimum area and the brachistochrone problems. There are many 
exercise in this chapter; you should attempt as many as time permits, but 
remember that it is unnecessary to attempt them all. 
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2.2 Preliminary remarks 


2.2.1 Relation to differential calculus 


Euler was the first to make a systematic study of problems that can be de- Leonhard Euler, 
scribed by functionals, though it was Lagrange who developed the method 1707-1783. 
we now use. Euler studied functionals having the form defined in equa-  Joseph-Louis Lagrange, 
tion (2.1). He related these functionals to functions of many variables using 1736-1813, 
the simple device of dividing the abscissa into N + 1 equal intervals, 
Q@=2, 21, Za, ---) Ny N41 =, (2.3) 
where 2441 — 2% = h, and replacing the curve y(a) with segments of straight 
lines having the vertices 
(x0, A), (11,91), (2,42). ---. (en. yn), (@n41,B), (2.4) 
where yx = y(x,), as shown in Figure 2.1. 


ui 
- : 


a=2% 2 2 3 4 5 b=xe ® 


Figure 2.1. Diagram showing the rectification of a curve y = f(z) by a series of six 
straight-line segments (N = 5). 


Approximating the derivative at a, by the difference (yz — y,—1)/h. the 


functional (2.1) is replaced by a function of the N variables (yj, y2..-.. yn). 
N41 

Se, Yk — Ye-1 iy & 

S(t. Ye...) =h DD F (sume wom) , (2.5) 


where h = (b—a)/(N +1), yo = A and yyy; = B. This association with 
ordinary functions of many variables can illuminate the nature of functionals 
and, if all else fails, it can be used as the basis of a numerical approximation; 
examples of this procedure are given in Exercises 2.1 and 2.22. The inte- 
gral (2.1) is obtained from this sum by taking the limit N — oo: similarly, 
the Euler-Lagrange equation (2.2) may be derived by taking the same limit 
of the N algebraic equations 0S/Oy, = 0, k = 1,2,...,N. In any mathe- 
matical analysis, however, care is usually needed when such limits are taken 
and this example is no exception; we shall not dwell on these difficulties, 
although they are important in the further development of this subject. 


Euler made extensive use of this method of finite differences. By replacing 
smooth curves with polygonal lines. he reduced the problem of finding sta~ 
tionary paths of functionals to finding stationary points of a function of N 
variables; he then obtained exact solutions by taking the limit as N — ov. 
In this sense functionals may be regarded as functions of infinitely many 
variables — that is, the values of the function y(z) at distinct points — and 
the calculus of variations may be regarded as the corresponding analogue of 
the differential calculus. 


2.2 Preliminary remarks 


Exercise 2.1 


If the functional depends only upon y/. 


b 
sui= [ deFu/), a)=A, uO) =B, 


show that the corresponding approximation defined by equation (2.5) becomes 


Stam nogn) <b] (8) 4 (OH) 4-4 e (BEB) 


YN — YN-1 B—yn 
oth (POM) +P( A )): 


Show that a stationary point of this function satisfies the equations 
OS _ pv (Uh—Vk-r) _ pv (Yeti —Me) _ 9 poyo ww. 
ON. h h 

Use these to deduce that 
F’ (uk —ye-1)/h) =e, K=1,2,...,2 N+1, 


where ¢ is a constant, independent of k, and provide arguments to show that, pro- 
vided F’(z) is continuous. S(y). Yo... yn) is stationary when the points (r~, y(2%)) 
lie on a straight line. 


2.2.2 The differentiation of a functional 


The calculus of variations is primarily about finding stationary paths of 
functionals. The subtle mathematical ideas necessary for the rigorous de- 
velopment of the subject are beyond the scope of this introductory course. 
However, you ought to be aware of some of the potential problems, and in 
the next few paragraphs we try to explain some of these difficulties, which 
are not an assessed part of the course. 


Consider for a moment the analogous problem of finding the stationary 
points of a function, f(x), of a real variable x: it is evident that the concept 
of closeness of two points on the real line and of two values of the function 
are essential. In this case these measures are the same, namely |a — b| for 
the distance between two real numbers. 


For a function f(a) of n real variables x = (1, 2r2,...,2n), we need the no- 
tion of the distance between two points in the n-dimensional space of vari- 
ables. Usually, the numbers (:7, 2: @p) can be regarded as the Carte- 
sian coordinates of a point in an n-dimensional space, then the distance, 
|x|, of a point a from the origin can be defined by the natural extension of 
Pythagoras’ theorem, 


lel = /az+ah+---+22, (2.6) 


and the distance between two points is |a — y|. However, alternative defini- 
tions of distance can be used: two are 


jal, = |a1|+ |e] +--++ an] and |a|) = max (\zil) - (2.7) 
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Functions, such as these, that define distances in abstract spaces are called 
norms: any function N(a) of the coordinates can be used as a norm provided 
it satisfies the following three rules: 

(a) N(x) > 0 and N(x) =0 if and only if # = 0. 

(b) N(w—y) = N(y—a). 

(c) N(w —y) + N(y —z) > N(a — z) (triangle inequality). 

It can be verified that the three norms defined above satisfy these rules. 


Returning to functionals, now the elements corresponding to the points x 
are functions, y(x), belonging to a particular class. For functionals of the 
form 


» 
f dx F(x,y,y'), y(a) = A, y(b) = B, (2.8) 


we would require functions, y(a), with continuous first derivative that satisfy 
the boundary conditions. One of the crucial differences between the point a 
and a function y(a) is that the former belongs to a finite-dimensional space, 
in the sense that there are at most n independent directions. Functions, 
however, belong to an infinite-dimensional space: this step, from finite- to 
infinite-dimensional spaces, is subtle and important in the development of 
rigorous theory of the calculus of variations, but is not considered in this 
course. 


For the same reason that we need a norm in an n-dimensional Cartesian 
space, we need norms for the distance between allowed functions. There are 
several different norms for functions, and the choice of an appropriate norm 
can be important. An example of a norm for functions continuous on [a, 6} 
is 


v(x] = max, lux) (2.9) 


But continuous functions may not be differentiable at some points — or 
indeed at any point — and we need functions that are both continuous and 
have continuous first derivatives. A suitable norm for such functions is 


a : , 
ly(x)|| = Byes, lve) + max I). (2.10) 


In the rigorous analysis of variational principles, the choice of norms is im- 
portant, particularly when trying to determine whether or not stationary 
paths are extrema. In this course we have no need to consider norms any 
further, although the notion is implicit in all that follows. 


It is necessary, however, to restrict the class of functions to a subset of all 
possible functions that satisfy the boundary conditions. Normally we shall 
simply refer to this restricted class of functions as the admissible functions: 
in most circumstances admissible functions are defined to satisfy the bound- 
ary conditions and have continuous first, or possibly higher, derivatives. 


If you are interested in knowing why these details are important. consider 
the optional Exercise 2.37 (page 74) which gives a simple example showing 
why care is needed. Further, in Section 2.5, in particular equation (2.59), we 
shall encounter a real problem for which the path producing the minimum 
value of the functional does not have a continuous first derivative. These 
subtleties are not, however, an assessed part of the course, or required in 
the theory presented here. 


We also need the notion of the rate of change of a functional, because this 
is implicit in the idea of a stationary path. Recall that a real differentiable 
function of n real variables G(a), for a = (2 ),22..... 2), is stationary at a 
point if, at this point, all its first partial derivatives are zero, ie. OG/Ox,, = 0. 


2.2 Preliminary remarks 


k =1,2,...,n. This result follows by considering the difference between the 
values of G(a) at adjacent points: 


G(a + €€) — G(x) =a SF +010), jel =1, (2.11) 
ms OF 


where € = (€;,€,---,€,). The rate of change of G(x) in the direction of € 
is obtained by dividing by e, 

G Z n 

G(x + €) - G(x) = vs z +O0(6). (2.12) 

5 he 

and taking the limit as e + 0. A stationary point is defined to be one at 
which the rate of change of G is zero in every direction; it follows that at a 
stationary point all first partial derivatives must be zero. 


This idea, embodied in equation (2.12), may be applied to the functional 


b 
Sly) =/ dx F(a,y,y'), y(a) = A, y(b) = B, (2.13) 


which has a real value for each admissible function y(x). The rate of change 
of a functional S{y] is obtained by examining the difference between the 
values on neighbouring admissible paths, ie. S{y +g] — Sly]; and, since 
both y(a) and y(x) + €g(x) are admissible functions for all e, it follows that 
g(a) = g(b) =0. This difference is a function of the real variable €, so we 
define the rate of change of S{y] by the limit 


Sly +eg]— Sly] __ a 
€ de 
which we assume exists. The functional AS depends upon both y(x) and 


g(x), just as the limit of the difference [G(x + «€) — G(a)]/e, of equa- 
tion (2.12), depends upon & and €. 


ASly. 9) = lim Siyt+eg]] . (2.14) 
sie =0 


Definition: The functional S{y] is said to be stationary if y(a) is an admis- 
sible function and if AS{y,g] = 0 for all g(x) which have a continuous first 
derivative and satisfy the boundary conditions g(a) = g(b) = 0. 


This definition generalises the particular example dealt with in Subsec- 
tion 1.2.2, in particular see equation (1.17) (page 11). 


As with functions of many variables, the nature of a stationary path of 
a functional is usually determined by the term O(e*) in the expansion of 
S{y + eg). The theory that determines whether a stationary path is an 
extremum is difficult and is not contained in this course. 


In all our applications, the limit in equation (2.14) can be evaluated by the 
formula 


ASly,.9] = Ssiy +e) (2.15) 


=0 
Also, in our applications, AS is linear in g. That is, if ¢ is any constant, 
then AS[y, cg] = cAS{y. |; in this case it is called the Gateaux differential. 


As an example, consider the functional 


b 
su) = [de ViFV, ula) =A, 0) =B, (2.16) 
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for the distance between (a, A) and (b, B) as discussed in Subsection 1.2.2. 
We have 


4 sty +e) = a dx \/1 + (y! +eq')? 


-[ de it Ura? 


a re ade WY @) +e (2) 
1+ (yz) +€9/(2))? 
Note that we may change the order of differentiation with respect to € and 
integration with respect to x because a and b are independent of ¢ and all 
integrands are assumed to be sufficiently well-behaved functions of x and e. 
Hence, on taking the limit as « + 0, we have 


. en Mears reais y'(c) 
ASly,9] = lim 7-Sly + ¢g] = fdr 


a Vi+y (2)? 


which is just equation (1.18) (page 11). 


g(x). (2.17) 


g(x), (2.18) 


Exercise 2.2 


Find the Gateaux differentials of the following functionals. 
1 2 : a /2 

(a) Sify] -/ dey? (b) sul = f dey? (c) sui= f de (y’? — 9?) 
lp 1 0 
by f2 be 

(a) sul = [ iw b>a>0  (e) sui= dr (y'? + y? + 2ye*) 
1 

) sul = f de fx? + yPV1 + y'? 

f 


Exercise 2.3 


Find the Gateaux differentials of the following functionals. 
b » 
(a) si = f dxy' — (b) soul = f dx xy? 
a a 
n 
(©) Solu) = fo de (a tay 
a 


Explain why AS) = AS;. 


A comment 


For our final comment of this section, we consider the approximation de- 
fined in equation (2.5) in a little more detail to show the sort of problem 
that can arise in the limit as N — oo. By associating the variable €, in equa- 
tion (2.12), with the discrete values of the function g(x) of equation (2.14), 
so € = (91,99.---5 gn). where 9% = g(xx), we see that the condition || = 1 
includes the requirement that g(x) is bounded for a < x < b. However, we 
also require that g/(a) exists, but the example g, = —1/V2, gk+1 = 1/y2 
and gj = 0 for all other components, so that g/(a%) ~ (g¢+1 — gk)/h, Shows 
that although g remains bounded as h — 0, its derivative is unbounded. This 
example shows why some care is required when we take the limit N — co 
of equation (2.5), why the cases of finite numbers of variables is different 
from the infinite case and why the choice of norms, discussed above, is 
important. Nevertheless, provided caution is exercised, the analogy with 
functions of several variables can be helpful. 


2.3 The fundamental lemma of the calculus of variations 


2.3 The fundamental lemma of the 
calculus of variations 


This section contains the essential result upon which the calculus of vari- 
ations depends. Using the result obtained here, we shall be able to use 
the stationary condition that AS{y,g] = 0, for all suitable g(r), to form a 
differential equation for the unknown function y(x). 


The fundamental lemma 


If 2(a) is a continuous function of «x for a < x < b and 
dx z(x) g(a) = 0 (2.19) 
a 
for all functions g(a) that are continuous for a < x < b and zero at 
a=aand «= b, then 2(x) =0 fora<a<b. 


In order to prove this, we assume, on the contrary, that for some 7 satisfying 
a<n<b, 2(n) #0. Then, since z(2) is continuous, there is an interval 
ja, 22] around » with 


a<a<n<a<b, (2.20) 


in which 2(a) #4 0. We now construct a suitable function g(a) that yields a 
contradiction. Define g(x) to be 


yf @-«1)(t2-2), a<a srs <b, 
9a) = 1s otherwise, Mey, 
so g(x) is continuous and 
rb 02 
/ dx z(x) g(a) = i dx z(x)(a — 21)(r2 — x) #0, (2.22) 
a Ea 


since the integrand is continuous and non-zero on [.r;,2r2]. However, accord- 
5 f Pee 
ing to equation (2.19), ni dx zg = 0, so we have a contradiction. 


The assumptions that z() is continuous and 2(2) #0 for some x € (a,b) 
lead to a contradiction and it follows that z(2) = 0 for a < x < b; because 
2(x) is continuous, z(2) = 0 for a < x <b. This result is called the funda- 
mental lemma of the calculus of variations. 


This proof assumed only that g(x) is continuous and made no assumptions 
about its differentiability. In previous applications g(z) had to be differ- 
entiable for 2 € (a,b). However, for the function g(a) defined above, g’(.°) 
does not exist at x; and x2. The proof is easily modified to deal with this 
case. If g(a) needs to be n times differentiable, then we use the function 
(a —ay)"*"(ag—2)"*1, 2) Se < 22, 
g(x) = { 


2.9: 
0. otherwise. 42:28) 
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2.4 The Euler-Lagrange equation 


This section contains the most important result of this block: if F(a,u.v) 
is a sufficiently differentiable function of three variables, then a necessary 
condition for the functional 


b 
Sty] = [ dx F(x,y,y'), y(a) =A, y(b) = B, (2.24) 


to be stationary on the path y(), is that it satisfies the differential equation 
and boundary conditions, 


4 (=) = a =0, y(a)=A, y(b)=B. (2.25) 
This is called Euler’s equation or the Euler-Lagrange equation. It is a 
second-order differential equation, as shown in Exercise 1.16 (page 19), and 
is the analogue of the necessary condition OG/Or, = 0, k = 1,2,...,n, fora 
function of n real variables to be stationary, as discussed in Subsection 2.2.2. 
We now derive this equation. 


The integral (2,24) is defined for functions y(s) that are differentiable for 

a<a <b. Using equation (2.14), we find that the rate of change of S{y] is 
a 

— | drF(r,y+eg.y' +9’) 

de 


a 


ASly, 9) 


=0 


b 
= [ dr P(e,yte.y +e) (2.26) 


<0 
The integration limits a and b are independent of €, and we assume that the 
order of integration and differentiation may be interchanged using Leibniz’s 


rule. Using the chain rule we have See Block 0, Chapter 2. 
cee , r _ OF oe 9.97 
aiuto ar ae a 957" (2.27) 

where the right-hand side is evaluated at (x.y, y/). Hence 

b fe 9 
OF OF 
ASy. 9] = it da (ay +9 (oon) $ (2.28) 
The second term in this integral can be rewritten using integration by parts, 
to sii 
* dog aoe = [ok fu wt ee (2.29) 
If Haag ideale Mae et ay : 


But g(a) = 9(b) = 0, so the boundary term on the right-hand side (that 
is, the first term) vanishes, and the rate of change of the functional S{y] 
becomes 


AS{y, 9] = -f dx lz (3) ~ el g(x). (2.30) 


If S[y] is stationary then, by definition, AS{y.g] = 0 for all functions g(x). 
It follows from the fundamental lemma of the calculus of variations (see Sec- 
tion 2.3 and equation (2.19)) that y(x) satisfies the second-order differential 
equation 


d (OF OF 
OS Ni aCe eye se =e 2.3 
(35) -Fe= 9 vla)=A. v0) (2381) 
If real solutions exist, they provide stationary paths of S[y], but these are not 
necessarily maxima or minima of the functional. It is important to note that 


2.4 The Euler-Lagrange equation 


the Euler-Lagrange equation is, in most cases, a second-order, nonlinear, 
boundary-value problem, with possibly no solutions or many solutions. The 
properties of nonlinear equations are quite different from those of linear 
equations. 


The Euler-Lagrange equation is a second-order differential equation. But if 
the integrand does not depend explicitly upon «, so has the form 


b 
Sty] 2] de G(y,y'), y(a) = A, y(b) = B (2.32) 


it can be shown that the Euler-Lagrange equation reduces to the first-order 
differential equation 


Ve -G=e, y(a)=A, y(b) =B, (2.33) 


where ¢ is an arbitrary constant determined by the boundary conditions; see 
the example below. The expression on the left-hand side of this equation is 
often called the first integral of the Euler-Lagrange equation. This result 
is important because, when applicable, it saves a great deal of effort, since 
it is usually far easier to solve the lower-order equation. Two proofs of this 
result are provided in this course. The first involves deriving an algebraic 
identity and we suggest doing this yourself in Exercise 2.6. The second proof 
is given in Subsection 3.5.1 and uses the invariance properties of the inte- 
grand G(y,y'). In Chapter 4 we show that for simple mechanical systems 
equation (2.33) is sometimes equivalent to conservation of energy. A warn- 
ing, however: in some circumstances, a solution of equation (2.33) will not 
be a solution of the original Euler-Lagrange equation — see Exercise 2.5 and 
also Section 2.5. 

Another important consequence of this simplification is that the stationary 
function, the solution of (2.33), depends only upon the variables u = x — a 
and b—a (besides A and B), rather than «, a and b independently, as is 
the case when the integrand depends explicitly upon x. A specific example 
illustrating this behaviour is given in Exercise 2.4. 


As an example, consider the functional 
1 
Sy) = | de (y’2-y), (0) =0, y(t) =1. (2.34) 


In this case G(y, y') = y/? — y and the Euler-Lagrange equation is the linear 
equation 
of dy 
or: da? ) 
The general solution of this equation is y = —x?/4 + Ar + B, where A and 
B are constants: the boundary condition at « = 0 gives B = 0 and that at 
wv =1 gives A=5/4. Hence y = 2(5 — x)/4 is the stationary path. 


+1=0, y(0)=0, y(1) =1. (2. 


Applying the first integral, equation (2.33), to equation (2.34) gives the 
nonlinear equation 


dy\? = ie 
(2) +y=c, y(0)=0, y(1)=1, (2.36) 
which is “ais and can be rearranged into 
as =+ / dz, (2.37) 


so integration gives 


2fe—y=DFz, (2.38) 
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for some constant D. The boundary condition at 2 = 0 gives 4c = D? and 
that at z= 1 gives D = +5/2. both giving the same solution as before. 


In this example it is easier to solve the second-order Euler-Lagrange equation 
than the first-order equation (2.33), which is nonlinear. Normally, both 
equations are nonlinear and then it is easier to solve the first-order equation. 
In the examples dealt with in Sections 2.5 and 2.7 it is more convenient to 
use the first integral. 


An observation 


You may have noticed that the original functional (2.24) was defined on 

the class of functions that have just one derivative. More precisely, it re- 

quires that F(a, y,y’) is integrable, which is a weaker condition, though this 

difference is not important for this course. However, the Euler-Lagrange 

equation (2.31) requires the stronger condition that y’(2) is continuous, A 

theorem due to the German mathematician du Bois-Reymond shows that Emil Heinrich du 
if: Bois-Reymond, 1818-1896, 
(a) y(x) has a continuous first derivative, 

(b) AS{y.g] = 0 for all admissible g(x), 

(c) F(a,u,v) has continuous first and second derivatives in all variables, 

(d) PF /a/* 40 fora <x <b, 


then y() has a continuous second-order derivative and satisfies the Euler- 
Lagrange equation (2.31). (You will not be assessed on this result.) 


Exercise 2.4 
Consider the functional 


b 
sui= [ dex (y'*+y). y(a) =A, y(b) = B. 


(a) By forming and solving the Euler-Lagrange equation (2.31), show that the 
stationary path is 


- 10-0) u+A, u=2-a. 


(b) By making the change of variable u = x —a and defining Y(u) = y(x(u)) = 
y(u +a), use the chain rule to show that y/(#) = Y'(u) and that the functional 
becomes 


ba 
s{y] -[ du(¥'?-¥?), ¥(0)=A, ¥(b—a)=B. 


Deduce that the stationary path depends only upon u =a —a and b—a (be- 
sides A and B). 


Exercise 2.5 


(a) Show that provided G,(y, y') exists when y/ = 0. the differential equation (2.33) 
has a solution y() = 7. where the constant 7 is defined implicitly by the equa- 
tion G(7,0) = —e. 


(b) Under what circumstances is the solution y(a) = 7 also a solution of the Euler- Note that this part of the 
Lagrange equation (2.31)? exercise is harder. 


2.5 Minimal surface of revolution 


Exercise 2.6 


If G(y,y') does not depend explicitly upon x, that is OG/Ax = 0, show that 


1a) (4 (22) 22) = # (y86_0) 
ve) (Z (ay) eres 


Hence show that equation (2.33) is true if either (a) y(x) satisfies the Euler 
Lagrange equation, or (b) y(:7) is constant. 


Exercise 2.7 


Show that the Euler-Lagrange equation for the functional 


X>0, 


pX 
Sly] -| dx [y'?-y?], y(0)=0, y(X) = 
0 


is y+y =0. Hence show that, provided X # nz, n= 1,2 
function is y = sinr/ sin X. 


, the stationary 


Exercise 2.8 


(a) Show that the Euler-Lagrange equation for the functional 


1 
Sly] = [ dx [y'? +y? +2xy]. y(0) =0, (1) =a, 
0 


is y —y =< and hence that a stationary function is 


sinh 


ue) =(L+a) ht 


(b) By considering the term O(«*) in the difference S|y + €] — Sly), show also that 
this solution makes the functional a minimum. 


2.5 Minimal surface of revolution 


The problem is to find the function y(x), with given end points y(a) = A 
and y/(b) = B, such that the area of the surface formed by rotating the curve 
y(x) about the z-axis is a minimum. The left-hand diagram in Figure 2.2 
shows the construction of this surface. 


ay 
ay 


Figure 2.2. Diagram showing the construction of a surface of revolution (left), and 
the small segment used to construct the integral in equation (2.41) (right). 


This section is divided into three parts. First, we derive the functional S{y] 
giving the required area. Second. we derive the equation that a differentiable 
function must satisfy to make the functional stationary. Finally, we solve 
this equation in a simple case in order to show that even this relatively 
simple problem has pitfalls. 
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2.5.1 Derivation of the functional 


An expression for the area of this surface is obtained by first finding the area 
of the edge of a thin disk of width da, as shown in the right-hand diagram 
in Figure 2.2. The small segment may be approximated by a straight line 
provided that dx is sufficiently small. so its length ds is given by the analysis 
in the previous chapter leading to equation (1.7) (page 9). 


bs = 1+ y'(a)? dx + O(6r”). (2.39) 
The area 6S traced out by this segment as it rotates about the z-axis is 
6S = 2my(x) ds = 2y(x) V/1 + y! (x)? dx + O(6x?). (2.40) 


Hence the area of the whole surface from « =a to x = b is 


b 
Sly) = an f dry(x)/1+y(x)?, y(a)=A>0, y(b) = B>0. (2.41) 


Exercise 2.9 


Show that the equation of the straight line joining the points (a, A) and (b, B) in 
the left-hand diagram of Figure 2.2 is 


B-A 
y=>5—(@-a) +4. 


Use this together with equation (2.41) to show that the surface area of the frustum 
of the cone shown in Figure 2.3 is given by 


S=7(B+ A)yV/(b— a)? + (B— A)?. 
Recall that the frustum of a solid is that part of the solid that lies between two 
parallel planes which cut the solid, and its area does not include the area of the 
parallel ends. 


Figure 2.3 Diagram showing the frustum of a cone, the shaded area. The slant 
height is /, and the radii of the circular ends are A and B. 


Show further that this expression may be written in the form 7(A + B)l where / is 
the length of the slant height and A and B are the radii of the end circles, 


2.5 Minimal surface of revolution 


2.5.2 Application of the Euler-Lagrange equation 


The integrand of the functional (2.41) does not depend explicitly upon x, 
hence the integrated form of the Euler-Lagrange equation (2.33) may be 
used. In this case, apart from an overall factor of 27, 


Gy) =yV1+y?, (2.42) 


so 
aG yy! ,0G y 
a and y'=| -G=-— : (2.43 
oy Sl +y? oy’ Vi¢+y? ) 
Hence the Euler-Lagrange equation integrates to give 
Y _=¢, y(a)=A>0, y(b)=B>0, (2.44) 


Vit+y'? 
for some constant ¢; since y(xz) > 0 we may assume that ¢ is positive. By 


squaring and rearranging this equation we obtain the simpler first-order 
equation 


dy _ 

dx ra 
The solutions of equation (2.45), if they exist, ensure that the functional (2.41) 
is stationary. We shall see, however, that suitable solutions do not always 
exist and that when they do further work is necessary in order to determine 
the nature of the stationary point. 


y(a)=A20, y(b)= B20. (2.45) 


2.5.3 The solution in a special case 


Here we solve the first-order differential equation (2.45) when the ends of the 
solid have the same radius, that is A= B > 0. Even this seemingly simple 
case has surprises in store and so provides an indication of the sort of diffi- 
culties that may be encountered with variational problems: such difficulties 
are typical of nonlinear boundary-value problems. This analysis is difficult 
and to understand it you may need to study it in depth; writing your own 
notes will probably be very useful. 


Because the ends have the same radius it is convenient to introduce a sym- 
metry by putting the ends at z= +a. This change, which is merely a 
shift along the z-axis, does not affect the differential equation (because its 
right-hand side is independent of x); the boundary conditions, however, are 
slightly different. If we denote the required solution by f(z), then it satisfies 
the differential equation and boundary conditions, 


Vf-¢ 
a =2VE—e, f(-a) = f(a)=A>0. (2.46) 
A solution of this equation is obtained by putting ¢ = A and f(x) = A, but 
this is not a solution of the original Euler-Lagrange equation (see Exer- 
cise 2.5). 

The structure of equation (2.46) suggests that we can use the identity 
cosh? z — 1 = sinh? z to define a new dependent variable 4(x) by the equa- 
tion f(x) =ccosh d(x). Then the differential equation for (xc) is obtained 
by substituting this into (2.46) and using the chain rule, 


osh? @ — 1) = +sinhe, (2.47) 


i sinh ¢@ = aa 

dx © 

and hence 
ae 


1 
=+-, which integratesto @=a+ & (2.48) 
dx € e 
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for some constant a. Therefore the general solution is f(x) = ccosh(a + 
x/c): the boundary conditions determine the values of the constants ¢ and 
a, and these give the two equations 


A=ccosh (a + *) =e (cosa cosh * +sinhasinh *) atxr=a, 
c e c 


A=ccosh (a < 7) =ié (costa cosh * + sinhasinh *) at x =—a. 
c ce c 


Subtracting these gives 0 = 2csinh a sinh(a/c). If, however, 2 is real, sinh 2 = 
0 only if z = 0; hence, since a # 0, we must have a = 0, giving the solution 


f(x) =ecosh(£) with ¢ determined by A = ccosh (4) . (2.49) 
The function f(r) is a solution of the Euler-Lagrange equation, but we need 
to determine the values of ¢ such that it satisfies the boundary conditions. 


The function cosh z has a single minimum at z = 0, where its value is unity, 
and it increases monotonically for increasing |z|. Thus the constant ¢ repre- 
sents the smallest value of f(x), which is at x = 0, as shown in Figure 2.4, 
where we plot the graph of f(x) for three values of e. 


= —05 0 05 =i 


z 


Figure 2.4 Graphs of f(x) = ccosh(«/e) for |x| < 1 and ¢ = 2, 1/2 and 1/4. Note 
that the interval |a| < 1 is not related to the position of the ends at « = +a, 
except ifa = 1. 


From these graphs we see that as c increases, f(:°), becomes flatter in the 
interval shown. 


The required solutions are obtained by finding the real values of ¢ satisfying 
equation (2.49). Unfortunately, it cannot be inverted to express c in terms 
of known functions of A. Numerical solutions may be found, but first it is 
necessary to determine those values of a and A for which real solutions exist. 


In this problem there are two lengths, a and A, that can be varied inde- 
pendently. Because there is no other length scale we expect the solution to 
depend only upon the dimensionless ratio of these two lengths. This reduces 
the number of independent parameters to one and makes the task of under- 
standing how the solutions change with a and A far easier. As an aside, 
we note that if A # B, there are two ratios and this makes it far harder to 
understand the general behaviour of the solutions. 


For this reason it is convenient to introduce a new dimensionless variable 
n= a/c. Our aim is to rewrite equation (2.49) in terms of 7, a and A, so we 
write the equation for c in the form 


A 
aa g(n) where g(n) = “con 0. (2.50) 


This equation shows directly that 7 depends only upon the dimensionless 
ratio A/a, that is, the ratio of the end radii to half the distance between the 
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ends. In terms of 7 and A, the solution (2.49) becomes 
cosh (n) 


Fe 
cosh 7 ea) 


a © 

f(z) = Fe (n=) =A 
The stationary solutions are found by solving the equation A/a = g(7) for 7. 
The graph of g(n), depicted in Figure 2.5, shows that g(7) has a single 
minimum and that for A/a > min(g) there are two real solutions. 


a(n) 

10 

8 

6 

4 

2 
a ser 9 fis qo 


Figure 2.5 Graph of g(7) = (cosh y)/7 showing the solutions of the equation 
g(n) = A/a. 


This graph also suggests that g(7) — 00 as 7) > 0 and oe, and this behaviour 
can be verified with the simple analysis performed in Exercise 2.11, which 
shows that 


” 
gn) ~ u forn<1 and g(n) ~ ee for 7 > 1. (2.52) 
n 2n 


The minimum of g(7) is at the real root of ntanh7 = 1 (see Exercise 2.12). 
This may be found numerically, and is at 7, ~ 1.2, and here g(7,,) = 1.51. 
Hence if A < 1.51a there are no real solutions of equation (2.50), meaning 
that there are no functions with continuous derivatives making the area 
stationary. For A > 1.51a there are two real solutions both being stationary 
values of the functional (2.41); we denote these two solutions by 7, and ny 
with 7, <1. Because there is no upper bound on the area, neither solution 
can be a global maximum. 


Figure 2.6 shows values of the dimensionless area S/a? for these two station- 
ary solutions as functions of A/a when A/a > (7) ~ 1.51. The area asso- 
ciated with the smaller root, 7, is denoted by $1, and $2 denotes the area 
associated with 72. These graphs show that S2 > S; for A > ag(n,,,) = 1.51a. 


S/a? 60 S2/ae 
50 
40 Si/a® 
30 
20 


3 
Ala 


Figure 2.6 Graphs showing how the dimensionless area S/a? varies with A/a, for 
A> 15la. 


The graphs depicted in Figure 2.6 were drawn using the expression for S 
expressed in terms of 7, Exercise 2.10, and by finding 9 for each A/a by 
solving equation (2.50) numerically for each root. 
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It is difficult to find simple approximations for the area S[f] except when 
A> a, in which case the results obtained in Exercise 2.11 may be used. We 
consider the smaller and larger roots separately. 


If A >a the smaller root, 7 is seen from Figure 2.5 to be small. The ap- 
proximation developed in Exercise 2.11(a) gives m, ~ a/A, so equation (2.51) 
becomes 
fila) = Acosh(a/A) ~ A, (2.53) 
since || <a < A and cosh(x/A) ~ 1. Because f;(x) is approximately con- 
stant, the original functional, equation (2.41), is easily evaluated to give 
Ss. A 
$1 =Slfil=4naA or b= 4n—. (2.54) 
a a 
The latter expression is the equation of the approximately straight line seen 
in Figure 2.6. The area Sj is that of the cylinder formed by joining the end 
circles at z = +a with parallel lines. 


For the larger root, 7p, since cosh n ~ e"/2 for large 7, equation (2.50) for 7 


becomes 
Eee (2.55) 
a 2 


(see Exercise 2.11(b)). So, from equation (2.51), we have 

wo seta nee (2 7h 

fo(x) ~ Ae~™ [exp ( a ) +exp ( i )| 

= ait Rada 

= Aexp ( a (a z)) + Aexp ( 4 (a +2) i (2.56) 
For positive « the second term is negligible (because 1, > 1) provided 
Nj >a. For negative x the first term is negligible, for the same reason. 
Hence an approximation for f(x) is 


fa(x) = Aexp (-2( = Iz\)) provided  |z{n > a. (2.57) 


Some discussion of the behaviour of this function is provided after equa- 
tion (2.59). In Exercise 2.11(b) it is shown that the area is given by 


A\? 

So = S[fo]~2nA? or a =2n (2) ; (2.58) 
a a 

which is just the area of the ends. The latter expression increases quadrati- 

cally with A/a, as seen in Figure 2.6. 


These approximations show directly that if A > a then S2 > S}, confirming 
the results shown in Figure 2.6. They also show that when A > a the 
smallest area is given when the surface of revolution approximates that of a 
cylinder. 


In the three parts of Figure 2.7, we show examples of these stationary solu- 
tions, computed numerically, for A = 2a, A = 10a and A = 100a. In the first 
example, on the left, the ratio A/a = 2 is only a little larger than min(g(7)), 
but the two solutions differ substantially. with fj (a), the solution associated 
with the smaller value of 7, already close to the constant value of A for 
all x. In the two other examples, the ratio A/a is larger, and now f)(x) 
is indistinguishable from the constant A, while f2(2) is relatively small for 
most values of <r. 
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A=2a A= 10a A=100a 
1 1 1 
0.75 0.75 0.75 
0.5 0.5 05 
0.25 FeleW/A 9.05 0.25 
z/a z/a afa 


r 1 r 
0 0.25 05 0.75 1 0 0.25 0.5 075 1 0 0.25 05 0.75 1 


Figure 2,7 Graphs showing the stationary solutions f(x)/A = cosh(.cn/a)/ cosh 7 
as a function of w/a, for various values of A. 


These examples and the preceding analysis show that when the rings are 
relatively close, ie. A/a large, fi(x) ~ A, for all x, and that as A/a — 00, 
fo(a) tends to the function 

0, |x| <a, 


fale) — fala) = {IS 


This result may be derived from the approximate solution given in equa- 
tion (2.57). Consider positive values of x, with xn >a. If = a(1—94), 
where 6 is a small positive number, then 


fala) ~ Ae, (2.60) 


However, from equation (2.55), In(A/a) = 7 — In(2y); if 7 > 1, In(2n) < n. 
and 7) ~ In(A/a), the above approximation for fo(x) thus becomes 


aS eS (sy: 2=a(l—d). (2.61) 


Hence, provided § > 0, that is, a 4 a, fo(x)/A — 0 as A/a — ov. 


The surface defined by this limiting function comprises two disks of radius A, 
a distance 2a apart, so has area Sg = 27-A?, independent of a. Since this lim- 
iting solution has discontinuous derivatives at « = +a, it is not an admissible 
function, though there are admissible functions that are arbitrarily close to 
it. Nevertheless, it is important because if A < ag(n,_) ~ 1.51a, it can be 
shown that this surface gives the global minimum of the area and, as will be 
seen in the next subsection and in Section 2.6, this has physical significance. 
This solution to the problem was first found by B. C. W. Goldschmidt in 
1831, and is hence known as the Goldschmidt curve or Goldschmidt solution. 
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2.5.4 Summary of Section 2.5 


We have considered the special case where the ends of the solid generated by 

our surface of revolution are at 2 = +a and each end has the same radius A. 

In this case the curve y = f(2) is symmetric about x = 0 and we have 

obtained the following results. 

1, Ifthe radius of the ends is small by comparison to the distance between 
them, A < ag(1,,) = 1.51a, there are no curves described by differen- 
tiable functions making the traced out area stationary. In this case it 
can be shown that the smallest area is given by the Goldschmidt solution, 
Je(x), defined in equation (2.59), and that this is the global minimum. 

2. If A> 1.5la, there are two smooth stationary curves. One of these 
approaches the Goldschmidt solution as A/a — oo, and the other ap- 
proaches the constant function f(x) — A in this limit. The latter curve 
gives the smaller area. 


The nature of the stationary solutions is not easy to determine. In Figure 2.8 
we show the areas $;/a and S2/a?, as in Figure 2.6, and also the area given 
by the Goldschmidt solution, Sg/a? = 27(A/a)*. curve G, and the area of 
the cylinder, 5./a? = 47A/a, curve c. 


S/a? 60 


15 1.75 2 2.25 2.5 2.75 3 


Figure 2.8 Graphs showing how the dimensionless area $/a? varies with A/a. 
Here the curves S;/a? denote the areas as in Figure 2.6, k = 1,2; G is the scaled 
area of the Goldschmidt curve, S¢/a? = 2n(A/a)*; and c is the scaled area of the 
cylinder, 4A/a. 


If A > ag(n,,) ~ 1-51a, it can be shown that S$; is a local minimum of 
the functional, but the graphs in Figure 2.8 show that for A < 1.895a the 
Goldschmidt curve yields a smaller area. A physical interpretation of these 
solutions is given in the next section. 


This relatively simple example of a variational problem provides some idea 
of the possible complications that can arise. 


Exercise 2.10 


b 
If f(a) = ccosh(a/c), show that the functional S[y] = an f dx yy/1 + y? has the 
value i 
Sif] _ 2x : a 
a Taker (y+sinhneoshy). n= = 


Pe 


2.5 Minimal surface of revolution 


Exercise 2.11 


(a) Use the expansion cosh = 1 + $77 + O(1/') to show that, for small n, 9(7) = 
1/n + n/2 + O(n), where g(n) is defined in equation (2.50). Hence show that 
if A> a, then 7 ~ a/A, and hence that ¢ > A and f(x) ~ A. Using the result 
obtained in the previous exercise, or otherwise. show that S; = 4aAa. 


(b) Show that if 7p is large, the equation defining it is given approximately by 


Sz e"\? on ey 
anes) one 


Exercise 2.12 


(a) Show that the position of the minimum of the function g(7)) = (cosh )/, 7 > 0, 
is at the real root, 7,,, of mtanhy = 1. 


By sketching the graphs of y = 1/7 and y = tanh», for 7 > 0, show that the 
equation 7 tanh 7 = 1 has only one real root. 


(b) If a/e =p, and A/a = 9(n»), use the result derived in Exercise 2.10 to show 
that the area is S,, =27A"7,,,. 
Exercise 2.13 


Show that a solution of equation (2.46) is obtained by putting e = A and f(x) = A. 
Show also that this function is not a solution of the associated second-order Euler 
Lagrange equation. 


Exercise 2.14 


(a) Show that the functional 


1 
Sty =f dz Vy(l+y?), y(-1)=y1)=4>0, 
-1 


is stationary on the two paths 


In the following, these solutions are denoted by y,(s) and y_(.x). respectively. 


(b) Show that on these stationary paths 
Sty =2e+ ay. 
and deduce that when A> 1, S{y_] > S[y4]. and that when A= 1, S[y] = 
42/3, Show also that if A > 1 
Sly-]= 44°? and Sly,]~2VA. 
(c) Find the value of S[y) for the function 
0, O0<2<1-6,0<d5<1, 
ys(ar) = A 


A-G(l-2), 1-d<2<1, 


with ys(—x) = ys(a). Show that as 6 0, and x > 0, ys(x) > fe(x), the 
Goldschmidt curve defined in equation (2,59). Show also that 


lim S [ys] = S[fa] = 34°”. 


This exercise is more 
difficult than average. 


‘This a long, fairly hard 
exercise that you might 
consider doing when 
revising this chapter. 
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2.6 Soap films 


An easy way of forming soap films is to dip a loop of wire into soap solution 
and then to blow on it. Almost everyone will have noticed that the initial 
flat soap film bounded by the wire forms a segment of a sphere when blown. 
It transpires that there is a very close connection between these surfaces and 
problems in the calculus of variations. The exact physics of soap films is 
complicated, but a fairly simple and accurate approximation shows that the 
shapes assumed by a soap film are such as to minimise their areas, because 
the free-energy is approximately proportional to the area and equilibrium 
positions are given by the minimum of this energy. Thus, in some cireum- 
stances the shapes given by the minimum surface of revolution, described in 
Section 2.5, are those assumed by soap films. 


The study of the formation and shapes of soap films has a very distinguished 
pedigree: Newton, Young, Laplace, Euler, Gauss, Poisson are some of the 
eminent scientists and mathematicians who have studied the subject. Here 
we cannot do the subject justice, but the interested reader should try to 
obtain a copy of Isenberg’s The science of soap films and soap bubbles. The 
essential property is that a stable soap film is formed in the shape of a 
surface of minimal area that is consistent with its wire boundary. 


Probably the simplest example is that of a soap film supported by a circular 
loop of wire. If we distort it by blowing on it gently to form a portion the 
approximate shape of a sphere, when we stop blowing the surface returns 
to its previous shape, that is a circular disc. Essentially this is because in 
each case the free-energy, which is proportional to the area, is smallest in 
the assumed configuration. 


Imagine a framework comprising two equal circles of radius A, held a dis- 
tance 2a apart (like wheels on an axle). What shape soap film can such 
a frame support? Figure 2.9 illustrates the alternatives suggested by the 
analysis of the previous section and agree qualitatively with the solutions 
one would intuitively expect. 


2a 


2a 


Figure 2.9 Diagrams showing two configurations assumed by soap films on two 
rings of radius A, a distance 2a apart. On the left, A < 1.89a, the soap film 
simply fills the two circular wires because they are too far apart: this is the 
Goldschmidt solution, equation (2.59). On the right, A > 1.51a, the soap film 
joins the two rings in the shape defined by equation (2.51) with n =m. 


The left-hand configuration, with two distinct surfaces, is the Goldschmidt 
solution, equation (2.59). and it gives an absolute minimum area if A < 
1.89a. The shape on the right is a catenoid of revolution and represents the 
absolute minimum if A > 1.89a; it is a local minimum if 1.5la < A < 1.894 
and does not exist if A < 1.5la. When 1.5la < A < 1.89a the catenoid is 
unstable and we have only to disturb it slightly, by blowing on it for instance. 
and it may suddenly jump to the Goldschmidt solution which has a smaller 
area, as seen in Figure 2.8. 


C. Isenberg, The science of 
soap films and soap bubbles 
(Dover, 1992), 


2.6 Soap films 


The methods discussed previously provide the shape of the right-hand film, 
but the matter of determining whether these stationary positions are ex- 
trema, local or global, is of a different order of difficulty and beyond the 
scope of this course. The complexity of this physical problem is further 
compounded when one realises that there can be minimum energy solutions 
of a quite unexpected form. Figure 2.10 illustrates a possible configuration 
of this kind. We do not expect the theory described in the previous section 
to find such a solution because the mathematical formulation of the physical 
problem makes no allowance for this type of behaviour. 


Figure 2.10 Diagram showing a possible soap film. In this example a circular film, 
perpendicular to the axis, is formed in the centre and this is joined to both outer 
rings by a catenoid. 


The relationship between soap films and some problems in the calculus of 
variations can certainly add to our intuitive understanding, but this example 
should provide a salutary warning against dependence on intuition. 


As an example of the complex shapes that soap bubbles can form, consider a 
cubical frame of wire. When dipped into a soap solution then taken out, films 
of local minimum free-energy, that is minimum area, will form on this frame: 
it transpires that the possible shapes formed are many, varied and often 
counter-intuitive. Some of the possible shapes are shown in Figures 2.11 
2.18, 


Figure 2.11 Figure 2.12 Figure 2.13 


The above examples illustrate the fact that there may be more than one 
area of minimal surface with the same boundary conditions and shows that 
some physical problems that are simple to state can have bizarre solutions 
which are difficult to describe mathematically. 
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2.7 The brachistochrone 


The problem, described in Subsection 1.5.1 (page 21). is to find the smooth 
curve joining two given points P, and P,, lying in a vertical plane, such that a 
bead sliding on the curve, without friction but under the influence of gravity, 
travels from P, to P; in the shortest possible time, the initial speed at P,, 
being given. It was pointed out in Subsection 1.5.1 that Johann Bernoulli 
made this problem famous in 1696 and that several solutions were published 
in 1697: Newton's comprised the simple statement that the solution was a 
cycloid, giving no proof. There are several variants of this problem that may 
be treated using the methods described here; these include the addition of 
speed dependent resisting forces and constraints placed on the position of 
one or both end points. Here we consider the simplest problem: we shall 
prove algebraically that the stationary path is a cycloid, so first we need 
to define the cycloid. Even if you are familiar with this curve, you should 
find the following subsection of interest besides being a reminder of the 
mathematical description of the cycloid, 


2.7.1 The cycloid 


The cycloid is one of a class of curves formed by a point fixed on a circle 
that rolls, without slipping. on another curve. A cycloid is formed when 
the fixed point is on the circumference of the circle and the circle rolls on a 
straight line, as shown in Figure 2.14. 


Figure 2.14 Diagram showing how the cycloid OPD is traced out by a point on 
the circumference of a circle rolling along a straight line. 


In this figure a circle of radius a rolls along the «-axis, starting with its 
centre on the y-axis. Fix attention on the point P attached to the circle, 
initially at the origin O. As the circle rolls, P traces out the curve OPD 
called the eycloid. 


The cycloid has been studied by many mathematicians from the time of 
Galileo (1564-1642), and was the cause of so many controversies and quar- 
rels in the 17th century that it became known as ‘the Helen of geome- 
ters’. Galileo named the cycloid but knew insufficient mathematics to make 
progress. He tried to find the area between it and the .r-axis, but the best 
he could do was to trace the curve on paper, cut out the are and weigh 
it. to conclude that its area was a little less than three times that of the 
generating circle — in fact it is exactly three times the area of this circle, as 
you can show in Exercise 2.15. Galileo abandoned his study of the cycloid, 
suggesting only that the cycloid would make an attractive arch for a bridge. 
This suggestion was implemented in 1764 with the building of a bridge with 
three cycloidal arches over the river Cam in the grounds of Trinity College. 
Cambridge. 
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Figure 2.15 
its thir 


Essex's bridge over the Cam, in the grounds of Trinity College, with 
rloidal arches. 


The reason why cycloidal arches were used is no longer known, all records 
and original drawings having been lo However, it seems likely that the 
architect, Essex, chose this shape to impress Smith, the Master of Trinity 
College, who was keen to promote the study of applied mathemat 


The area under a cycloid was first found by Roberval in 1634. In 1638 he also 
found the tangent to the curve at any point, a problem solved at about the 
same time by Fermat and Descartes. Indeed, it was at this time that Fermat 
gave the modern definition of a tangent to a curve. Later, in 1658, Wren, 
the architect of St. Paul’s Cathedral, determined the length of a cycloid. 


Pascal’s last mathematical work, in 1658, was on the cycloid and, having 
found certain areas, volumes and centres of gravity associated with the cy- 
cloid, he proposed a number of such questions to the mathematicians of 
his day with a first and second prize for their solution. However, publicity 
and timing were so poor that only two solutions were submitted and be- 
cause these contained errors no prizes we arded, which caused a degree 
of aggravation among the two contenders Antoine de Lalouvére and John 
Wallis. 


At about the time of this contest Huygens designed the first pendulum clock, 
which was made by Salomon Closter in 1658, but was aware that the period 
of the pendulum depended upon the amplitude of the swing; a short discus- 
sion of this problem is given in Subsection 4.5.1. It occurred to Huygens to 
consider the motion of an object sliding on an inverted cycloidal arch and 
he found that the object reaches the lowest point in a time independent of 
the starting point. The question that remained was how to persuade a pen- 
dulum to oscillate in a cycloidal. rather than a circular arc. Huygens then 
made the remarkable discovery illustrated in Figure 2.16. If one suspends 
from a point P at the cusp, between two inverted cycloidal ares PQ and 
PR, then a pendulum of the same length as one of the semi-ares will swing 
in an cycloidal are QSR which has the same size and shape as the cycloidal 
ares of which PQ and PR are parts. Such a pendulum will have a period 
independent of the amplitude of the swing. 
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Huygens made a pendulum clock with cycloidal jaws, but found that in prac- 
tice it was no more accurate than an ordinary pendulum clock: his results 
on the cycloid were published in 1673 when his Horologium oscillatorium 
appeared. However, the discovery illustrated in Figure 2.16 was significant A more detailed account of 


in the development of the mathematical understanding of curves in space. _ Huygens’ work is given in 
Unrolling time by J. G. 
Yoder (Cambridge 
mn University Press, 1988). 


Ss 


Figure 2.16 Diagram showing how Huygens’ cycloidal pendulum, PT, swings 
between two fixed, similar cycloidal ares PR and PQ. 


The equation of the cycloid is obtained by finding the coordinates of P, in 
Figure 2.14, after the circle has rolled through an angle 0, so the length of the 
longer circular are PA is a. Because there is no slipping, OA = PA = ad, 
and the coordinates of the circle centre are C = (a0,a). The lengths PB 
and BC are PB = —acos@ and BC = —asin@ and hence the coordinates 
of P are 


2=a(0—sin@), y=a(l—cos@), (2.62) 
which are the parametric equations of the cycloid. For || < 1, x and y are 
related, approximately, by y = (a/2)(6x/a)?/* (see Exercise 2.17). 

If we assume that the y-axis in Figure 2.16 is in the direction PS, that is 
pointing downwards, the upper are QPR, with the cusp at P is given by 


these equations with —7 < @ < 7 and it can be shown that the lower are is 
described by 2 = a(@ +sin@), y = a(3 + cos@), and the same range of 0. 


Exercise 2.15 
Show that the area under the are OPD in Figure 2.14 is 37a and that the length 
of the cycloidal are OP is s(0) = 8asin?(0/4). 


Exercise 2.16 


Show that the gradient of the cycloid is given by 
dy _ i 


dx tan(/2)° 
Deduce that the cycloid intersects the a-axis perpendicularly when @ = 0 and 27. 


Exercise 2.17 


By using the Taylor series of sin@ and cos@, show that for small |@|, x ~ a0*/6 
and y ~ a6?/2. By eliminating @ from these equations, show that near the origin 
y = (a/2)(6x/a)*/*. 
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2.7.2 Formulation of the problem 


In this section we formulate the variational principle for the brachistochrone 
problem by obtaining an expression for the time of passage from given points 
P, = (a, A) to P, = (b, B) along a curve y(x), using energy conservation. 


Define a coordinate system Oxy with the y-axis, oriented vertically upwards, 
as the starting point and the final point lying on the horizontal x-axis, so 
a= B=0, as in Figure 2.17. 


‘3(r) 


a=0 be 


Figure 2.17 Diagram showing the curve y(x) through P, = (0, A) and P, = (b,0) 
on which the bead slides. Here s(2) is the distance along the curve from P, to a 
point P = (a, y(a)) on it. 


At a point P = (x. y(x)) on this curve, let s(#) be the distance along the 
curve from P, to P, so the speed of the bead is defined to be v = ds/dt. The 
kinetic energy of a bead having mass m at P is jmv* and its potential energy 
is mgy; because the bead is sliding without friction, energy conservation 
gives 


zm" +mgy = E (2.63) 
where the value of the energy £ is given by the initial conditions, 
E= dmg +mgA, (2.64) 


where vo is the speed at P, = (0, A). From Figure 1.5 (page 9), small changes 
in s are given by 6s? = dx? + dy, and so 


Thus on rearranging equation (2.63) we obtain 


ds\? _ 2B dex 3 _ [2 
(=) Se = ani avitve@) = mn 7 gue) (2.66) 


Now the time of passage from x = 0 to x = b is given by the integral 


T b 1 
se dt= da ———. 2.67 
[am [aera ern 


Thus on rearranging equation (2.66) to express dix/dt in terms of the function 
y(a), we obtain the required functional 


b 1 2 
Th = | dz Pan (2.68) 


This functional may be put in a slightly more convenient form by noting 
that the energy and the initial conditions are related by equation (2.64), so 
by defining the new dependent variable 


2(z) = A+ 2 —y(z). (2.69) 
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we obtain 


2 B 1+ 2/(x)? 
T[2] = if ay (2.70) 


Exercise 2.18 


Use equation (2.68) to show that the time taken for a particle of mass m to slide 
down the curve y = Ax from the point (X, AX), where it is stationary, to the origin 


Show also that if the point (X 's on the circle of radius R and with centre at 
(0, R), so the equation of the ci = R®, as shown in Figure 2.18, 
then the time taken to slide along the straight line from (X,AX) to the origin, O, 
is independent of X and is given by 


This result was known by Galileo and was one reason why he thought that the 
solution to the brachistochrone problem was a circle. 


2.7.3 A solution 


The integrand of the functional (2.70) is independent of x, so we may use 
equation (2.33) (page 49) to write Euler’s equation in the form 
P 72 
)OF fix on 
and 2(0) = u2/2g, 2(b) = A+ 2(0). Since 
OF z! 


2'—— — F =constant, where F(z, 2’) 
of = Tao (2.72) 


this gives 


2/2 
== - =r 2.73 
of 2(1 + 2!?) c (278) 
for some positive constant ¢, Note that c must be positive because the left- 
hand side of equation (2.73) is negative. Rearranging the last expression 
gives . 


z(i+2”)=2 of ~= (2.74) 


This first-order differential equation is separable and can be solved. First, 
however, note that because the y-axis is vertically upwards, we expect the 
solution y(x) to decrease away from x = 0, that is, z(x) will increase so we 
take the positive sign in equation (2.74) and integration gives 


r= f dz i f (2.75) 


Now substitute z = c? sin? 6 to give 


r= 2e f aos sin? @ = 2 faoa — cos 26). (2.76) 


(X, AX) 


O oc 


Figure 2.18 


Note that we ignore the 
factor (2g)71/?, 
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Integration then gives the solution in the parametric form 
x= 4c7(26—sin2¢)+d and z=c’sin? d= }c7(1—cos2¢), (2.77) 


where d is a constant. Both ¢ and d are determined by the values of A, b 
and the initial speed, vp. Comparing these equations with the parametric 
equations (2.62), we see that the required stationary curve is a cycloid. It 
may also be shown that this solution is the global minimum; a simple method 
of doing this is explored in Exercise 2.36. 


Tn the case that the particle starts from rest, vp = 0. these solutions give 

x=d+ $c? (26—sin2¢), y = A— $c? (1 —cos2¢), (2.78) 
where ¢ and d are constants determined by the known end points of the 
curve. 


At the starting point y= A so here @ = 0; and since x = 0 it follows that 
d=0. This means that initially the particle falls vertically downwards. At 
the final point of the curve, « = 6, y =0, let ¢ = @. Then 


2b : 2A m 
2 = 2p — sin 2p. 2 =1—-cos2¢y, (2.79) 


giving two equations for c and @». 


We now show that these equations have a solution and that it is unique. 
Consider the cycloid 

u=20—sin26, v=1—cos20, 0<0<7. (2.80) 
The value of @» is given by the value of @ where this cycloid intersects 


the straight line Au = bv. The graphs of these two curves are shown in 
Figure 2.19. 


Figure 2.19 Graphs of the cycloid defined in equation (2.80) and the straight line 
Au = ln. 


Because the gradient of the cycloid at @ = 0 (u = v = 0) is infinite this graph 
shows that there is a single value of @» for all positive values of the ratio 
A/b. By dividing the second of equations (2.80) by the first we see that this 
root is given by solving the equation 
20—sin20_ b 
2sn2@ A’ 0<d<zm. (2.81) 
This equation is most conveniently solved numerically; however, if b/A is 
small a satisfactory approximation can be found. Once is known, the 
value of ¢ is given from the equation 2A/c? = 1 — cos 2», which may be put 
in the more convenient form c? = A/sin? dy. 
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Exercise 2.19 
This problem is slightly 


Use the solution defined in equation (2.77) to show that on the stationary path the jarder than average. 


time of passage is 


We end this section by showing a few graphs of these solutions and quoting 
some formulae that may help you to understand them. The analysis that 
follows is not an assessed part of the course, and you are not expected to be 
able to derive the quoted formulae. 


Figure 2.20 shows graphs of the stationary paths for A = 1 and various 
values of b, ranging from small to large, so all curves start and end at the 
points (0,1) and (6,0), respectively, with 0.1 <b < 4. 


Figure 2.20 Graphs showing the stationary paths for joining the points (0,1) and 
(b,0) for b= 0.1, 1/2, 1, 7/2, 2, 3 and 4. 


From this figure we see that for small b the stationary path is close to that 
of a straight line, as would be expected. In this case @» is small and it can 
be shown that 


_ 3b 908 5 ry2/3 
= Sa apa FO) and ee (;) . (2.82) 
Also, the time of passage is 
2A 30? gibt 6 ¢ 
T= 28 (1+ gas ag tO )). (2.83) 


By comparison, if a particle slides down the straight line joining (0, A) to 
(b,0), that is y/A +a/b = 1, so 2 = Ar/b, then the time of passage is 


ae (1+ cig . 00), b<A, 


e 2A? 
Tap = a = a . (2.84) 
oe b)/— (145, +0(0-4)). b> A. 
ae ( eo or +O( )) >A 
Thus, for small b, ee relative difference is 
4 
Ts, -—T= Te +O(b*). (2.85) 


Returning to Figure 2.20 we see for small 6 the stationary paths cross the x- 
axis at the terminal point. At some critical value of b the stationary path is 
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tangential to the z-axis at the terminal point. We can see from the equation 
for «(@) that this critical path occurs when y/(o) = 0, that is when @ = 7/2 
and, from equation (2.81), we see that this gives b= Ax/2. On this path 
the time of passage is 


PKs 


— and also Ts, =Ty/1 - 
2Vg9 


For b > Ax/2 the stationary path dips below the x-axis and approaches 
the terminal point from below. For b > Az/2 it can be shown that @) = 
x — \/Ar/b + O(b-*/?), and that the path is given approximately by 


(2.86) 


b 
«=~ —(26—sin2¢), yx A- Ban o. (2.87) 
Qn T 


and that 


_ /2nb A Vrfa\? : 
T= 2 (YE +4 (9) te]. (2.88) 


‘Thus the time of passage increases with Vb, compared to the time to slide 
down the straight line, which is proportional to 6, for large b. Further. the 
stationary path reaches its lowest point when @ = 7/2, where y = A — b/z, 
in other words it falls about 1/3 as far below the z-axis as it travel along 
it, provided b > Az. That is, the particle first accelerates to a high speed, 
reaching a speed v ~ \/2gb/z, before slowing to reach the terminal point at 
speed v = \/2gA: on the straight line path the particle accelerates uniformly 
to this speed, 
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Exercise 2.20 


Show that the Euler-Lagrange equation for the functional 
1 

stu) = [de (v? —¥ 
0 


is y +y = —a. Hence show that the stationary function is 


2ry), y(0)=y(1) =0, 


y(x) = 


Exercise 2.21 


Consider the functional 
b 

Sly] = [ dx (y'?+y?), yla) = A, y(b) = B. 

(a) By forming and solving the Euler-Lagrange equation, show that the stationary 
path is 

B— Acosh(b—a) 

sinh(b— a) 

(b) By making the change of variable u =x —a and defining ¥(u) = y(«(u)) = 

y(u +a), show that y'(«) = Y’(u) and that the functional becomes 


y = Acoshu + sinhu, u=as—a. 


ba 
swi= [ du(¥2+¥2), ¥(0)=A, Y(b—a)=B. 
f 


Deduce that the stationary path depends only upon u = « —a and b—a (be- 
sides A and B). 
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Exercise 2.22 


Euler’s original method for finding solutions of variational problems is described 
in equation (2.5) (page 42). C ler approximating the functional defined in 
Exercise 2.20 using the polygon passing through the points (0.0), (3, tm) and (1,0), 
so there is one variable y; and two segments. 


This polygon can be defined by the straight-line segments 


By substituting this function into the functional, show that the corresponding poly- 
gon approximation to the functional becomes 


S(u.) = Sui — $m 


and hence that the stationary polygon is given by y(1/2) = y, = 3/44. Note that 
this gives (1/2) ~ 0.0682 by comparison to the exact value 0.0697. 


Exercise 2.23 


Find the functions that make the following functionals stationary. 
1 
(a) Sly) = [ dx (y/? +122y), y(0) =0, y(1) =2. 
Jo 
a yl? 
(b) sul = f dary wl) =A, y'(2) = B. 
ng 
1 
(©) Siu) = ff ae (av? (1422). (0) =1, wld) =2. 
0 
a 
(a) Sty) -[ de 5, y'(0) =1, yla) = 42, A> Va. 
0 
Exercise 2.24 


Find the general solution of the Euler-Lagrange equation corresponding to the 
functional 


‘ 
Siu) = [dewey VIF. 


a 
and find explicit solutions in the special cases w(x) = /% and w(x) = x. 
Exercise 2.25 
What is the equivalent of the fundamental lemma of the calculus of variations in the 
theory of stationary points of functions f(x}.,....tn) of several real variables? 
Exercise 2.26 
Consider the functional 
: 2 
Stu] -/ dx(y?—1)*, y(0) =0, y(1)=A>0. 
0 

(a) Show that the Euler-Lagrange equation reduces to y'? = m?, where m is a 

constant. 


(b) Show that the equation y/* = m?, with m > 0, has the following solutions that 
fit the boundary conditions, y; (x) = Ax: 


A+m 


ma, 0<2<——, 
yo(a) = A xii m>A 
Atmi—2), S22 <e<a, 
2m 


The Euler-Lagrange equation 


2.8 Further Exercises 
and 
—ma, 0<2< 7" a 
ys(a) = nay a m>A 
A-m(Q-2), 2 —*<e<i. 


Show also that on these solutions the functional has the values 
Sly:] =(A2—1)? and S{yo] = Sly] = (m? — 1)?. 


(c) Deduce that if A > 1, the minimum value of S[y] is (A? — 1)*, and that this 
occurs on the curve y:(x), but if A < 1, the minimum value of S[y] is zero, and 
this occurs on the curves yo(7) and ys(c) with m= 1. 


Exercise 2.27 


Show that the following functionals do not have stationary values, where, in all 
cases, y(0) =0 and y(1) = 1. 


1 1 1 
) faev 0) faew f arow/ 


Exercise 2.28 


Show that the Euler-Lagrange equations for the functionals 


: ’ : Ag, 
sin = f dx F(a,y.y') and salu = f de (Fem) + £G(e.n)) 
F f 
are identical. 


Exercise 2.29 


Show that the functional 
1 
Stl= f dev?ar—v)*, w(-1)=0, wit) =1, 


achieves its minimum value when 


feyaf% ~1S#50 
WI) at, OSes, 


a function for which the second derivative does not exist at x = 0. Show that, 
despite the fact that y/’(x) does not exist everywhere, the Euler-Lagrange equation 
is satisfied. 


Note: It can be shown that if y() is a solution of the Euler-Lagrange equation for 
the functional with the integrand F(x, y,y’), and if F has continuous first and sec- 
ond derivatives with respect to all its arguments, then y(c) has a continuous second 
derivative at all points where 0?F/@y'? # 0. In the present case, 8 F/Oy'* = —2y? 
(see page 50). 
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2.9 Harder Exercises 


Exercise 2.30 


Use the approximation (2.5) (page 42) to show that the equations for the values of 


y = (Uis¥es---+¥n), where yk41 = yk +h, that make S[y] stationary are 
ee a a 
ire F(2n)— 5-Fleni)=0, n=1,2,...,N, 
tye ae Gat ape ee) n 
where 
in =(Zn,U,0), U=Yr, v= — che 7 


and yo = A and yy41 = B, 

Show also that 
2ntt = en +h, Yur Yn) + OCR), 

and hence that 
8S _, (OF OF ,8F oF 
Chas ( q 


2 x 1h? 
du d200 "Bude mr) +00) 


oy SU(CE\ S8E 2 
= n(= ($F) a) + Oth ) 


where F' and its derivatives are evaluated at z= 
Lagrange equations. 


Hence derive the Euler- 


Exercise 2.31 


This exercise is a continuation of Exercise 2.22 and uses a set of N variables to 
define the polygon. Take a set of N + 2 equally-spaced points on the x-axis, 2, = 
k/(N +1), k=0,1,...,N +1 with a =0 and 2y4; = 1, and a polygon passing 
through the points (a4, yx). Since y(0) = y(1) = 0 we have yo = yw41 = 0. leaving 
N unknown variables. 


Show that the functional defined in Exercise 2.20 approximates to 
N , 
= (Yrer — yx)? aeons a 
s=> | h hve + a) = 
(a) For N = 1, the case treated in Exercise 2.22, show that this reduces to 
S(ui) = Sut — du. 


Explain the difference between this and the previous expression for S(y,), given 
in Exercise 2.22, 


(b) For N = 2 show that this becomes 


S= 


yt + 2y3 — 6yrye — Zu — Aue, 


and hence that the equations for y, and yz are 


341 — 18y2 = 3. 3dy2 — 18y = 4. 
Solve these equations to show that y(1/3) ~ 35/624 ~ 0.0561 and y(2/3) ~ 
43/624 ~ 0.0689. Note that these compare favourably with the exact val- 
ues, (1/3) = 0.0555 and y(2/3) = 0.0682 obtained from the solution of Exer- 
cise 2.22. 
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Exercise 2.32 
Consider the functional 


b 
Stl = if de F(y"(2)), 


where F(z) is a differentiable function and the admissible functions are at least 
twice differentiable and satisfy the boundary conditions 
y(a)= Ay, y(b)= Br, y'(a)= 42, y'(b) = 
(a) Show that the function making S{y] stationary satisfies the equation 
OF 


oy? = e(x—a)+d, 
where ¢ and d are constants. [Hint: Integrate the Gateaux differential by parts 
twice.] 


(b) In the case that F(z) = 32°, show that the solution is 
w(x) = de(a — a)* + $d(a — a)? + Ao(x — a) + Ar. 
where ¢ and d satisfy the equations 
teD* + $dD? = By — Ay— A2D, where D =b—a, 
3D? + dD = By — Ap. 


(c) Show that this stationary function is also a minimum of the functional. 


Exercise 2.33 


The theory described in the text considered functionals with integrands depending 
only upon x, y(a) and y'(«). However, functionals depending upon higher deriva- 
tives also exist and are important, for example, in the theory of stiff beams; the 
equivalent Euler-Lagrange equation may be derived using a direct extension of the 
methods described in this chapter. 


Consider the functional 
: 
Siul= fae F(emu¥") va) = Ar, v(a) = Ar, 0) = Bry VO) = 


Show that the Gateaux derivative of this functional is 


“ OF OF | ,0F 
AS{y, 9] -[ dx (05 +9 157 +9 on): 


Using integration by parts show that 


ite OF mf tag tet 
[ooh = [aro (3S), 


being careful to describe the necessary properties of g(x). Hence show that S{y] is 
stationary for the functions that satisfy the fourth-order differential equation 


2 (28) (22) 19 a 
dx? \ dy") dx \Oy'} ~ dy” 
with the boundary conditions y(a) = Aj, y/(a) = Ag, y(b) = By, y’(b) = 


Exercise 2.34 


Using the result derived in the previous exercise, find the stationary functions of 
the following functionals, 


(®) Shi=f dea +y"), w0)=0. ¥(0)=1, va)=1, v)=1 


n/2 
(b) sui - f dx (y"? —y? +27), y(0)=1, y'(0) =0. y(Z) =0. y/(Z) =-1 
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Exercise 2.35 


(a) Show that the Euler-Lagrange equation for the functional 


b 
Siu = ff ae fue)? —wle)"], va) = A, w(0) = 


Cig 
Pa +y=0, y(a)=A, y(t) = 


(b) Second-order equations of the above form occur frequently, but the boundary 
conditions are sometimes different, involving linear combinations of y and y/. 
Thus a typical equation is 

Py 
az? 
where h, and hy are constants. 


+y=0, hay(a)+y'(a)=0, —hyy(b) + y/(b) = 0, (2.89) 


Show, from first principles, that the functional 
» 
Stu) = hov(6)? ~havla)? + fade (2)? ~ v2? 
a 
is stationary on the path that satisfies equation (2.89). 


Exercise 2.36 


In this exercise you will show that the cycloid is a minimum for the brachistochrone 
problem, The proof is in two stages. 


(a) Show that the functional T{z], defined in equation (2.70) (page 66) with the 
boundary conditions 2(0) = A > 0, 2(b) = 0, can be re-expressed in the form 


T(x] = 5 dz werd Here we ignore the 
eT 7 > external factor 1//39. 


if the roles of w and z are interchanged, that is, if 2 is taken to be the indepen- 
dent variable and x the dependent variable. 


(b) Consider the varied path (2) + ¢g(z), and show that 


T[x + €g] — -sf dz gf an ere +(e) 


= nla do cos* @g'(2)*. 
0 


where z = c? sin? @ and x = $c*(26 — sin 26). Deduce that T[x + «g] > T{z], 
for « #0 and all g(x), and hence that the stationary path is actually a mini- 
mum. 


Exercise 2.37 


In this exercise you will examine a simple example that emphasises the need to be 
very careful with the choice of admissible functions. 


Consider the functional 
1 
sui [ de viF¥?, ¥(0)=u0)=0, 
0 


for the distance between the two points (0,0) and (1,0) on the z-axis. If the 
admissible functions are everywhere differentiable then we saw in Chapter 1 that 
the minimum distance is given by the straight line joining the end points. Here you 
will show that we can construct a continuous function arbitrarily close to this path 
with a length larger than any given number. 


Consider an isosceles triangle ABC, where A and C are on the x-axis at 7 = 0 and 
1, respectively, as shown in the left-hand diagram in Figure 2.21, with height h, 
and AB of length 1. 
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Figure 2.21 


(a) Construct the two smaller triangles AB; D and DB,C by halving the height 
and width of the triangle ABC, as shown in the right-hand diagram of Fig- 
ure 2.21. Show that AB, =1/2 and h, = h/2. Hence show that the lengths of 
the lines AB, DB2C and ABC are the same and equal to 21. 


(b) Show that after n such divisions there are 2” similar triangles of height 2~"h, 
and that the total length of the curve is 2/. Deduce that arbitrarily close to 
AC, the shortest distance between A and C, we may find a continuous curve 
every point of which is arbitrarily close to AC, but which has any given length. 
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Solution 2.1 


The first result follows directly from equation (2.5) because F is independent of 
a and y, y(a) = yo = A and y(b) = yw = B. The variable yp for each k = 
1,2,...,.N appears in only two terms of the sum, so 


os _, 0 Uk — Yk-1 Yet — Yk 
Bun Oun [F( h ) . ( h 


and hence, since F' depends only upon y’ and not y, the stationary points are given 
by the equations 


Os _ F (2 “44) _f (us) a tare ee 


Oy 
Thus F’((ym — ye—1)/h) is independent of k, for all k = 1,2,...,N +1, so must 
equal a constant ¢, independent of k. Because this is true for all k, if F’(z) is 
continuous, ye — Y¥s—-1 = constant and hence the points (2%. ye) lie on a straight 
line. 


Solution 2.2 


1 
(a) Since S{y + eg] = [ da (y’ + €g')*, we have 
fi 


dL 1 1 
4 Siy+ca)=2 f dey +ea')o and ASty.g] =2 [ depth 
ae 0 


2 
(b) Since S[y + eg] = [ dex x*(y! + €g')?, we have 
cal 


2 P 
[ dx x*y'q'. 
1 


2 
if daxx*(y +eq')g' and AS{y,9) = 
1 


dg 
Rout 
n/2 : 

(©) Since Sly +«9] = ' de [(y/ +«9/)? — (y + €9)?], we have 
Jo 

d a/2 

= Sly + eg] = 2f dx {(y/ + €g')q' —(u +9) 9) 

de s 


x/2 
and AS{y,g) =2 i, dx (y'g' — yg). 
Jo 


(a 


b / 12 
+ 
Since Sly +g) = if dx Gite" of ) , we have 
x 
a 


+b , , 
4 Sty +9) =2 [ ag TRE) pv asd Sty) 
a c 


b 
(e) Since S{y +g =f dx [(y! + eg’)? + (y + eg)? + 2€"(y + €g)], we have 
a 


d b 
qc Slu+ ea] =2 [ der {(y' +eq')g' + (y +€g)g +79] 


b 
and ASly,g] = af dz |y'g' + (y +e") g)- 
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(8) Since siy+eal= f "ds (EER V UE Fg we have 
t80+ al [ae | wee ving raF 
0 V2? + (y +g)? 
, EE Py + em, 
V1+ (y' +9’)? 


an 2 
and ASly,g] = fw SES pe we verry v i]. 


Solution 2.3 
(a) We have Sy[y + eg] = [ode (y/ + 9’). giving 
bo 
As, = [ded = 9(b) — aa) = 
a 
(b) We have Sly + eg] = fo dx aly’ + €g’)*, giving 
b 
AS) = af dary gy’. 
a 
(c) Since S3 = S; + S2 and Gateaux differentiation is a linear operation, 
AS = AS; + ASz = AS. 


Solution 2.4 
(a) Since OF /Oy! = 2y' and AF /dy = 1, the Euler-Lagrange equation is 
ay” -1=0. 
The general solution of this equation can be written in the form 
y= 4(@—-a)? +a(x-a) +f. 


Putting x = a shows that $= A, and then putting x = b gives 


B-A=t(b—a)?+a(b—a), s0 


giving the solution 
j= his (Cas - 6-4) utéA, u=2- 


(b) If u=a—a, then the chain rule gives 
dY  dydu dy 


du dadu dx 
and the functional becomes 


Sly] =[ ww [y’?+Y]. Y(0)=A, ¥(b-a)=B 
A ‘ ; 


The independent variable of the associated Euler-Lagrange equation is u, and 
a and 6 occur only in the boundary conditions and as the difference b— a. 
Hence the solution depends upon the three variables x. @ and 6 only in the two 
combinations u = 2 —a and b—a. 
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Solution 2.5 
(a) If 7 is a constant and y(x) = 7, equation (2.33) becomes G(7,0) = —e. 
(b) The second-order Euler-Lagrange equation is 

OF 5. JOR" 5 10k" OF 

ay” + dyay” * Bedy — dy oy 


If F(x,y,y') = G(y,y’), the third term is zero, and if y = 7, this equation 
becomes Gy(7,0) = 0, assuming that Gy, (7.0) and Gyy(7.0) exist. 


Let g(y) = G(y.0) be a function of y. The equation G,,(7,0) = g(7) = 0 shows 
that -y must be at a stationary point of g(y), whereas the equation G(7.0 
found in part (a), imposes the weaker restriction that ¢ lies in the domain of 
G(9.0). 


Thus, in general the constant solution y = 7 of the first integral is not a solution 
of the Euler-Lagrange equation. 


Solution 2.6 


Using the result of Exercise 1.16, we see that if G does not depend explicitly upon , 
OG /I«x = 0, and 


'(z (F - 38) - 58 yl #G n_ IG, 
"\ae ay) ~ ay) > ay!” * ayy" ~ Oy" 


But, using the chain rule, 


d (,,0G)_ (0G) ,, 0 (0G) y_ PC jg OG y PG ry 
ae \Y ay) ~ By \Y ay)” * ay \Y ay)” = aya” * ay” * ay?" Y 


so the right-hand side of the previous equation becomes 

d (0G) dG, 0G,_d (0G) dG_a/(,aG_¢ 

dz \" dy) ~ oy” ~ Oy” ~ ax \Y oy) ~ az az \Y oy : 
The left-hand side of this equation is zero if either y’(x) = 0 or y(zx) satisfies the 


Euler-Lagrange equations, In the latter case, setting the right-hand side to zero 
and integrating gives 


0G 

! 

=| — G=ec=constant. 
oy 


‘This is a first-order differential equation: its general solution will depend upon 
one other arbitrary constant, d, and to find the solution of the original problem 
we need to express the constants ¢,d in terms of the constants A, B defined in 
equation (2.33) (page 49), Often this is difficult, because it involves the solutions of 
nonlinear algebraic equations. and frequently there are real solutions only for some 
values of A and B. 


Solution 2.7 


In this case F = y'? — y?, giving OF /Oy’ = 2y! and OF /9y = —2y which leads to 
the Euler-Lagrange equation y” +y = 0. The general solution of this equation is 
y = Acosa + Bsinx. where A and B are arbitrary constants determined by the 
boundary conditions. The boundary condition at z= 0 gives A = 0, and that at 
x = X gives the solution 


u(x) = in X* 


provided that sinX #0. If sinX =0. that is, X =n, n=1,2,..., there is no 
solution, 
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Solution 2.8 


(a) In this case F = y'* + y? + 2ry, OF /Oy’ = 2y' and OF/Ay = 2y + 2x, giving 
the Euler-Lagrange equation y’ — y = x (for this type of equation see Block 0, 
Subsection 1.3.2). The general solution of this second-order inhomogeneous 
equation is y = Acosh «+ Bsinhx — x , where A and B are arbitrary constants 
determined by the boundary conditions. The boundary condition at x = 0 gives 
A=0, and that at 2 = 1 gives the solution 

sinha 

sinhl 


y(v) = (1+a) 
(b) Consider the difference 5S = S[y + eg] — Sly], where y is the above solution: 


H 
bs = ai dx (9/2 +9) >0 
0 
for all non-zero g(a). Hence the functional has a minimum along this solution, 


Solution 2.9 


‘The general equation of a straight line can be written as y = m(a«—a) +c. The line 
passes through (a, A), so ¢ = A, and through (b, B), so B = m(b— a) + A. Hence 
_ (B=A) 

A b-a 
is the required equation. 


(x-a)+A 


Substituting this into equation (2.41), with u =a —a, gives 


‘ aT (ea B-A\? 
Si = 2 [ du (F=4u+4) 1+ (34) 


=, OSE Ce [ * du(B - A)u+ A(b—a)] 
0 


(b-a)? 


=n(B+ A) (ba)? +(B— Ap. 


Pythagoras’ theorem gives ? = (b — a)? + (B—A)?*, hence S$ = a(B + A)l. 


Solution 2.10 


If f(a) = ecosh(w/c), f"(a) = sinh(a/c) and the functional (2.41) (page 52), with 
the appropriate change to the limits, becomes 


S[f] =2ne / ” de cosh(ar/e)\/ 1 + sinh? (x/e) 


" ; 
= anc [ ducosh?u, u==, n=" 

0, € c 
= 2nc* (1 + sinh ycoshp) . 


where we have used the relations cosh? wv = cosh 2u + | to evaluate the integral, and 
sinh 2u = 2sinh wcosh u to cast the result in this form. Dividing this by a?, we see 
that the dimensionless area S{f]/a? depends only upon 9: 


S(f] _ 2 5 
ae ae (7+ sinh cosh») . 
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Solution 2.11 
(a) Using the expansion cosh 7 = 1 + $17 + O(7j*), we obtain the small 7 expansion 
of g(n) 
i ee 5 
g(n) = Rial =a +3 gt On ) 
so for small 7 the solution of the equation g(7)= A/a is 7 = a/A. But since 
1 = a/c this gives c~ A and 
f(x) = Acosh(x/A) ~ A since |x| <a< A. 


With f(x) = A the area is S = 4xAa. Alternatively, since 7 = a/A <1, so 
cosh ~ 1 and sinhy = 7 the result derived in the previous exercise gives 
S\fi]/a? = 47/n, and hence S, = 4mAa. 


(b) ‘The equation for 7 can be written as 


A_1 
f= ete 
a oy (° 78 


e ‘ 
(+e). 
a, ter) 
If 1 > 1 the e~*” term is negligible by comparison to 1; for instance, if 7 = 3. 
e72" = 0,0025, and if 1 = 5, e~*” = 0.00005, Hence the equation becomes 
Aa 
—_ ane (n> 1). 
For large 7, 
cosh = fe"(1+e-2") ~ $e” and sinhn= je" (1—e7") = Fe", 
80 
S(f] _ 2x 1,29) — el)? on 
a oP (ei mn) ta 
Since 1 > 1, 2” > », that is, e”/7? > 1/n, so the first term dominates. 


Solution 2.12 


(a) The derivative of g(n) is g’(n) =~! sinhy — 4-2 cosh», which is zero when 
ntanhy = 1. The graphs of y = tanhy and y = 1/1, for 7 > 0, are shown in 
Figure 2.22: tanh7 increases monotonically from zero to unity as 7) increases 
from 0 to infinity, and 1/7 decreases monotonically from infinity to zero over 
the same range of 7, hence there is one and only one positive real root of 
ntanh y= 1. 


Figure 2.22 Graphs of y = tanh and y = 1/7. 
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A numerical calculation shows that g'(7) = 0 at 7 = 1, = 1.1997 and here 
Gn) = 1.5089. 


(b) At the stationary point the area is, using the result obtained in Exercise 2.10 


S = 2na* (++ 


hn 


asin.) 


2 
ane (1+ sinh? nn) 


hn 


cosh* 7, 


since 7,, sinh jj, =cosh7,,. But, by definition, 


A 1 
a7 Im) = = Cosh Tp, 


hence 


S = 2107 th G( Mm)” = 2TAP thy 


Solution 2.13 


With ¢ = A and f(x) = A, equation (2.46) and the boundary conditions are satis- 
fied. The Euler-Lagrange equation is, since G = yy/1 + y'?, 


With y = constant this reduces to 1 =0; hence the function y(x#) = A is not a 
solution, 
Solution 2.14 


(a) The functional does not depend explicitly upon «, so we may use the first inte- 
gral of the Euler-Lagrange equation y/@F/Oy' — F = constant, where F(y, y’) = 
Vu +). This gives /y = c/1 + y’, where c is a positive constant. Re- 


arranging this equation then gives the first-order differential equation 


2(#) a»-2, w-n=w-A 
da: ei i o 
‘This equation is separable, so can be written in terms of two integrals as 
ee fs 
Jy—2 
and integration gives 
2 
2e/y-P=x+a or yoo Ste 


for some constant a. The boundary conditions at « = +1 give 


Pepe Cicrt) tn (a—1)? 
4=¢% a =e+ a 


Hence a =0 and A =c? + 1/4c?. This last equation is a quadratic in c* so 
gives 


P= =}(AtVA?=1). 


Hence, if A > 1 there are two solutions of the Euler-Lagrange equation, but 
none if A < 1. The two solutions are 


ya(z) = "i (4c4, +22). 


Typical graphs of ys(x) are shown in Figure 2.23: note that for large values 
of A, y4(x) ~ A. 
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y-(x) 


Figure 2.23 Graphs of ys (x) for A = 1.2 (left) and A = 3 (right). 


(b) Substituting the general solution (for any ¢) into the functional gives 


J Spats (2.90) 


In order to determine which path gives the largest value of S[y], we consider 
the difference 


Stv-]~ Sue] =2(e- -e4) +3 (3-3 


=$(c,-c_)(A-1)>0 if A>1, 


where we have used the relations e,e_ = 4 and e +¢2 = A, which follow 


directly from the original quadratic equation for c2.. This relation shows that 
Sly-] > S{y+] for A > 1. 


If A=1, ce, =e =1/V2 and S = 4V2/3. Further, if A> 1 we have 


Pane. me A 1 1 
a-$(us 1-3) -$[+(-de-aet)): 


where we have used the binomial expansion /T—a# = 1—}x2—}2? +--.. 
Hence 


4-a(t-Z-aat) 

and on taking the square root 
1 1 1/2 1 

es = VA (1- Zi (14+ Gp +--)) =Va(i- get): 
Similarly, + 

of i oe a! 1 

=a (i+ae+) giving c_ =p (+ eet): 
Putting e. = VA and c_ = 1/2V/A, we obtain the approximations 

e wAtE wa eet = yt ast Ae’, A>1. 
Substituting these approximations for c into the integral (2.90) for S we obtain 


Sly4]~2VA and Sly_]~ $49, A>1. 


For A close to 1, we find the value of S{y1] by setting A? = 1+ B?. where B 
is a small positive constant. This gives 


ge Zee! jena Zhe 
@=1 2 ivi — se ree peel a 
2=4(vitB +B), giving ee=Vi(ge7+Fe 5+ 7 
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which gives 
4 B? 
Slyz] = =V2+=F—e+ 
ls] = V2 Bae 


This shows that, as expected, at A = 1 (B =0), S{y_] = S{y,]. but also that 
the two curves join tangentially at A = 1, as shown in Figure 2.24. 


Figure 2.24 Graphs of Sly.). 


(ec) The Goldschmidt curve is defined by 


0, i; 
weet Ose 


so y/(x) is not defined at |a| = 1, Hence we define a function that approaches 
f(x) as 6 + 0 for some parameter 6. We need consider only positive values 
of x: 


0, O0<r<1-6,0<5<1, 
meals a-4a—», 1-8<2<1. 


‘The graph of this function is shown in Figure 2.25. 


s(x) 
A 


Figure 2.25 Graph of the function ys(). 


The value of the functional on ys(z) is 


Ee A Az 
tus =2 [ jaeya-Ga-ayleS 
_2 2 : v y= ]— 
= 7VAIA +8) [ dv y/1 3 Where v= 1~2, 
= $V A(A? +07) > 449? as 50. 
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Solution 2.15 


For a curve defined parametrically by the functions «(@), y(@). the area under it 
and between 6 = @; and 42 is 


(02) 2 de 
a= fo dene) = [wo Guo. 
(01) ‘% 
For the cycloid, «(@) = a(@ — sin@), y(@) = a(1 — cos @), therefore 
an 2m 
A= of d9 (1 —cos6)? = «| d@ (1 — 2cos0 + cos? @) = a*(2x + 7) = 3za*. 
0 0 

For the length of a curve, we use a variant of equation (1.7) (page 9). Suppose 
that @ increases from @ to @ + 60, then to O(6@), « and y increase by 2'(@) 6@ and 


y'(0) 60, respectively. Hence the length of the small element of the curve is, using 
Pythagoras’ theorem (see Figure 1,5, page 9), 


ds = /x'(0)? + y'(0)? 60 + O(50"), 


and the length of the curve between @; and (2 is 
= [00 PTO. 
For the nie x'(0) = a(1 —cos@), y'(@) = asin@ and the length of the are OP is 
saa fas (1 —cos)? +sin? @ 
=o f do JI Boos, 


° 
=2a] do sin(o/2 

af lo sin(o/2) 
= da (1 — cos(8/2)) = Sasin*(0/4), 


where we have used the identity cos z = 1 — 2sin*(z/2) twice. 


Solution 2.16 
The gradient is 
dy — dy da asin@ 1 


de ~ do! do > a(1—cos0)  tan(0/2)" 
where we have used the identities sin 2w = 2sin w cos w and cos2w = 1 — 2sin? w. 
The cycloid is perpendicular to the x-axis when the gradient is infinite, that is. 
when tan(0/2) = 0, or 0/2 =nz,n=0,1,.... 
Solution 2.17 


The Taylor series for sin @ and cos @ are given in the Handbook; the first few terms 
are 


sind =0—10%+0(0°), cosd = 1— 46? + 0(6). 
Hence 
a =a(@—sind) = }a0*+0(6°) and y=a(1—cos6) = $a6* + O(60"). 


The first equation gives @ = (6x/a)'/3, and substituted into the equation for y this 
gives 


eh 2/3 
y= 3 (62/a) oS 


Solutions to Exercises in Chapter 2 85 


Solution 2.18 


(a) The initial energy is E = mgAX, and since x decreases during the fall, equa- 
tion (2.68) becomes 


0 
T=— | dz 
x 
144? /* 1 
= dx 
2gA Jo VX -x 
Di ohe Sintgor 
2 aA vX. 


(b) The initial point (X.Y), where Y = AX, satisfies the equation 
X?74(¥- Rk)? =F? 
which becomes (1 + A?)X = 2AR. Substituting this into the above equation 
for T gives the required, rather surprising, result. 
Solution 2.19 


It is convenient to write 2(@) in the form z = c*sin? 4, use the fact that 2/(x) = 
2'(@)/a’(@), and express the integrand of the functional in terms of @: 


EPO 
le EF ot a 292(6) 


ae 2c? sind cos @ 1 
~ e(1—cos26)  tand 


so 
Qe e _ [2A_o 
V¥29 Jo g sin dy 
Solution 2.20 


In this case F = y/? — y* — 2zy, so OF /dy' = 2y/, OF /Oy = —2y — 2x, and the 

Euler-Lagrange equation is the linear second-order inhomogeneous equation (see 

Block 0, Subsection 1.3.2) y + y +a =0. The general solution of this equation is 
y = Acosz + Bsing — x. 


The boundary condition at « = 0 gives A = 0, and at x = 1 we have 0 = Bsin1—1, 
giving the required solution. 


Solution 2.21 


(a) OF /dy' = 2y' and OF/Ay = 2y, so the Euler-Lagrange equation is y” — y = 0. 
The general solution of this equation can be written in the form 
y = acosh(x — a) + Ssinh(x — a). 
Putting « = a shows that a = A, then putting « = b gives 
. B— Acosh(b—a 
B = Acosh(b— a) + @sinh(b—a) so B= ae eed 
giving the solution 
B— Acosh(b— a) 
sinh(b — a) 
(b) If u=«—a, then the chain rule gives 
dY _dydr dy 


du dxdu da’ 


y = Acoshu+ sinhu, u=a2-a. 


Chapter 2 


and the functional becomes 
ba 
sly] -f[ du(V'2+Y¥2), Y(0)=A, Y(b-a)=B. 
0 


The independent variable of the associated Euler-Lagrange equation is u, and 
a and 6 occur only in the boundary conditions and as the difference b —a. 
Hence the solution depends upon the three variables x, a and b only in the two 
combinations u =x —a and b—a. 


Solution 2.22 


Using the given trial function, the functional becomes 


1/2 
Stn) = fae [aut — aute® — 4.24 
0 


1 
fs i da [4y? — 4y3 (1 — 2)? — dyra(1 — 2) 
1/2 


= [But — gm] + [eet - ga] = eat - am 


This function is stationary at the root of S’(y,) = 22y, /3 — 1/2, that is, y, = 3/44 ~ 
0.0682. 


Solution 2.23 


(a) 


(b 


In this example F = y/? + 12ry and OF /dy' = 2y', OF /Oy = 12x. Hence the 
Buler-Lagrange equation is y/’ = 6x, y(0) = 0, y(1) = 2, having the general 
solution y = a + Ax + B, which satisfies the condition at «= 0 if B = 0 and 
the condition at 2 = 1 if A= 1. Hence the stationary path is y = 2° +a. 


In this case F = y!?/x? and OF /Oy’ = 2y’ /x* giving the Euler-Lagrange equa- 
tion 


f 
dl 
#(4)-0 or SH = as?, 


for some constant a. The general solution is therefore y(°) = ax*/3 + 3. The 
boundary conditions give 


A=ta+ 8, B=4a so a=}B and S=A- ZB. 
Hence y(a) = B (a? — 1) /12+ A. 
In this example F = 2y?y/? — (1+ a)y? and 

OF segupa OB es 

ay =4y'y', Oy = Ayy’* — 21 +2)y. 
The Euler-Lagrange equation is 


54 (ody dy\? py 
25 (v at) ~2y (+4) +(1+2)y=0, 


which simplifies to (yy’)' + (1 +) = 0. Integrating this gives 


dy Ddpe 2 Pee 

US, = pay 1) = Gl +2) +9 
and integrating again, y(«)* = B + Ax — }(1+.r)°. The boundary conditions 
then give y(0)? = B- 1 =1,s0 B= 7, andy(1)*=7+A-8=4,s0A= 3. 
Hence the solution is 


y(a)? = lt 42) (25-(1+2)*) -3=-3+4 zl +2)(6+2)(4—2). 


The solution is written in this way because it is easier to understand. The 
cubie f = (1 +2)(6+.2)(4 — x) is zero at x = —6, —1 and 4; f is positive for 
x < —6 and negative for x > 4. It follows that y is real only for x < 2). for 
some 2, < —6, and possibly for some a in the interval —1 < 2 < 4, depending 
upon the magnitude of f in this interval. Numerical calculations, which you 
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are not expected to do, show that 2; ~ —6.33 and that y is real in the interval 
(—0.264. 3.59). 


(d) In this case F = y/y'? is independent of x, OF/Oy’ = —2y/y/* and we may 
use the first integral, equation (2.33), to give y/y'? =a, y'(0) = 1, y(a) = A” 
where @ is a constant. The boundary condition at «= 0 gives y(0) =a. At 
a =a, y(a) = A? > 0 and hence we assume, for the present, that a > 0 and put 
a=’, with c > 0. The differential equation becomes, on taking the positive 
square root, because y/(0) = 1 > 0 and ¢ > 0, 


ou Vd = % 

ae Joyo © 
Hence the solution that fits the boundary condition at x = 0 is vi= =ct+ 2/2c. 
The boundary condition at « =a then gives 2c? — 2Ac + a = 0 giving 


=} (42 V#=m). 


Both roots are positive and real provided A > V2a. In this case we have the 
two solutions 


2 
ys(a) = (cs + =) and c.= 4 (A+ Va? = 2a). 


2ex 


Since y/y/? = a = c*, the value of the functional on these solutions is S{y+] = 
act, and so S[y4] > S{y_]}. 


Finally, consider the possibility that y/y/? = —c?, ¢ > 0, so y(0) = 
0. The general solution that satisfies the boundary condition at 2 

—(c+2/(2c))*, but this cannot be made to satisfy the boundary con- 
dition at x =a. 


Solution 2.24 


The Euler-Lagrange equation is 


a f wl) _\ 5 

de\ itv) ° 
which integrates to w(a)y’(2) = Ay/1+ y/(x)*, where A isa constant. Rearranging 
this and integrating again gives the general solution 


y(a) = pea | du rar 
If w(x) = ya, this becomes y(x) = BAX duzoy and hence y(x) = 
2AVx — A®, where C is a constant. 
If w(x) = x the general solution becomes y(x) = B+ A [* du yatca giving y(x) = 
C+ Acosh7"(x/A). 


Solution 2.25 

For a function of N variables a stationary point is where 
N 
Seas =0 forall. (2.91) 
far OF 


The fact that the sum is zero for all €,, means that OG/Ox, =0 for all k; this is 
the equivalent of the fundamental lemma of the calculus of variations. 
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Solution 2.26 


(a) Since F = (y'?-1)? and OF/dy' = 4y' (y? —1), the first integral of the 
Euler-Lagrange equation, equation (2.33), is (y’? — 1)(3y'? + 1) = constant. 
Hence y/? = m? for some constant m, which we assume positive. 

(b) The solutions of the equation y/ (a)? = m? that satisfy the boundary condition 
y(0) =0 are y(x) =+mzxr, m > 0. Hence one solution that fits the boundary 
condition at x = 1 is y= y; = Az and on this path S{y;] = (A? — 1)?. 


Another solution has the form 
mz, OS@<€<1 
u(x) = 
c-—mr, £<2<1, 


where m, c and € are constants. The boundary condition at « = 1 gives 
m. Since the solution needs to be continous at « = € we also have m& 
and hence € = (A + m)/2m. 


Because m > 0 and € < 1 it follows that m > A; for m= A we regain the 
solution y = Ax, but for m > A we obtain yo(r). 


Another solution is 
—mz, O<2@<€& 
y(a) = 
c+mz, €Srsl. 


The boundary condition at 2 = 1 gives e = A—™m and the continuity condition 
gives —m€ = c +m, and hence € = —c/2m = (m— A)/2m. Since € > 0 this 
gives m > A, as before. This gives the solution ys(-r). 


(c) If A> 1, the minimum value of the functional is (A? — 1)? and this is given by 
the solution y = Ax. 


If A < 1, we may choose m = 1, for y2, and m = —1 for yg to give the minimum 
value of zero. 


Solution 2.27 


(a) This integral can be evaluated directly, S|y] = y(1) — y(0), and its value is 
independent of the path, regardless of the boundary values. 


(b) Similarly S{y] = }(y(1)? — y(0)*). 


(c) Since F = ayy’, OF /Oy' = xy, OF /Oy = xy’ and the Euler-Lagrange equation 
is y = 0, which does not satisfy the boundary conditions. 


Alternatively we have 
Pt. Loa i ‘is 
Sly] = xf deny? = Fae 1, 


The Euler-Lagrange equation for the functional on the right-hand side of this 
equation is again y = 0. 


0 


Solution 2.28 


We expect the Euler-Lagrange equations for these two functionals to be identical 
because 
Solu] = Silul + 1G (e-u(e)) I= 
and the boundary term is independent of the path. Now we derive the result 
directly. 
Consider the Euler-Lagrange equation for So[y]. First define 
aG , 


Boni ty 4 9G fy 08 , OC 
Fany)=Faywy)+ a =Feuv) +a + ay 


The Euler-Lagrange equation 


Solutions to Exercises in Chapter 2 


so that, 
ee aan PG Fey sad OF _ OF , 0G 
Oy dy” Oxy” Oy” Oy Ay’ © By 


Hence the Euler-Lagrange equation for F is 
d (3) OF _d (%)-% d (%) PG FG, 
da, ‘ 


dy) dy ~ de \Oy dy) Ardy Oy?” 
But, 
d (dG &G 4 PG, 
de (F)- Bady * oyeY 
so the Euler-Lagrange equations for F and F are identical, as expected. 
Solution 2.29 


Clearly S[y] > 0 and for the given solution the integrand is identically zero, so for 
this solution S = 0, its minimum value. The Euler-Lagrange equation is 


(y!" — 2) y? +2 (y — 22) yy ~ (y' - 22)" y = 0, 
which is satisfied by the functions y(z) = 0 and y(r) = x*. Thus the given function 
satisfies the Euler-Lagrange equation except at x = 0 where y/"(xr) is not defined. 
Solution 2.30 


If y = (yi, Yas°**s Yn) with yo = A and yy, = Band yer = ye +A, then yp occurs 
only in the k =n and k = n+ 1 terms and 


as Yn — Yn-1 Yn+1 — Yn 
Wn 0 ee he ) + ngek (seinen hh ) 


= 12 P(e) + ZF en) — PF Gentas == («0m BB) 


Now we need to express (Yn41 —Yn)/h in terms of (yn — Yn—1)/h. First, write 
Yt = Ym _ Yn —Yn—t_, Unt ~ 2yn + Yn—1 
h h h * 
and use the Taylor expansion 
Yntt — 2Yn + Yn—1 = Y(a%n +h) — 2y(atn) + yan — h) 
= ylan) + hy! (an) + Zh? y" (an) + Zhi y" (an) + O(h*) — 2y(en) 
+ y(an) — hy! (an) + Shy" (an) — BhSy!" (arn) + O(h*) 
= h?y!" (an) + O(h*). 


Hence 
ens = (9+ ra + i + OC), SE + yl + 040") 


tnt (Ly, wi )h+O(h?), 


which gives 
FP OF  4,0F 


lene) = Fen) +h (SE uy Se + wee) +018) 


It follows that the equation for 0S/Ay,, becomes 
os _,(OF 0 /OF | OF | OF 2 
inn" lie (E+nge ue Oven 
_ [aF (a6, ,dG ,aG 2) oF 
=n - (Benge + In Fy )] ou, G=5): 
ee ee 
On Ou dr 


i] 
> 


| O(h?), n=1,2,...,.N. 


Ov 
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Since 9S/Iyn = 0 it follows that 


d (oF\ oF 
& (Se) - 3 -O n=1,2,...,N, 


and that as h — 0 we obtain the Euler-Lagrange equation. 


Solution 2.31 
In this more general case we use the approximations 
1 N 1 ee =e 2 
f de 2(2)~ b> 2(0y) and [ de2'(aP?~h>> (4) , 
% k=0 o k=0 


where 2(2) is any function and the set of equally spaced points 2, = k/(N +1) 
defined in the question. Hence the functional becomes 


S Weim)? pS ~ 1 
; Wieet = ya) ee eee 
s SS i hou 2h rem, h Wai’ 
k=0 k=0 =0 
N 


= (esi — ue)? (2, 2k 
2 lero h Ue + HM fc 


(a) If N =1 there are two terms in the sum; the first is y?/h, since yo = 0, and 
the second is (1/h — h)y? — hyy, and since h = 1/2 this gives 


S(y:) = Sut — dmn- 


This function is stationary where OS/Oy, = Ty, — 1/2 = 0, that is yy = 1/14 = 
0.0714, compared to the exact value of y(1/2) = 0.0697. 


The difference between this approximation to S and that obtained in Exer- 
cise 2.22 is because the approximations to the functional are different. In both 
cases we approximate the solution by the same type of polygon. However, in 
the first case we evaluated the integrals exactly, whereas in the second case we 
made an additional approximation to evaluate the integrals. For the approxi- 
mation used in Exercise 2.22 we have 


1 1/2 1 
i dey (x)? =4y2 [ dz + [ Ge at 
0 0 1/2 
1 1/2 1 1 
[ dey(a)? = 43 ng dea? + f ae(a—a)?| oye 
0 0 1/2 3 
1 1/2 . 1 1 
v3 da Qay(x) = dy [ deat + [ dxx(1—x)| ==. 
0 0 2 2 


For the approximation used here, these integrals are approximated by 


1 1 
i de y/ (a)? = 2) "(yers — ve)? = Au? 


9 k=0 


1 1 1 es 1 1 he 1 
a 2 = ay? = =. = =I. 
| dx y(x) =u zu and [ e220(0) dam 3” 


(b) If N =2, then h= 1/3, yy =0 and 
2 aa. ¥ o 2 1 4 
3yi + [ai =n) = 3 (wt ae 2u)] 2 [58 -3 (4 ae +n)| 


Ti 3 ay 2 4 
= quit zi — Gnye — 5m — 52 


Ss 


The stationary points are at the solutions of 
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which simplify to the given equations. These have the solutions y; = 35/624 ~ 
0.0561 and yo = 43/624 ~ 0.0689. which are the approximate values of the 
solution at 2 = 1/3 and 2/3 respectively. 

Solution 2.32 


(a) The Gateaux derivative, equation (2.14) (page 45), of this functional is 


My Ok 
= [esergy- 
Integrating by parts twice gives 
oF 
ae oar), - [aevorge (5): 


~ re -wor (2) +f seu ($B) 


But g(a) and g‘(a) are both zero at x =a and 6, so for the functional to be 
stationary we need 

@ (ar 

Oy! 


for some constants ¢ and d. 


AStu.g] = ZSiu +e 


eS 


Sid ae 


=0. Integrating this twice gives ts 
=0. pgrating gi ay? 


1-2 the differential equation for y(.r) is y"(x) = e(a —a) +d. Inte- 
twice gives 


(b) 


y'(e) = $e(@—a)? +d(x—a)+a and 
u(x) = hea —a)* + d(x — a)? + a(x —a) +3. 
The boundary conditions at x =a give y/(a) = Ay = and y(a) = Ay = 3. so 
y(x) = dea —a)* + 4d(x — a)? + Ag(a—a) + Al, 
and the constants ¢ and d are determined from the boundary conditions at 
a =b. Setting D = b—a the two equations y(b) = By and y'(b) = By become, 
respectively, 
keD + }dD* + A,D+A,=B, and 3cD? +dD + Az = Bo, 
which simplify to the quoted equations. 
(c) Consider the general functional S{y] = J, thas so 


OF PF 
Sly +g) = Su] ref deg") 5am + sie f | deg" (2) So pees 


and on the stationary path 
Siy-+eal—Stu)= 32 [deg a E+ 
Since g’(xc)? > 0 the sign of this integral depends upon 0?F/dy"*. In the 


present case, however, F(z) = 27/2, F”(z) = 1 and hence the integral is posi- 
tive and the stationary path is a minimum. 
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Solution 2.33 


First, note that if y(z) and y(x) + g(x) are both admissible functions then g(x) 
and its derivative, g'(x), are zero at x = a and b, The Gateaux derivative, AS[y. 9] 
(see Equation (2.14)), is 


sath ee ibs elle i aa 
tim Sy +a] =f dx aru t oy +eg'y" +69") 


«=O 
Thus 
J OF . _,OF oF 
Asiy.al= dx (5 9507 = +a" Sr) 
a 
Integration by parts gives 


fos [eel fond). 


Since g(a) = g(b) = 0 the boundary term vanishes. Similarly, 
or ary’ f° d (OF 
[05 Wap] z = {er 
a 


, OF 
= Sar 9%, a (Fr) deg, aa 


Again the boundary terms vanish because g/ ie) = = g/(b) = 0 and g(a) = g(b) = 0. 
Hence 


ASly.g] -f dx g(x) (e- < (5)+E ke = (s)]- 


Using the fundamental theorem of the calculus of variations we see that a necessary 
condition for the functional to be stationary on a function y(z) is that it satisfies 
the equation 


(i) An 
da? \ Oy!” dx \ Oy’ Oy 


with the given boundary conditions. 


Solution 2.34 


(a) If F =1+y(x)* the required derivatives are OF /Oy" = 2y’(a) and AF /Oy! = 
OF /dy = 0, so the equation for the stationary function is d4y/dz* = 0. The 
general solution of this equation is the cubic y(x) = ax? + br® + ex + d, where 
the constants a, b, c and d are determined by the boundary condition. Those 
at x = 0 give y(0) = d =0 and y'(0) =¢= 1; those at 2 = 1 then give y(1) = 
a+b+1=1 and y'(1) = 3a+ 2b+1=1, so that a=b=d=0, c=1 and 
the solution is y(a”) = x. 


(b) In this case AF /Oy" = 2y", AF/Ay' = 0, AF/Ay = —2y, so the equation for the 
stationary function is 


d* 
Ti v=, y0)=1, ¥)=0, y(§)=0. v(G)=-1. 


The general solution of this is y(z) = Acosx + Bsinx + Deoshx + Esinhx. 
The boundary conditions at 2 = 0 give 


y(0)=A+D=1 and y/(0)=B+E=0 
and those at a = 7/2 give 
y(%)=B+Dc+Es=0, y! ($)=-A+Ds+ Ec=— 


where ¢ = cosh(7/2) and s = sinh(x/2). Using the first two equations to sub- 
stitute for D and E in the second two gives 


(s-1)B+Ac=c and Bce+(s+1)A=s+1. 


Solutions to Exercises in Chapter 2 


These equations have the solution A= 1 and B = 0, hence E = D = 0, and 
the required solution is y(x) = cos. 

Solution 2.35 

(a) In this case F = y'? —y? so OF/dy’ = 2y', OF /Ay = —2y giving the Euler- 
Lagrange equation y” + y = 0. 

(b) Suppose that y(x) and y(x) + g(x) are two admissible functions with y(x) 
satisfying the two given boundary conditions. Then if A = S[y + eg] — Sy], 


» 
A = 2e[hgg(b)y(b) — hag(a)y(a)] + 2€ ‘1 dz (gy — gy) + O(2). 
Integrate by parts to put this in the form 
AS = 2c [g(b) (y/(b) + hoy(b)) — g(a) (y'(a) + hay(a))] (2.92) 


bh 
-2« f dr (y" +y)g+O(e). 
But hay(a) + (a) = 0 and hyy(b) + y'(b) = 0, so 


b 
A= - f daly" +y)g + O(c). 


The fundamental lemma of the caleulus of variations shows that a necessary 

condition for S[y] to be stationary is that y(s) satisfies the differential equation 

yo! +y=0. 

Note that use of the fundamental lemma here needs some care. As stated 

earlier (see page 47), the function g(r) needs to be zero at + =a and b. Here, 

however, since both y(a) and y(x) + eg(x) are admissible functions we have 
hag(a) + g'(a)=0 and  hyg(b) + 9'(b) = 0 


so the lemma does not apply directly. But the same method can be used on 
the open interval a < x < b, so we may deduce that on this interval y+ y = 0, 
and use continuity to extend the interval to a < x <b. 


Solution 2.36 


(a) Since dz/dx = 1/(dx/dz) we have V1 + 22 = /1 + 22/x' and hence, to within 
an irrelevant multiplicative constant, 
T(z] = fee ue [ve aoe 
da de eve Jo 
since x’(z) < 0. 


(b) Use the result given in Exercise 1.7 (page 14) and the fact that the term O(«) 
is, by definition, zero on the stationary path to cast the difference in the first 
required form. Now change the integration variable from z to @, using the result 
a'(z) = x'(d)/2'(@) = tang. The integral exists and is positive and hence the 
stationary path is a minimum. 


Solution 2.37 


(a) The triangles ABC and AB,D are similar and AC is. by construction, twice 
AD. Hence AB is twice AB; and h = 2h,. 


(b) At each iterations of this procedure the number of similar triangles doubles. 
After n iterations we therefore have 2” similar triangles: the heights are 2-"h 
and the length of the side is /2~". But since there are 2 x 2” sides the total 
length is 2/, the original distance along ABC. 


Since | is arbitrary the distance along the curve may be made as long as 
required and by choosing n sufficiently large, we will never stray further than 
any prescribed small distance from the straight line AC. 
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CHAPTER 3 


Further developments of the 
theory 


3.1 Introduction 


This chapter contains three main topics which continue the development of 
the general theory of the calculus of variations in the direction needed for 
the reformulation of Newton's equations as a variational principle. 


First we consider the effects of changing variables, both dependent and in- 
dependent variables, normally denoted by y and x respectively in previous 
chapters, This is important be e one of the principal means of solving 
complicated differential equations is to find new variables that simplify the 
problem. Here we show that when a problem can be formulated as a varia- 
tional principle, the algebra involved in changing variables is made easier. 


Secondly, we descri is generalised to include many depen- 
dent variables. This generalisation is essential when we reformulate New- 
ton's equations bec: variables are required for each degree of 
freedom; for instance, if a particle moves in a plane, two dependent vari- 
ables are necessary to describe its position, whereas two particles moving in 
a plane require four variables. This general ion is relatively simple and 
involves no new ideas. 


oe how the theor 


use separate 


Section 3.5, the final, most difficult (and optional) part of this chapter deals 
with invariance properties. These are important because, when present. 
drastic simplification of the Euler-Lagrange equations becomes possible. A 
precursor to part of this theory was introduced in the previous chapter where 
it was shown, in Exercise (page 51), that under certain circumstances 
integrals of the motion exist, so the second-order Euler-Lagrange equation 
can be integrated directly to give a simpler first-order equation. This simpli- 
fication was used to help solve the minimum surface area problems and the 
brachistochrone, in Sections 2.5 and 2.7 respectively. In Section 3.5 we de- 
scribe a more general principle from which the first integral may be derived, 
and in Subsection 3.5.2 this principle is used to derive a natural generali- 
sation of the elementary result obtained in Exercise 2. udents knowing 
some dynamics will be aware of how important conservation of energy, lin- 
ear and angular momentum can be: the theory described in Subsection 3.5.2 
unifies all these conservation laws. This theory is, however, difficult and is 
not assessed; we therefore suggest only a cursory reading if it is found to be 
too hard. 
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3.2 Invariance of the Euler-Lagrange 
equation 


In this section we consider the effect of changing both the dependent and 
independent variables, and show that in both cases the form of the Euler— 
Lagrange equation remains unchanged. Such a theory is important because 
one of the principal methods of solving a differential equation is to change 
variables with the aim of converting it to a standard recognisable form. For 
instance, the unfamiliar equation 


& dj Stak 
255 + (1- a) + aPe™ ly=0 (3.1) 
becomes, on setting z = x!/* (x > 0), the familiar equation 
dy 
> =0. 3.2 
ae (3.2) 


It is rarely easy to find suitable new variables, but if the equation can be 
derived from a variational principle the task is made easier because the 
algebra is usually simpler: you will see why in Exercise 3.1, where the above 
example is treated for a = 2; see also Exercise 3.24. 


Here we deal with the case of only one dependent variable, but important 
examples involving many dependent variables are given in the next chapter. 
Indeed the full power of this technique becomes apparent mainly in the 
advanced study of dynamical systems. 


When deriving the Euler-Lagrange equation we represented the path be- 
tween end points in a Cartesian coordinate system. This coordinate system 
is neither always the most convenient nor the most useful: for instance, 
rather than using the Cartesian coordinates (2, y), it may be better to rep- 
resent a path in terms of polar coordinates (r,@), where 2 = rcos@ and 
y=rsin@. Indeed, it is precisely this change of coordinates that prompted 
Euler’s concern with the problem of the invariance of his necessary condi- 
tions. In modern parlance, this translates to the form of the Euler-Lagrange 
equations being invariant; we shall see exactly what this means in the fol- 
lowing two sections. 


In the first section we consider the simpler types of transformation in which 
only the independent variable is changed. In the second section we consider 
Euler’s original problem in which paths are described in both Cartesian 
and polar coordinates, the aim being to understand the changes induced in 
the Euler-Lagrange equations. In both cases we shall derive the important 
result that the form of the Euler-Lagrange equation remains unchanged. 


3.2 Invariance of the Euler-Lagrange equation 


3.2.1 Changing the independent variable 


The easiest way of understanding why the form of the Euler-Lagrange equa- 
tion is invariant under a coordinate change is to consider the effect of chang- 
ing only the independent variable x. Thus for the functional 


b 

Sty] = { dx F(x,y(x),y'(x)), (3.3) 
we change to a new independent variable u, where x = g(u) for a known 
function g(u), assumed to be invertible for a < x < b. 


We note that a continuous function f(:) is invertible for a < x < b if there is 
an inverse function g(a) such that f(g(x)) =x. Often the notation f~'(x) 
is used to denote the inverse g(x). For instance, if f(a) = Vx, for x > 0. 
then f—!(a) = 2x. 


With this change of variable y(2) becomes a function of u and it is convenient 
to define 


¥(u) = y(g(u)) = y(2). (3.4) 
The chain rule gives 
dy _ dydu _ Y"(u) _ Y"(u) 


dx dude  dx/du ~ Gu)” 5) 
so the functional becomes 
SY] = [ow g'(u)F (a(u).¥(w) mi) } (3.6) 
oe : g(u) 


where the integration limits, ¢ and d, are defined implicitly by the equations 
a=g(c) and b= g(d). Note, in order to avoid a proliferation of symbols we 
use the same symbol, S, for the original and the transformed functionals. 


The integrand of the original functional depends upon x, y(x) and y/(«). 
The integrand of the transformed functional depends upon u, Y(u) and 
Y'(u), so if we define 


Flu, Y(u), ¥'(u)) = g/(u) F (ot Y(u). ue) F (3.7) 
; g(u) 
the functional becomes 
d 
S{Y] =f du F(u. Y (u). ¥‘(u)). (3.8) 


Because this functional depends upon u, the new dependent variable, Y (tu), 
and its first derivative the derivation of the associated Euler-Lagrange equa- 
tion is exactly the same as for the original functional. The Euler-Lagrange 
equation in the new variable, u, is therefore 


of OF OF : 

a (=) =e 0, (3.9) 
in contrast to the original Euler-Lagrange equation 

d (OF OF 

= (3) ae 0. (3.10) 


These two equations have the same form, in the sense that the formula (3.9) 
is obtained from (3.10) by replacing the explicit occurrence of x, y, y/ and F 
by u, Y, Y’ and F respectively. The new second-order differential equation 
for Y, obtained from (3.9) is, however, normally quite different from the 
equation for y derived from (3.10), because F and F have different functional 
forms. 
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Consider, for instance. the functional 
2 yf? 
sui- [ dx“) y(Ql) =1, y(2) = 2. (3.11) 


which is similar to the example dealt with in Exercise 2.23(c) (page 70). The 
general solution for the associated Euler-Lagrange equation is derived in the 
solution for this exercise and is y(2) = 3+ ax*/3; the boundary conditions 
give 8 = 6/7 and a = 3/7. 
Now make the transformation x = u*, for some constant a. The chain rule 
gives 
dy _dydu _ Y"(u) 
dx dudz aus!" 
and the functional becomes 


where Y(u) = y(u’) = y(x), (3.12) 
POY ice ee CI Cee pene Ad (9 
Sly]= af duu er (=) = if du ant (3.13) 


Now choose 3a = 1, so the functional simplifies to 


8 
swi=s duY', Y(1)=1, Y(8)=2. (3.14) 


The Euler-Lagrange equation for this functional is Y”(u) = 0, having the 
general solution Y = C + Du. The boundary conditions give C + D = 1 and 
C+8D =2 and hence S{Y] is stationary when 


¥(u)=3(6+u) giving y(x) =Y(u(z)) =} (6 +25). (3.15) 
In this example little was gained, because the Euler-Lagrange equation is 


equally easily solved in each representation. This is not always the case, as 
the next exercise shows. 


Exercise 3.1 
The functional 
x 
Sty] -[ de (y?—uy?), X>0, 
0 
where w is a constant, gives rise to the Euler-Lagrange equation y’ + wy = 0. 
(a) Show that changing the independent variable to u where «x =u? gives the 
functional 


u rt 2 
si] = if Ts (eer -4uy?), Sy EIEN 


and U = VX, with the associated Euler-Lagrange equation 
BY TY es 
une da +4u*u?Y =0. 


Show that this is the same as equation (3.1) when a = 2 and w= 1, 
(b) Show that if a =u, then 
Py 1 fy dy 
aaa (rs = ) 
and hence derive the above Euler-Lagrange equation directly. 


Note that the method described in part (a) for transforming the differential 
equation requires only that we compute dy/dx and avoids the need to calculate 
the more difficult second derivative, d?y/dzx?. required by the method used in 
part (b). 


3.2 Invariance of the Euler-Lagrange equation 


Exercise 3.2 


A simpler type of transformation involves a change of the dependent variable. Con- 
sider the functional 


b 
Sty] = [ dey/?. 
a 
(a) Show that the Euler-Lagrange equation for this functional is y/"(x) = 0. 


(b) Define a new dependent variable z related to y by the differentiable function 
y = G(z) and show that the functional becomes 


b 

stel= f dea'(eys". 

a 

Show also that the Euler-Lagrange equation for this functional is 
[G'(z) 2" + G"(z) 2/7] G’(z) =0, 


and that this is equivalent to the original Euler-Lagrange equation provided 
7’(z) #0. Note that the condition G’(z) #0 means that the equation y = 
G(z) may be inverted to give = as a function of y. 


3.2.2 Changing both the dependent and 
independent variables 


In the previous section, particularly in Exercise 3.1, it was seen that when 
changing the independent variable the algebra is simpler if the transforma- 
tion is made to the functional rather than to the associated Euler-Lagrange 
equation. The reason for this is simply that changing the functional involves 
only first derivatives, whereas transforming the equation directly involves 
second derivatives. 


For the same reason it is far easier to apply more general transformations 
to the functional than to the Euler-Lagrange equation. The most general 
transformation we need to consider will be between the Cartesian coordi- 
nates (,y) and two new variables (u,v): such transformations are defined 
by two equations 


z=f(uv), y=g(u.v), (3.16) 


taking each point (u,v) to a unique point (x,y), and vice versa. Rather 
than deal with this general case, however, it is easier to consider a particular 
example that highlights all relevant aspects of the analysis. Thus we consider 
the transformation between the Cartesian coordinates (x,y) and the plane 
polar coordinates (r,@) where 


w=reos#, y=rsind, r>0, -7<0<7. (3.17) 
The inverse transformation is given by 
r=c+y, cosd= =, sin@ = Le (3.18) 
e i 


In Cartesian coordinates we normally choose x to be the independent vari- 
able, so points on the curve joining (a, A) to (b, B), depicted in Figure 3.1, 
are given by the Cartesian coordinates (x. y(2)). 
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ay 


Figure 3.1 Diagram showing the relation between the Cartesian and polar 
representations of a curve joining (a, A) and (b, B). 


Alternatively, we can define each point on the curve by expressing r as a 
function of @, and then the curve is defined by the polar coordinates (r(@), 0). 
If the end points of the curve have the Cartesian coordinates (a,A) and 
(b, B), then equation (3.18) gives the polar coordinates of these points as 


= Va + AP, c08 Og = =, sin@, = es 


is s (3.19) 
ry = Vb? + B?, cosh = =, sin®s = —. 
b b 


The aim is to transform a functional 
b 
Sul= f de Fteu(e)u2)), va) =A, wld) = B, (3.20) 


to an integral over @ in which a, y(a) and y/(x) are replaced by expressions 
involving 6, r(@) and r’(0). First we change to the new independent variable 
@: then since a = rcos@ and y = rsin@, we have 


Pa de 
Ss =| do oF (rcos0,r sind, y'(x)) . (3.21) 
Oa 


The derivative dx/d0 is obtained from the relation «= rcos@ using the 
product rule and remembering that r depends upon @: 

da dr 

a = a cos@ —rsin@. (3.22) 
Tt remains only to express y/() in terms of r, # and r/(@). First, note that 


dy  dyd0 dy dx 


de ~ dO de ~ dB! d@ sais 
Now use the product rule again to give 

dy dr. 7 " 

7 ap 8108 + 7 cos 8. ; (3.24) 
Hence 

dy _ r’(@)sin@ +rcos0 

dx 7'(0)cos@—rsin@’ ea 
and the functional becomes 

Oy 
Sir|= [ao 70,r(0).0"@). (0) =ra. rO)=r, (8.26) 
a 
where 
Z s r(8) sin@ + rcosé 
aye; a ; 
F= (r'(0) cos0 —rsin@) F (ros, sind 770) cos — =) , (3.27) 


and where (ra,@2) and (7,4) are the polar coordinates of the end points of 
the curve. 


3.2 Invariance of the Euler-Lagrange equation 


The new functional depends only upon @, r(@) and the first derivative r’(@), 
so the Euler-Lagrange equation is 


d (A. OF P 

a (F =e =o (3.28) 
which is the transformed version of 

d (OF OF 

= (=) - Fr =o. (3.29) 


This analysis shows that the transformation to polar coordinates keeps the 
form of the Euler-Lagrange equation invariant because the transformation 
of the functional introduces only first-order derivatives, via equations (3.22) 
and (3.25), so does not alter the derivation of the Euler-Lagrange equa- 
tion. The same transformation applied to equation (3.29) involves finding a 
suitable expression for the second derivative, d*y/dz*, which is harder. 


As an example of the reverse transformation, consider the functional 


By 
S{r] = At do Jr? +702, (3.30) 
0 
already expressed in polar coordinates. Here, 
F(r,r’) = Vr? +172, (3.31) 
so 
OF /Or =r/Vr2 +92 and OF/dr! =r'/Vr2 +12. (3.32) 


The independent variable is 6, so the Euler-Lagrange equation is 


d ie r 

& (Germ) - een” ee 
Expanding this gives 

ST cary SAT SE) (3.34) 

Via (ara Stare” 


1283/2 


which, on multiplying through by (r? +r . simplifies to 


2, 2 
a -2 (3) -r?=0. (3.35) 


In order to transform the functional to Cartesian coordinates we need the 
derivative d#/dx, which can be obtained by differentiating tan@ = y/x with 
respect to x: 


1 dO yx) y 


cot Ode a? eae) 
giving 

do ay’ —y 

a "2a (3.37) 


since 1/cos*@ = 1+ tan? = (2? + y?)/x?. Also, r? = 2? + y?, and differ- 
entiation with respect to x gives 


od Seyi (3.38) 


2 ar 
aa eae (3.39) 
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Thus the functional becomes 


(3.40) 


b 
~ fe 
a 


seen ty (3.41) 


and remember that the Euler-Lagrange equation is unaffected if the func- 
tional is multiplied by a constant factor. Also, we have 
2 2 22) 42 
(wy' —y)° + (yy! +2)" = (2? +4?) ? + (x? +47) 
=r(1+y"). (3.42) 


Hence, the functional is equivalent to 


b 
sul = [ ae VIF VP. (3.43) 


This is the functional treated in Subsection 1.2.2, where it was shown 
(page 10) that the Euler-Lagrange equation reduces to y/(x) =constant, 
with general solution y = mx +c, On this solution the condition ry! — y #0 
becomes c # 0, which means that the path must not pass through the origin. 
The reason why this condition has occurred here is simply because the trans- 
formation to polar coordinates, + = rcos@, y = rsin@, is not well behaved 
at the origin which is represented by r = 0, for all @, so here the transforma- 
tion is not invertible. It is worth noting that the equation y“(2) = 0, when 
expressed in polar coordinates, is just equation (3.35). 


This example illustrates the simplification that can occur when suitable 
transformations are made: the art is to find such transformations and fre- 
quently one is guided by geometric insight, but we do not expect you to 
master this art here. 


Exercise 3.3 


(a) Show that, in polar coordinates, the functional 


b Oy 
Sly) = [ dx /x?+y?/1+y'? becomes S{r] = i, d0rVr? +r!?, 
a Us 


and that the resulting Euler-Lagrange equation is 


@r 3 (dr\* 
on ~2($) —2r=0. 


Note: you will need to assume that r/(8) cos 4 — r(0) sind 4 0, which is equiv- 
alent to assuming that |y/(x)| is bounded. 


(b) Show that this equation may be written in the form 


fae eee, 
ele * 
and hence that the equations for the stationary paths are 


1 
=e = Acos20 + Bsin20, that is A(x? — y?) + 2Bary =1, 


3.3 Functionals containing many dependent variables 


where A and B are constants. The following identities are useful: 


cos 20 = cos*@—sin?@ and  sin20 = 2sin@cos0. 


Exercise 3.4 


A simple transformation is obtained by interchanging the roles of the dependent 
and independent variables. For instance, consider the elementary functional 


b 
sl = f dx Fy’), y(a) =A, y(b) = B 


which depends only upon y’, and was shown in Chapter 1 to be stationary along 
the straight line joining the points (a, A) and (b, B). 


Using the fact that dy/de = , show that if y becomes the independent vari- 


1 
dx/dy 
able, the functional becomes 


rB 
S{a] = ) dyG(a’), 2(A) =a, y(B)=6, 
A 


where 2! = dr/dy and G(u) =u F(1/u). 


3.3 Functionals containing many 
dependent variables 


In Chapters 1 and 2 we considered functionals of the type 


b 
Sly) = | dx F(a.y,y'), y(a) = A, y(b) = B. (3.44) 


a 


which involve one independent variable, a, a single dependent variab! (x), 
and its first derivative. There are many useful and important extensions to 
this type of functional and here we discuss the generalisation needed for the 
re-formulation of Newtonian dynamics described in the next chapter: others 
will not be considered but, in order to provide some idea of other possible 
developments, we list a few of the more important examples. 


(a) The integrand of the functional (3.44) depends upon the independent 
variable x and a single dependent variable y(x), which is determined 
by the requirement that S[y] be stationary. A simple generalisation 
is to integrands that depend upon several dependent variables y;,.(z), 
RHA Bic; n, and their first derivatives. This type of functional is 
required in the next chapter and the necessary theory is described here. 

(b) The integrand of (3.44) depends upon y(a) and its first derivative. 
Another generalisation involves functionals depending upon second or 
higher derivatives. Some examples of this type are treated in Exer- 
cises 2.32, 2.33 and 3.33, though we do not consider this type of problem 
any further. 


(c) The integral defining the functional may be over a surface rather than 


along a line, 
Oy 2 
Jtyl = [fasraraP (ere. 3, nae 


where D is a region in the (2, 22)-plane, so the functional depends upon 
two independent variables, 2; and x2. rather than just one. Boundary 


(3.45) 
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conditions are, of course. also needed to specify a unique stationary 
function. In this case the Euler-Lagrange equation becomes a partial 
differential equation. Many of the standard equations of mathematical 
physics can be derived from such functionals — the wave equation being 
one important example and this is considered briefly in the last, optional, 
section of Chapter 4 (page 190). There is also a natural extension to 
integrals over higher-dimensional spaces, but we do not consider these 
types of problems. 

(d) Broken extremals: a broken extremal is a continuous solution of the 
Euler-Lagrange equations with a first derivative which is discontinuous 
at a finite number of points. That such solutions are important is clear 
from the observation of soap bubbles: when two or more bubbles form 
a composite shape this usually comprises spherical segments such that 
across any common boundary the normal to the surface changes direction 
discontinuously. A simple example of such a solution is the Goldschmidt 
curve defined by equation (2.59) (page 57); see also Exercise 2.29. 


3.3.1 Two dependent variables 


In this Subsection we find the necessary conditions for a functional depend- 
ing on two functions to be stationary; however, because we are ultimately 
interested in functionals depending upon any finite number of variables, we 
shall often use the notation for which this further generalisation becomes al- 
most automatic. Most examples of functionals with two or more dependent 
variables arise in the study of dynamics and some will be introduced in the 
next chapter — here we consider only the general theory. 


We shall find necessary conditions for a functional depending upon two func- 
tions, yi (2) and yo(x), and a single independent variable x to be stationary. 
The functional is 
b 

dix: F (2.41. yo. ¥i+¥9) » (3.46) 


Sly. ya] = 


a 
where each function satisfies the boundary conditions 


ye(a)= Ax, yn(b)= Be, &k=1,2. (3.47) 


We require functions y;(x) and yo(x) that make this functional stationary 
and proceed in the same manner as before. Let yi(x) and yo(r) be two 
admissible functions — that is, functions having continuous first derivatives 
and satisfying the boundary conditions ~ and consider the difference 


5= Sly + egi.y2+€g2]—Sly.y2l. lel <1, (3.48) 


where yy («) + € 94(a), k = 1,2 are also admissible functions; as in Chapter 2 
(page 45) this means that g(a) = 9.(b) = 0, k = 1,2. The analysis starts 
by finding the first term in the expansion of 5 as a power series in €, and for 
this we need first to expand the integrand, 


F (x,y + €91,yo + €g2.0h + €9.uh + 92) — F (x. 11,92,44.¥2) 


OF . OF OF . ,0F ) 2 
s—t+9in>t+ma—t+%H>,)+O(2), (3.49 
(a On | May + Oye + Baye (€), (3.49) 
where all functions on the right-hand side are evaluated at « = 0. Hence, on 
writing 6 in the form 6 = «AS + O(e?), we find that 


b 
OF (OF ,, OF _ , OF 
as= [ar (5 + ast +5umh). 3.50 
[ Int Ot Gt ae” (3.50) 


3.3 Functionals containing many dependent variables 


with the integrand evaluated at «= 0. Notice that AS is the appropri- 
ate generalisation of the Gateaux differential defined in equation (2.14) 
(page 45), that is, 


d 
AS = -Sltn + egis ye + €92] 
e 0 


The expression (3.50) for AS is simplified when integrating by parts those 
terms involving gj (a) and g(a): a for the first such term, 


ie de 57th = [ge] - l "ae ae ear) (3.52) 


with a similar expression for the term involving g(x). Since gx(a) = gx(b) = 
0, k = 1, 2, the expression for AS becomes 


as=- den [2 ie 


3 d (0F\ OF 
-f dx go [z 4) - ial: (3.53) 


For a stationary path we need, by definition (Chapter 2, page 45), AS = 0 
for all g\(a) and go(x). On setting go(x) = 0 the above equation becomes 
the same as equation (2.30) (page 48) with y and g replaced by y; and 9) 
respectively. Hence we may use the fundamental lemma of the calculus of 
variations, Section 2.3, to obtain the second-order differential equation 


d (OF OF 
a (sr) ~ SE =O, nla) = Ar, n(0)= Bi (3.54) 


This equation looks the same as equation (2.31) (page 48). but remember 
that here F also depends upon the unknown function yo(x). 


(3.51) 


Similarly, by setting g) (x) = 0, we obtain another second-order equation 

d (OF OF 

erro eee | — 9 = Ao, b) = Bo. 3.55 

(Sa) — ge (0) = Ar, 200) = Be (3.55) 
Equations (3.54) and (3.55) are the Euler-Lagrange equations for the func- 
tional. These two equations will normally involve both y)(2) and yo(z), so 
are named coupled differential equations; this usually makes them far harder 
to solve than the Euler-Lagrange equations of Chapter 2, which contained 
only one dependent variable. 


An example should help to make this clear. Consider the functional 


n/2 : ; 

Stove] = [ae (v2 +? +2000) (3.56) 
so that 

OF OF 

=2 and >— = 2y. 3.57, 

EA uh an 2M (3.57) 
Equation (3.54) becomes 

ly z 

qe 2 =o (3.58) 
which involves both y;() and yo(:r). Also, 

OR he Or ® 

ous =2y) and ie 2y1. (3.59) 


and equation (3.55) becomes 


a 
Ten =0, (3.60) 
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which also involves both yi(x) and yo(x). 


Equations (3.58) and (3.60) now have to be solved. Coupled differential 
equations are normally very difficult to solve and their solutions can behave 
in bizarre ways, including chaotically; but these equations are linear which 
makes the task of solving them much easier. Also, solutions of linear equa- 
tions are generally better behaved. One method is to use the first equation 
to write y2 = y{, so the second equation becomes the fourth-order linear 
equation 


oe -m=0. (3.61) 


This equation was treated in Block 0, example 1.28, so here we provide a 
mere outline of the method of solution. Suppose that the solution has the 
form y, = aexp(Ar), where a and \ are constants; substituting this into 
the equation gives \4 = 1, showing that there are four solutions obtained 
by setting A = +1, +i: the general solution is a linear combination of these 
functions, 


w(x) = Acosx + Bsinaz + Ccosha + Dsinhz, (3.62) 
where A, B, C and D are constants. Since yo = y//, we also have 
yo(a) = —Acosx — Bsinx + Ccoshx + Dsinh«. (3.63) 


This general solution needs to satisfy the boundary conditions of the prob- 
lem: if a solution exists then the values of these constants are determined 
from the boundary conditions, as demonstrated in Exercise 3.5, below. It 
should be noted, however, that a solution may not exist, as shown in Exer- 
cise 3.6, 


Exercise 3.5 


Find the values of the constants A, B, C and D if the functional (3 
following boundary conditions 


m(0)=0, m(%)=1, ye(0)=0, yo(Z)=-1. 


56) has the 


Exercise 3.6 


Consider the functional defined in equation (3.56), but with x in the range 0 < 
a <7. Show that if the boundary conditions are y;(0) = 0, y(7) =a. y2(0) = 0. 
y2(7) = 8, then no solution exists unless a = 3, and then there are infinitely many 
solutions, 


Exercise 3.7 


Show that the Euler-Lagrange equations for the functional 


Slyn.ya] = ri dr (y,? + uh? + why) » 
with the boundary conditions 

w(0) =O, yi(1) =1, yo(0)=1, yo(1) = 2. 
integrates to 

Qwy+ys=a, and 2y+y) =a2, 


where a; and ay are constants. Deduce that the stationary path is given by the 
equations 


yw(z)=2 and y(x)=241. 
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Exercise 3.8 


By defining a new variable z; = y: + y2/2. show that the functional defined in the 
previous exercise becomes 


1 
Starve] = [de (2)? + $2). 
0 
with boundary conditions 
21 (0) = 4, 21(1) =2, yo(0) =1, yo(1) =2, 


and show that the corresponding Euler-Lagrange equations are 


frail and 


Solve these equations to derive the solution obtained in the previous exercise. 


Note that by using the variables (2;.y2) in the above exercise each of the 
new Euler-Lagrange equations depends upon only one of the dependent 
variables and is therefore far easier to solve. Such systems of equations 
are said to be uncoupled, and one of the main methods of solving coupled 
Euler-Lagrange equations is to find a transformation that converts them 
to uncoupled equations. In real problems, finding such transformations is 
difficult and often relies upon understanding the symmetries of the problem; 
then the methods described in Section 3.2 and Subsection 3.5.2 can be useful. 


Exercise 3.9 


Evaluate the expression defined in equation (3.51) to derive equation (3.50). 


3.3.2 Many dependent variables 


The extension of the above analysis to functionals involving any number, 7, 
of dependent variables, their first derivatives and a single independent vari- 
able is straightforward. It is helpful, however, to introduce the notation 
y(x) = (yi(x). yo(x),....yn(x)) to denote the set of n dependent variables; 
generally, we use bold characters to denote sets of variables. There is still 
only one independent variable, so the functional is 


b 
Sly] -{ dx F(x,y.y'), y(a) =A, y(b) = B, (3.64) 
where 
yf = (vi(x),yb(e),---stn()), 
A= (Aj, A2,...,An) and B = (By, B2,....Bn). (3.65) 


If y(a) and y(a) + € g(x) are admissible functions, so that g(a) = g(b) = 0, 
we again consider the difference 


5 = Sly + «g] — Sly] = «ASly.g] + O(€). (3.66) 


The Gateaux derivative, AS, is given by the relation 


d 
AS: = qo + eg] 


«0 


b 
= [ dx ote +eg,y'+eg'))  . (3.67) 
a de e=0 
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and for y to be a stationary path, this must be zero for all suitable g(x). 
Using the chain rule we have 


d a OF OF 
—F(x.y+eg.y' +e" = (mom + o, ). 3.68 
qfnut ay | DD I, * aye (3.68) 
hence 
a , OF 
AsS=)> ts dr (m5 BE hie ). (3.69) 
rst Ou, 


Now integrate by parts to cast this in the form 


AS= > [age - fe (4 (ar) ~ bn) (3.70) 


But, since g(a) = g(b) = 0, the boundary term vanishes. Further, since 
AS = 0 for all suitable g(x), by the same reasoning used when n = 2, we 
obtain the set of n coupled equations 


d (OF\ oF ae 
=(a)- Tye = Yala) = Ads v4 (b) = Bay k= 1,2,....n.(8.71) 


This set of n coupled equations is usually nonlinear and difficult to solve. 
There is, however, one circumstance when the solution is relatively simple: 
this is when the integrand of the functional S{y] is a quadratic form in both y 
and y’, as in equation (3.72) in the following exercise, which is an important 
example because it describes small oscillations about an equilibrium position 
of an n-dimensional dynamical system. 


Exercise 3.10 


(a) If A and B are real, symmetric, positive definite, n x n matrices so Ajj = Ay 
and Bi; = By for 1 < i,j <n, consider the functional 


u-[ de > (veAuw ~ w Biv), (3.72) 


i=l j=l 
with the integrand being quadratic in y and y’. Show that the n Euler- 
Lagrange equations are the set of coupled linear equations 


nm 


¥ (4 + Buy) =0, l<k<n 


j=l 


= 


Bo that if we interpret y as an n-dimensional column vector and its transpose 
y' as arow vector, the functional can be written in the equivalent matrix form 


Syl -f dx (y’" Ay’ —y" By) . 


and the Euler-Lagrange equations can be written in the matrix form 


2 
y 
Aza t By=0 


and that, on multiplication by A~!, this can also be written in the form 


+A“ By =0. (3.73) 
Whilst not part of this course, we now very briefly outline the theory which 
shows how the solutions of this equation can be found and how these solu- 
tions behave. The matrices A and B have, by definition, only positive eigen- 
values, it can therefore be shown that A~'B has non-negative eigenvalues 
pk | Ss Op n and that there are a set of n orthogonal eigenvectors z,, 


This exercise is optional 
and requires knowledge of 
matrices. 


Tt can be shown that a real 
symmetric matrix has real 
eigenvalues: a positive 
definite matrix is any 
matrix having only positive 
eigenvalues. 


3.4 Changing dependent variables 


k=1,2,....0, possibly complex, which diagonalise A~1B. Then if we express 
y as a linear combination of the 2, 


y= > al(z)zn, (3.74) 
k=1 


it can be shown that 
2 

a, 

dx? 

These equations for a;(:r) are trivially solved and the constants of integration 

determined by the initial value of y. Even without solving these equations, it 

is seen that in general the vector y comprises a sum of n periodic components 


with the frequencies w;, j = 1,2....,m. We emphasise that these results are 
not an assessed part of the course. 


+wiaj=0, j=1 n. (3.75) 


3.4 Changing dependent variables 


In this section we consider the effect of changing the dependent variables. A 
simple example of such a transformation was dealt with in Exercise 3.8, 
where it was shown how a linear transformation uncoupled the Euler 
Lagrange equations. In general the aim of changing variables is to simplify 
the Euler-Lagrange equations, but it is usually easier to make the transfor- 
mation to the functional rather than to the Euler-Lagrange equations. The 
main use of this method is in Newtonian dynamics. 


Before explaining the general theory we deal with a specific example, which 
highlights all salient points. The functional is 


b 
Sly. ya] = [ dx (3 (yi? +97) —Vir)], r= Vy? +42, (3.76) 


where V(r) is any suitable function. This functional occurs frequently be- 
cause, as will be seen in the next chapter, it arises when describing the 
motion of a particle moving in a force depending only on the distance from 
a fixed point. It is special because it depends only upon the combinations 
ui? + yh? and y? + y3, which suggests that changing to polar coordinates 
may lead to simplification. 


First, however, we need to be clear about the difference between the present 
example and that of Section 3.2.2, where polar coordinates were also used. 
Now we have two dependent variables, y; and y2, representing the Cartesian 
coordinates of the particle’s position, as shown in Figure 3.2; we shall use 
polar coordinates, r and 0, to replace these coordinates, but the independent 
variable, x, is unchanged. In Section 3.2.2 we had one dependent variable, 
y, and the polar coordinates were used to change both independent and 
dependent variables. 
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\o 


Figure 3.2 Diagram showing the relation between the Cartesian and polar 
coordinates (y1,y2) and (r,@), respectively 


‘The relations between (y;,y2) and (r,@) are y; = rcos@ and y = rsin@, so 
that y? + y3 =r? and, on using the product rule, 


dy, _ dr dé. dy2 _ dr. | ae — 
ie cos’ — 7 sin? and tis ae sin@d +r aa oo (3.77) 
Squaring and adding these equations gives 
ye ty =r? +070", (3.78) 
Hence the functional becomes 
b 
S{r.6] a} dx (hr? + br°0"? -Vir)] . (3.79) 
a 


Exercise 3.11 


(a) Show that the Euler-Lagrange equations for the functional (3.76) are 


Py, 


dix? 


rat ee Py iy We : 
+V'(r) . =0 and de? +V ©) =0. (3.80) 
(b) Show that the Euler-Lagrange equations for the functional (3.79) can be writ- 
ten in the form 
[Se . do_L ee 
ae et Vr) =0 and T=, (3.81) 
where L is a constant. Note that the equation for r does not depend upon @ 
which is obtained from r(«) by a single integration, so these equations are easier 
to solve, This exercise shows how useful changing the dependent variables can 
be, provided the correct choice is made. 


Exercise 3.12 


‘This is an algebraically complicated problem which aims to show directly that it is 
easier to transform the functional rather than directly attack the Euler-Lagrange 
equations. You may omit this exercise, but it is instructive and will help you 
understand why the theory of the next chapter is so useful. 


(a) By finding expressions for yi’ and y3 in terms of the derivatives of r and @. 
show that equations (3.80) become 


(r" — 0") cos @ — (r” + 2r'0') sin@ + V'(r) cos 6 = 0, 
(1 — 10") sin @ + (r” + 2r'0") cos 0 + V(r) sind = 0. 
(b) By rearranging these equations, show that 


rr? + V"(r)=0 and o (r?6’) =0. 


Hint: multiply the first 
equation by cos @, the 
second by sind, add the 
results and use the identity 
cos? @ + sin? @ = 1. The 
second equation is obtained 
by using a similar trick. 


3.4 Changing dependent variables 


The general theory is not much more complicated that these examples. Sup- 


pose that y = (y).y2.---. Yn) and z = (21, 22,..., 2) are two sets of depen- 
dent variables related by the equations 
ie = Welz), B= 1,2)...; n, (3.82) 


where we assume, in order to slightly simplify the analysis, that each of the 
U is not explicitly dependent upon x. The chain rule gives 


nae 
SR 5 On Set (3.83) 
i=l 


dx 0% dx” 


showing that each of the y, depends linearly upon the z/. It is necessary 
to assume that the transformation between the derivatives is invertible and 
it may be shown that the condition for this is that the determinant of the 
matrix with elements 0y,,/0z; is non-zero at all points of the region, which 
is also the condition for the transformation between y and z to be invertible. 


Under this transformation, the functional 


’ b 
Sly) = | dx P(x,y,y’) becomes stel= f drc(e,s,2'), (3.84) 


a 


where 


G(z, 2,2) = 


F (« V4(Z), Yo(z),.0-s ¥n(2), > ae Wn :) ; (3.85) 
jal * 


Sa az" 


that is, G(x, z.2') is obtained from F(x,y,y’) simply by replacing y and 
y’. In practice, of course, the transformation (3.82) is chosen to ensure that 
G(x, z, 2’) is simpler than F(a, y,y'). 


Exercise 3.13 
Show that under the transformation to cylindrical polar coordinates, 
th =pcosd, yox=psind, ys=2, 


the functional 


b 
Sly. yesus] = [ dx [3 (ui? +0? + us?) —V(e)]. p= Vuk +3, 
becomes 


Sle. 


b 
-/ dee [3 (9? + p?g!? + 2!) — V(p)]. 


Find the Euler-Lagrange equations and show that those for p and z are uncoupled. 
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In previous examples, for instance the minimal surface area of Section 2.5, 
and the brachistochrone of Section 2.7, we solved Euler’s equation by using 
the fact that if the integrand, F(y,y’) does not depend explicitly upon x, 
that is, OF /Ox = 0 then 


d ( ,OF en ao [Oly <OB 
(vs -F)=v@) a Nog) > oR) (3.86) 


This result is derived in Exercise 2.6 (page 51) and is important because it 
reduces the second-order Euler equation to the simpler first-order equation 

y a — F = constant. (3.87) 
The proof of this result given in the solution to Exercise 2.6 is algebraic and 
relied only on the fact that OF /Ox = 0. In the following optional subsection 
we re-derive this result using the equivalent but more fundamental notion 
that the integrand F(y,y’) is invariant under translations in x: this is a 
more fruitful method because it is more readily generalised to other types of 
transformations; for instance in three-dimensional problems the integrand of 
the functional may be invariant under all rotations, or just rotations about 
a given axis. The general theory is described in Section 3.5.2. 


The algebra of the following analysis is fairly complicated and requires care- 
ful thought at each stage: this material cannot be read and understood 
quickly and for this reason, this section is optional. However, we encourage 
you to attempt to understand it because this theory is important for the 
understanding of advanced dynamics and also, it is a very elegant piece of 
mathematics. This material also illustrates the important role that sym- 
metries play in simplifying the mathematical description of nature, 
noted in Block I, Chapter 5, in the discussion of vibrating membranes. 


was 


3.5.1 Invariance under translations 


We develop the general method by applying it to the example treated in 
Exercise 2.6 (page 51), in which there is a single dependent variable, « and 
where the integrand does not depend explicitly upon z, that is OF /Ox = 0, 
so can be written as 


b 
sul= [ deFuy), va) =A, ve) =B. (3.88) 


The admissible functions, (x), describe curves C, between the points (a, A) 
and (b, B), in the two-dimensional space with axes Oxy, so that a point, P, 
on the curve has coordinates (x, y(2)). as shown in Figure 3.3. 


ui 


> 
= 


oO 


Figure 3.3 Diagram showing the two coordinate systems Oxy and O77, connected 
by a translation along the z-axis by a distance 6. 


3.5 Symmetries (Optional) 


Another coordinate system could be OF, where F = x — 6 and 7 = y, with 
the origin, O, of this system at z = 4, y = 0 in the original coordinate system, 
that is a translation a distance 6 along the x-axis. In this coordinate system 
the curve C has the equation 7 = 7(%), so the coordinates of a point P are 
(%,7(%)) and these are related to coordinates in Oxy, (x, y(x)), by 


F=x-—6 and ¥(F)=y(x) or (ZF) =y(F+9), (3.89) 


the latter equation defining the function 9; differentiation, using the chain 
rule, gives 
dy _ dydx _ dy 


dy dy scm lame 
ie de dee ie! that is, 7/(%) = y'(xr). (3.90) 


The functional (3.88) can be computed in either coordinate system and, for 
reasons that will soon become apparent, we consider the integral, T[7], in 
the Oz] representation over a limited, but arbitrary, range ¢ < ¥ < d, 


Thy = 2 du F(y(u),7(u)) where 7(u) = @. (3.91) 
fa 
@=c-—6,d=d—édanda<c<d<b. The integrand of T depends on u 
only through the function 7(u): at each value of u the integrand has the 
same value as the integrand of Sy] at the equivalent point, x = u +6. 


Now follows the crucial step: because F does not depend explicitly upon 
the independent variable it follows that 


ad d 
| du F(y(u),7(u)) =/ dx F(y(x).y'(x)), where x= u+6, (3.92) 


e 


and this is true for all 6. 


Now consider small values of 6 and expand to O(6), first writing the integral 
in the form 
d-5 
oo du F(j(u),7/(u)) 
od 


dd c d 
=f au Fay) + [ auFa.y)— f du F(G.7). (3.93) 
c c-6 d-5 
This expression can be expanded to first-order in 6 by using the results 
J ,tuate) = 9(2)5-+ 008), (3.94) 
2-8 
and 
D(u) = y(ut 6) = y(u) +y/(u) 6+ O(6"), (3.95) 
and also 
Tu) =y'(u) + y"(u) 5+ (8). (3.96) 


Now consider the three terms of equation (3.93) separately. To first-order, 
the first term is 


d id 
T= | du F(y,7’) = ‘i du F(y + y'd,y' + y"5) + O(8). (3.97) 
c a 
Using the Taylor expansion 
OF 
F(y+y'6,y' +y"6) =F eet (5+ =— 
(yty'dy' +y (y.y') By! 9 ay 


where all derivatives are evaluated with 6 = 0, this becomes 


a oF oF 
= , ” 
n= [au [Powe +35ry +35ru 


y"5 + O(8), (3.98) 


| +0(8&). (3.99) 
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The second and third terms of equation (3.93) have the same form, 


du F(G,9') = F(G(2),9'(2)) 5 + O(8) 


= F(y(z),y/(2)) 6+ O(8*), (3.100) 
hence 
“ d 
/ du F (9.7) -f du F(G.7') = -6 [F(y,v’)]? 4+ O(8). (3.101) 
end d—6 
On combining these relations the expression (3.93) for T’ becomes 
OF ,, OF 
T=] du +b—y' +56 | 
f i [r (y-y') ay! tay 


5[F(y.v)]? + O(8). (3.102) 
Because of equation (3.92) this gives 


E OF | ,0F a ‘ 
7 JER a HORN, nye 2 3.108 
o=s[ du (v oy +y oz) 5[F(y.y')]. + O(0"). (3.103) 
Now opie the second integral by parts, 
OF _[ ,OF]" 4, ,d (oF 
Pt pepe 3.104 
“aur ~ Woe, fla (Sp) cathe 


Sanchotae this into (3.103) gives 


o=s[y al -6 f° duy’ aE (5) ~ 35] +O (3.105) 


But y(u) is a solution of the Euler-Lagrange equation, so the remaining 
integrand is identically zero, and hence 


OF OF 
(F- vey) | (r- V5) bar 


Finally, we observe that ¢ and d are arbitrary and hence, for any « in the 
interval a < x < b, the function 


F(y,y!) — 15, 


Because the function on the left-hand side is continuous the equality is true 
in the interval a < « < b. This relation is always true if the integrand of the 
functional does not depend explicitly upon <r, that is, 9F/Oxr = 0. It relates 

y'(x) to y(a) and by rearranging it we obtain one (or more if, for instance, a 
square root is involved) first-order equation for the unknown function y(:r), 
which is generally easier to deal with than the second-order Euler-Lagrange 
equation. Of course, by differentiating equation (3.107) with respect to x 
the Buler-Lagrange equation is regained, as shown in Exercise 2.6 (page 51). 


(3.106) 


iO RG y') = constant. (3.107) 


The function F — y'F/dy' is named a first integral of the Euler-Lagrange 
equation, this name being suggestive of it being derived by integrating the 
original second-order equation once to give a first-order equation. For the 
same reason in dynamics, quantities that are conserved, for instance energy, 
linear and angular momentum, are also named first integrals, integrals of 
the motion or constants of the motion, and we shall see in the next chapter 
that these dynamical quantities have exactly the same mathematical origin 
as the first integral defined in equation (3.107). 


3.5 Symmetries (Optional) 


As an example of a functional that is not invariant under translations of the 
independent variable, consider 


b 
Ju) = f dezy'e), ya) =A, wld) =B. (3.108) 


It is instructive to go through the above proof to see where and how it breaks 
down. In this case equation (3.92) becomes 


d ve 
wal = [ dunia (uP = [ dz (—Oy(z), routs 


“d 
= Jy) 8 ff deve) 4 J. (3.109) 


This proof of equation (3.107) may seem a lot more elaborate than that 
given in Exercise 2.6 (page 51). However, there are circumstances when the 
algebra required to use the former method is too unwieldy to be useful, and 
then the present method is far more transparent. An example of such a 
problem is given in Exercise 3.33. The following exercise is long and fairly 
difficult, but it revises all the steps of the preceding analysis. 


Exercise 3.14 


In this exercise we consider a functional, 


sui = f dx F(x, y,y') (3.110) 


that remains unchanged when the dependent variable is changed to F where x = 
(1 +6)%, for some constant 5. This represents a change of scale in sr, rather than 
a translation, as considered in the text. 


This means that for any ¢ and d, where a < ¢ < d < b, equation (3.92) is replaced 
by 


d ad 
T =f du F(u,9(u). 7 (u)) -f dx F(x,y(x),y'(x)). (3.111) 
= ‘c 
where 7(Z) and y(«) are related by the identity 7(%) = y(x), with «= (1+ 6)%. 
(a) Show that 
ae) =(1+ ot that is 9/(%) = (1+ d)y/(z). 
(b) Show that, to first-order in 6, 


l—dd 
a= f du F(u,p(u),7/(u)) + O18) 
Je-ed 
: : 
= f du F(u,0,9) + ve du F(u 5.7) 
i co 


“d 
-f duF(u.g.7') +O(8). (3.112) 
d-dd 


and that 
B(u) = y(u) + y'(u)ud + O18) 
and 
7 (u) = yu) +5 (y'(u) + uy" (u)) +O). 


(c) By expanding the right-hand side of equation (3.112), show that, to first-order, 
this equation becomes 


a : 
v= | du [y Seat +o —[uF(u.y.y')Io- 


Ws 
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(d) Use integration by parts to show that 


dd OF 
” , 
is duy nie [vu eal - [a duy 4 («5 =) 


and hence that. if y(u) is a stationary path of S, the relation derived in part (c) 
becomes 


OF : 
o=|u(v Ving ia for all c and d. 


Deduce that for a functional satisfying the given invariance, the first integral 
is 


OF 
«F —xy'=— =constant for all a<x <b. 
Oy 


(e) If F =x%y’%, for some constants a and 3 ¥ 1, show that the first integral de- 
rived in part (d) reduces to y/(x) = Ax~? for y= (1+ @)/ and some constant 
A. Show that the solutions of this equation are 


Alne + B, y=1, 
ue) ee +B, y#1. 
iy 


Explain why only the first of these solutions, y= 1, is a stationary path of a 
functional invariant under a scale transformation. 


Later, when we discuss the variational formulation of Newtonian dynamics, 
it will be seen that the equivalent of equation (3.107) becomes the conserva- 
tion of energy in those circumstances when the forces are conservative and 
are independent of the time; that is, in Newtonian mechanics energy conser- 
vation is a consequence of the invariance of the equations of motion under 
translations in time. Similarly, we shall see that invariance under transla- 
tions in space gives rise to conservation of linear momentum, and invariance 
under rotations in space give rise to conservation of angular momentum. 


3.5.2 Noether’s theorem 


In this section we extend the previous analysis to deal with functionals 
having several dependent variables. The analysis is a straightforward gener- 
alisation of that presented above but takes time to absorb, so we recommend 
that you do not try to understand it properly until finishing Chapter 4, by 
which time the significance of Noether’s theorem will be clearer. For this first 
reading, try to understand the fundamental ideas and try to avoid getting 
lost in algebraic details. That is, you should try to understand the definition 
of an invariant functional, the meaning of Noether’s theorem, rather than 
the proof, and should be able to do Exercises 3.16-3.18. 


There are two ingredients to Noether’s theorem: 


(i) functionals that are invariant under transformations of both dependent 
and independent variables; 


(ii) families of transformations that depend upon one or more real parame- 
ters. 


We consider both of these elements in turn in relation to the functional 


b 
sivl= [ dx F(x,y.y'), y= (yr.yo.---.Un)s (3.113) 


which has stationary paths defined by the solutions of the Euler-Lagrange 
equations. Notice that we have not mentioned the boundary conditions: 
this is because they play no role in the general theorem. 


3.5 Symmetries (Optional) 


The value of the functional usually depends upon the path taken, which in 
this section is not always restricted to being stationary. We shall consider 
the change in the value of the functional when the path is changed according 
to a given transformation: in particular, we are interested in those transfor- 
mations which change the path but not the value of the functional. 


Consider, for instance, the two functionals 


1 1 
Sulu) = ff de (v2+ 42) and Saly)= [de (vf? +2). B.118) 


A path 7 can be defined by the pair of functions (f(x), 9(x)), 0<a# <1, 
and on each ¥ the functionals have a value. 


Consider the transformation 


Ti = yi cosa — yo sina, y= J, cosatJosina, 


ES i with inverse as A (3.115) 

Yo = yi sina + yw cosa, dp = —Y sina + Jo cosa, 
which can be interpreted as an anti-clockwise rotation in the (y;, y2)-plane 
through an angle a, independent of x. Hence under this transformation the 
curve ¥ is rotated bodily to the curve 7, as shown in Figure 3.4. 


ve 


Rotated curve 


Original curve (f(z). 9(@)) 


—— 
nw 


Figure 3.4 Diagram showing the rotation of the curve 7 anti-clockwise through an 
angle a to the curve 7. 


The points on 7 are parametrised by (f(x),9(x)), 0 < x < 1, where 
f=fcosa—gsina and j= fsina+gcosa. (3.116) 
Hence on the path 7, the functional $; has the value 
1 
si) = fae [s'@? +00? (3.17) 
0 
and on the path 7 it has the value 
1 1 
SiG) = f de [Fer +9@)] = fae [PP +9@)"]. G8) 
0 0 


Hence the functional has the same value on yy and on 7 for all a. That is, 
Si{y] is invariant with respect to the rotation defined in Equations (3.115). 


On the other hand, the values of Sz on 7 are 
1 
SG) = ri de [f(2)? + 9/(z))] fla), (3.119) 
and on 7: 


1 
(9) = [de [F@? +9] Fe) 


= i dx [f'(x)? + g'(x)"] [f() cosa — g(x) sina] 
0 


oT 
= $9(7) cosa — sina f dx [f(x +9/(z)"] g(x). (3.120) 
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In this case the functional has different values on 7 and on 7, unless a is an 
integer multiple of 27. That is, S2{y] is not invariant with respect to the 
rotation (3.115). 


Exercise 3.15 
Derive equations (3.118) and (3.120). 


The transformation (3.115) does not involve changes to the independent 
variable x, but the transformation considered in the previous subsection in- 
volved only a change in the independent variable, via a translation along 
the x-axis; see Figure 3.3. In general, it is necessary to deal with a transfor- 
mation in both dependent and independent variables, which can be written 
as 


E=O(x,y,y') and F=Vy(z.y,y'), k=1,2,..., n. (3.121) 


We assume that these relations can be inverted to give x and y in terms of # 
and Yy. For any curve 4, defined by a specific function y = f(x), a < x < b, 
this transformation moves 7 to another curve ¥ defined by the equation 
y= fiz). 


Definition: The functional (3.113) is said to be invariant under the trans- 
formation (3.121) if 


G=G, (3.122) 


where 


a a __ d dy — 
c= [ avr (2.9.2) and c= | aeF (xu), (3.123) 


for all c and d satisfying a < ¢ < d <b, with @ and d given by equa- 
tion (3.121) by putting a equal to ¢ and d, respectively. 


The meaning of the equality G = G is easiest to understand if = x. Then 
the functions y(a) and y() define two curves, -y and 7 in an n-dimensional 
space, each parametrised by the independent variable 2. The functional G is 
the integral of F(x, y, y’) along 7 and G is the integral of the same function 
along 7. 


By contrast, in the case « # the only difference is that the parametrisation 
along 7 and 7 is changed. In practice, the usual change to the independent 
variable, x, is the uniform shift F = « +6, where 6 is independent of x, y 
and y’; this is the example dealt with in the previous subsection. 


A one-parameter family of transformations is the set of transformations 
F=O(r.y,y'36) and FH, =Wy(ax,y,y':d), k=1,2..... n, (3.124) 


depending upon the parameter 6, which reduces to the identity when 5 = 0, 
that is, 


x= P(r,y.y'30) and y= %(2,y,y':0), k=1,2,....n, (3.125) 


and where ® and all the YW; have continuous first derivatives in all variables, 
including 6. This last condition ensures that the transformation is invertible 
in the neighbourhood of 6 = 0. An example of a one-parameter transfor- 
mation is defined by equations (3.115), which becomes the identity when 
a=0. 


3.5 Symmetries (Optional) 


Exercise 3.16 

Which of the following is a one-parameter family of transformations? 
(a) F=a—-yd. F=ytax. 

(b) F=acoshé—ysinhd, 7 =—ycoshd + ysinhd. 


(c) =a and ¥ = yexp(Ad), where A is a square non-singular n x n matrix, and 
the exponential of a matrix is defined by the infinite series 
sk 4k 
oA 
exp(Ad) = > 


k=0 


=1+Ad+ $475? + 1439+... (3.126 
2 6 


Families of transformations are very common and are often generated by 
solutions of differential equations, as illustrated by the following exercise. 


Exercise 3.17 


(a) Show that the solution of the equation 


dy _ 


aq ~¥-w, O<y(0) <1, (3.127) 
is 
y= V(z,t) = ite 2==y(0). (3.128) 
(b) Show that this defines a one-parameter family of transformations, y = V(z,t), 
with parameter t. 
Exercise 3.18 
Show that the functional 
b 
sivl= ff ae (v2?) (3.129) 
la 


is invariant under the transformation 
Ti = coshd+yosinhd, Jy=yrsinhd+yecoshdé, F=x+5g(a), (3.130) 


only if g(a) is a constant. 


We have finally arrived at the main part of this section, the statement and 
proof of Noether’s theorem. The theorem is far easier to understand than 
its proof, so after reading the theorem we suggest that you do Exercises 3.20 
to 3.22, leaving the actual proof until you have time to understand it. The 
theorem was published in 1918 by Emmy Noether (1882-1935), a German 
mathematician, considered to be one of the most creative abstract alge- 
braists of modern times. The theorem was derived for certain variational 
principles, and has important applications to physics, especially relativity 
and quantum mechanics, besides systematising many of the known results 
of classical dynamics. 


The theorem deals with arbitrarily small changes in the coordinates, so in 
equation (3.124) we assume |5| < 1 and write the transformation as 


F=2+(z,y,y/)5+O(%), o= oe 2 
06 6=0 
(3.131) 
. ay, 
T= te + Ue(tyy'O+OF), = Fel. 
|6=0 
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where we have used the 6 = 0 limit defined after equation (3.124). In all 
subsequent analysis, second-order terms in the parameter, here 6, are ig- 
nored. 


Exercise 3.19 


Show that, to first-order in a, the rotation defined by equations (3.115) becomes 


Ranta, vy =—ya, 


Vo=yoty2a, vo=- 


Noether’s theorem 
If the functional 


d 
sul= [ dx F(x,y,y') (3.132) 


is invariant under the family of transformations (3.131), for arbitrary 
cand d, then 


n n 
OF OF 

») A Ry LF ot y i. | o = constant. (3.133) 

fol Oyj, - ( k=l a =A 


along each stationary path of Sly}. 


The function defined on the left-hand side of equation 3.133 is often named 
a first integral of the Euler-Lagrange equations. Equation (3.133) is the 
significant result and is the required generalisation of the simpler result first 
derived in Exercise 2.6 (page 51) and used in Section 2.5 to find the minimum 
surface of revolution, and in Section 2.7 for the brachistochrone problem. 


In the one-dimensional case, n = 1, and when 7 = y (uv: =0) and ¢ = 1, 
equation (3.133) reduces to the result derived in the previous section, equa- 
tion (3.107) (page 114). The proof of Noether’s theorem is given after the 
following exercises. 


Exercise 3.20 
Use the fact that the functional 
"b 
stul= fae (vi? +2) 
i 


is invariant under the rotation defined by equations (3.115), and the result derived 
in Exercise 3.19, to show that a first integral is 


Ws — yay, = constant. 
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Exercise 3.21 
Show that the functional 


b 
stwl= [ae (ui? +04?) 


is invariant under each of the following three transformations only if g(x) is a 


constant. 

(a) H=m+g(z)5, To=y. Fax. 

(b) T=", Yo=wtg(z)s, F=z. 

(c) =m, Ua = yo. F=x+ g(x) 6. 


In the case g(x) = 1, show that these three transformations lead to the following 
first integrals, respectively, 


(a) y{ =constant (b) y5=constant (c) y{? + ys? =constant 
Exercise 3.22 
Show that the functional 
Sly] = hy dex [3 (yi? + v7) +V (un —w2)], 
where V(z) is a differentiable function, is invariant under the transformation 
Ti=mtg(z), To=wrtdg(z), T=2x 
only if g(a) is a constant, and that in this circumstance a first integral is 


i + yh = constant. 


Exercise 3.23 


Show that for the scale transformation « = (1+ 5)¥ considered in Exercise 3.14, 
@ = —a, and that in this case the first integral given in equation (3.133) is the same 
as that derived in Exercise 3.14. 


Proof of Noether’s theorem 


Noether’s theorem is proved by substituting the transformation (3.131) into 
the functional (3.132) and expanding to first-order in 6. The algebra is 
messy, So we proceed in two stages. 


First, we assume that 7 = x, that is, @ = 0, which simplifies the algebra. It 
is easiest to start with the transformed functional 


d 
=f aeF (x9, 22) (since = x). (3.134) 
he dx 
Now substitute for 7 and 7 and expand to first-order in 6, to obtain 
au di 
= [ da F (=v + dep, y! + z) 
c 


OF OF du, 
= [ak eu) +6" dx >> > a+ oy ae ot). (3.135) 


But the first term is merely the ma functional which equals the 
transformed functional — because it is invariant under the transformation. 
Also, using integration by parts 


ad «(OF dy OF 
| ae ae [ude]: - Pawd (ra) (3.136) 
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and hence, by substituting this result into equation (3.135) we obtain 


0= oe wg]: +6 [eo {= - = (an): (3.137) 


The term in curly brackets is, by virtue of the Euler-Lagrange equations, 
zero on a stationary path. It follows that 


“OF 
Yass 
k=1 i oo 


and since ¢ and d are arbitrary, we obtain equation (3.133), with @ = 0. 


(3.138) 


ie 
bon 


r= 


In the second stage of this analysis we consider the general case, ¢ 4 0, 
which proceeds similarly but is algebraically more complicated. As before 
we start with the transformed functional, which is now 


— d dy 
= ty, > 139 
Tr | ar (a9 z) (3.139) 


where d = d + 60(d), @= c+ 40(c), with 4(c) denoting oc. y(c), y/(c)) and 
similarly for @(d). Now we have to change the integration variable and 
limits, besides expanding F. First consider the derivative dy/dz: using 
equations (3.131) and the chain rule, 

ay _ ail dz _ |, do 

= -(f+6 = <, but S=14658 (3.140) 


and so, to first-order in 4, we have 


o- (2+ oe) (1 - 3) = dy +6(3- 22). (3.141) 


dE dx dx dx dx dx dad. 
Thus the integral becomes 
— d dt dy dy dydo 
= [ dee [e+ b6.y + 5,4 +5 (= e 9] . (3.142) 


Now expand to first-order in 6 and use the fact that the functional is invari- 
ant. After some algebra we find that 


OF din \ do, OF 
o=6f dix [(«- pies se) Ore 
OF dig erst 
= (usr +o Cade | . (3.143) 


Now integrate those terms containing total derivatives of @ and y;, by 
parts to cast this equation into the form 


d 
Py ". OF dyp 
o=a[(r- 9 ak ome] 
OF d OF dy, 
+o" ol -Z(r-D zeae) 
= OF d (aF 
+8 fae So [oe a (Gr) Oto 


Notice that if @ = 0 this is the same as equation (3.137). Finally, we need to 
show that on stationary paths the integrals are zero. The second integral is 
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clearly zero, by virtue of the Euler-Lagrange equations. On expanding the 
integrand of the first integral the term in curly brackets becomes 


ar [ar (ar, , aF ar 
oF [5 (3 ho Sea)] +33 Uk 


k=1 
n 


> we (57 a): (3.145) 


Using the Euler-Lagrange equations to modify je last term, it is seen that 
this expression is zero. Hence, because ¢ and d are arbitrary, we have shown 
that the function 


“.. OF 
(*-3 > e sen) o+ Lag? (3.146) 


where y(z) is evaluated along a stationary path, is independent of xr, and is 
a constant. 
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Exercise 3.24 
Using the functional 
b 
Sly = [ da (y'? — uty?) 


and the change of variable z = 2'/°, show that the differential equation y/’ +u*y = 0 
is transformed into 


Exercise 3.25 


Show that the Euler-Lagrange equations for the functional 


b 
Slyn.ua]= [dx F(u\.ud)- 


which depends only upon the first derivatives of y; and y2, are 


DA yy Sa rp) OES ns Oa 
aye * ayo =" Byron, * age = 
Deduce that, provided the determinant 
PF OF 
a-| WW Mr 
PF OF 


Oy\Ouy Oye? 
is non-zero, the stationary paths are the straight lines 
n(x) =Ar+B, wplr)=Cr+D, 
where A, B, C and D are constants. Describe the solution if d = 0. 


What is the equivalent condition to d # 0 if there is only one dependent variable? 
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Exercise 3.26 


If &(, yi, y2) is any twice-differentiable function, show that the functionals 


b 
Silvia] -[ dic F (2,41, y2. Ui, Ya) 


a 


and 


b 
Solvivel= f de [F (2,91, y2. Uh. U2) + ¥ (a, 1.42 4i.¥d)) « 


where 
Peeps enact 
Ox © Ay." * Oya" 
lead to the same Euler-Lagrange equation. 


Note that this is the direct generalisation of the result derived in Exercise 2.28 
(page 71). 


Exercise 3.27 
Consider the two functionals 
Salva] = [de (8 (8 + v8) + ouC2bh + (eos ~ V2 0102) 
and 
Soli y2] = [ dx [4 (wy? +947) -—Vie.m.w)] . 
where 


V=V + gi (x) + 94(x)yo- 


Use the result proved in the previous exercise to show that they have identical 
Euler-Lagrange equations. 


Exercise 3.28 


(a) Show that the Euler-Lagrange equation of the functional 


Sty| = [ eeviree y—ety! 


is 
a ‘ d, 
a4 — (36-* — 1) 2 +26" y = 0, (3.147) 
(b) Show that the change of variables u = e~*, with inverse x = — Inu, transforms 


this functional to 
1 
SY] =[ dus/Y¥(u)+Y¥'(u), Y(u)=y(—Inu), 
0 


and that the Euler-Lagrange equation for this functional is 


@yY dy rs 
ae 13a, + 2Y =0. (3.148) 
(c) By making the substitution «= —Inu, show directly that equation (3.148) 
transforms into equation (3.147), 
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Exercise 3.29 
Show that the stationary paths of the functional 


m/2 
Sly. 2) =/ da (y'? + 2'? + 2yz) , 


with the boundary conditions y(0) = 0, 2(0) = 0, y(x/2) = 8/2 and 2(x/2) = 1/2, 


satisfy the equations 


Py az 
Fecha 0, on toe 0. 
Show that the solution of these equations is 
_ sinha we =f). mohs ae 
y(a) = inh(/2) + 7sinz, 2(x)= Sinh(a/) ~ zsinz. 


Exercise 3.30 
Show that if y= G(z), where G(z) is differentiable, the functional 
b 
sul= f deFee.ny) 
‘a 
transforms to 
b 
Sz] -/ dx F(x, G(z),G'(z)z'), 
a 


with associated Euler-Lagrange equation 


Pe BEN | ORs yen, OE irc 
£(e@ 3) -Few- Hore: =0. 


Exercise 3.31 
Consider the functional 
; Ree 
Sly) =f ae yQ) =A, y(2) = B, 
where A and B are positive and different. 
(a) Using the fact that dy/de = 


1 
dajdy 
variable the functional becomes 


B 
Sl] -f, dys 
where 2/ = dz/dy. 


a(A)=1, 2(B)=2. 


(b) Show that the Euler-Lagrange equation for the functional Sz] is 


pS (en Ve eg) 
dy \ xx? =e 
which simplifies to 
@r 2 (dr\* _, 
dye" z\dyJ) 
(c) By writing this last equation in the form 
arroaly (« ¢) =0, 2#(A)=1. 2(B)=2, 


and integrating twice, show that the required solution is 
2 Ty sB — 8A 
B-A 


. show that if y becomes the independent 
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3.7 Harder Exercises 


Exercise 3.32 


The ordinary Bessel function, denoted by J,,(a), may be defined to be proportional 
to the solution of the second-order differential equation 
ody dy E 
2O¥) . 2 Ou fig = = 
Gitta tm y=0, n=0,1,2, 
which behaves as (1:/2)" near the origin. See Block I, Chapter 5, 
Subsection 5.2.5. 


(3.149) 


(a) Show that equation (3.149) is the Euler-Lagrange equation of the functional 


Fui= f ee [ov'e* -(: 


where the admissible functions have continuous second derivatives for 0 < x < 
X. Note that the derivation of equation (3.149) from this functional requires 
care because there is no boundary condition at « = X. This omission can be 
rectified using the fact that the differential equation is linear. 


(b) Define a new independent variable u by the equation 2 = f(u), where f(u) is 
invertible, and set w(u) = y(f(u)), to cast this functional into the form 


Flu) = Ne a [Fawr = (footw) = nfl) w(u)| " 
where f(g) =0 and f(u;) =X. 


(c) Hence show that-iff(u) =e", w(u) satisfies the equation 
Cw 
du? 


and deduce that a solution of equation (3,150) is w(u) = J, (e"). 


(emt we, (3.150) 


Exercise 3.33 


Show that the Euler-Lagrange equation of the functional, first considered in Exer- 
cise 2.33 (page 73) 


b 
Sty] = [ da F(x,y.y'sy"). 
with the boundary conditions 
yla)= Ay, y/(a)= Aa, y(b)= Bi, y'(b) = Bo, 
has the first integral 
@ (or) On oe 
ae ay Byr = Constan 
if the integrand does not depend explicitly upon y(a), and the first integral 
OF d (OF OF 
ek (2 (BE) _ OP) yn 
y ayr ( a ( a =) a a) y' — F =constant 
if the integrand does not depend explicitly upon x. 


[Hint: the second part of this question is most easily done using the theory described 
in Section 3.5.1.] 
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Solutions to Exercises in Chapter 3 


Solution 3.1 


(a) 


(b) 


If « =u? the chain rule gives 


dy _dydu_dy 1 _14a¥ 
dx dudx  dudxjdu 2u du’ 


where ¥(u) = y(u2), so the functional becomes 


“ Lufayn? 
svi=2 f dun (ds (x) -zv'), where usm 2i/?, 
0 
ey ig Lees 2y2 
=} fm (ty7— aur’). 


The Euler-Lagrange equation is now 
Byes 

= (=) +4duu*¥ =0, 
du \u 


which expands to uY” — Y’ + du‘? Y 
tion (3.1), with a = 2. 


0. With w=1 this gives equa- 


The second derivative is obtained using the chain rule again, 
Cy em fPley\ 1 2 diflay 
dx? ~~ du \2u du) dx/du 2udu \2u du 
-i(i@y_1dy)_i1/(@y_ ay 
~ Qu \2u du? 2u2 du) ~ 4u3 \" du? ~ du)’ 
Hence y" + uy = 0 becomes 


aie Ss 
! ( es aL) +H¥ =0, 


ER a Tet Je op 
4u3 \ du? du 


giving the same Euler-Lagrange equation for ¥(u). as before. 


Solution 3.2 


(a) 


(b) 


Here the integrand is F = y'? so OF /@y’ 
tion is y” = 0; alternatively apply the fi 
to give y/? =e. 


= 2y/ and the Euler-Lagrange equa- 
integral, equation (2.33) (page 49), 


If y = G(z) the chain rule gives 


dy _ ane) 
dz Oa 


and the functional becomes 


dx 


b 
S{z] = [ dx G'(z)*2/?. 


Now the integrand is F = G’(z)?2'?, giving 


= =2G"(z)?2/ and 


so the Euler-Lagrange equation becomes 
a (G"(z)?z') — G"(z) G'(z) 2? =0. 


a 
dx. 


(G22) = 6 


” 4. 9G" (z)G'(z) 2, 
and hence the Euler-Lagrange equation becomes 


G'(z)? 2” + G"(z)G"(z). 


/2 


=0. 
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which is the result quoted. 


Now make the same change of variables in the original Euler-Lagrange equation 
y” =0. The chain rule gives 


Cr LD eer ce 4 dz\? 
COE and aq ~C@gate © (%) 4 


which leads to the same equation as derived above. provided G’(z) 4 0. 


Solution 3.3 


(a) With the polar coordinates x = r-cos 4, y = rsin@, the derivative y/(:r) is given 

by equation (3.25) (page 100), hence 
S24 72 
1+y(e? =" 
(r’ cos 6 — sin @) 
Since we are assuming that y/(z) is bounded, from the definition of admissible 
functions, r’ cos@ — rsin@ # 0 on the curve. Here, for simplicity, we assume 
r’cos@—rsin@ > 0; in the opposite case the analysis changes slightly, but the 
final result is the same. The functional becomes 

Oy vs 
hee ji pte _ ever 
0, 


dO r’ cos —rsin8” 


where tan @, = y(a)/a and tan, = y(b)/b. But by equation (3.22), 
a 6, 
oe cement tence need -[ dor vr +r, 
8 


dé 
If F=rvr? +77, its derivatives are 
OF _ '2+2rP OF rr’ 


Bart Be ae 
and the Euler-Lagrange equation is 

5 ( 1 )- r!? + 2r? ee 

@\ frat) ftert 
Expanding this gives 

rete? rere’ trie) 2r? 41/2 

Vier (ara Vtart 
and this reduces to rr” — 3r?r’? — 2r4 = 0, which on dividing by r°. gives the 
quoted equation. 


=0, 


(b) In order to simplify this, consider the first two derivatives of 1/r*, 


a bg ei x me 
(=) =-esr and (4) =-e telat ty 


and hence 
etna Ca OL 
19) = ‘ee a (DS 
'@)=(a+)— a de (=)- 
Thus if we set a = 2 and substitute for r”(0), our equation becomes 
cat Seay Pz 1 
Tae (3) —2r=0, or ap t4=0, where z= Zz 
The general solution of the equation for z is z = r~? = Acos 20 + Bsin 26, but 
since 
sin20 = 2sindcosd= “2% and c0s20 = cos? 9 — sin? = = =e 
r 


this becomes A(a? — y”) + 2Bay = 1. 
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Solution 3.4 


The functional is 


si j= [a =e =a x')F(a/z'(y)) 
ee lal 
which is the required result. 


Solution 3.5 
Applying the boundary conditions gives, for y;(x), 
0=A+C and 1=B+Ccosh(r/2) + Dsinh(x/2), 
and for ye(r), 
0=-A+C and —1=—B+Ccosh(x/2) + Dsinh(x/2). 


Since A = C and A+C =0, we have A= C =0. Then the equations for B and 
D become 


B+ Dsinh(n/2)=1 and —B+ Dsinh(n/2) = -1 


Uddine these tao eohitions gives 2D siubln/2) 0) oD 20 and heucs 2) 
Thus the required solution is y; (x) = sina and yo(r) = —sinz. 


Solution 3.6 


The conditions at 2 =0 give y,(0) = A+ C =0 and y2(0) = -A+C =0,s0 A= 
C =0. The conditions at «= 7 give y;(7) = Dsinh a and y(7) = Dsinha = 


B. If a # 8, there is no solution. If a = 3, the solution is 
4 sinha gs sinha 

wn(«) = Bsina + Oana yo(x) = —Bsine +055 for all B. 
Solution 3.7 
In this case F = yj? + yh? + yiys, so 

OF _ OF OF oF 

a—=5—-=0, sr =WwWityw and > =wWt+y. 

On Oya an Uy + U2 oh Y2t 


Hence the two Euler-Lagrange equations are 
d d 
7s (2y, +42) =0 and ae (2y5 + 4) =0. 


‘These may be integrated directly to give 2y, + y) =a, and 2y + y, = a2, where 
a, and ag are constants. Now integrate again to obtain 
Qn t+y2=aqr+b, and 2yo+y, =agx + bg. 


But the boundary conditions at 2 = 0 give by = 1 and bz = 2; at « = 1 we have 4 = 
ay +b; and 5 = ay + bo; hence a; = 3 and a2 = 3, and the solutions are 2y; + yo = 
3a +1 and 2yo +4, = 3x +2, Multiplying the first equation by 2 and subtracting 
the second now gives y; = 2 and yp = 2+ 1. 


Solution 3.8 


We can write the functional in the form 
Sion) = [ae [lv +406)" +302] - 
Thus, on defining z; = y: + 42/2, this becomes 
Slzr,ye] = fe (2? + $447). =1(0) = 3, 211) =2, wo(0) =1, yo(1) =2. 


The associated Euler-Lagrange equations are simply z// = 0 and yf = 0, which can 
be integrated directly to yield z; = Ayr + B, and yp = Aga + Bo. The boundary 
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conditions for 2;(xr) give B, = 1/2 and A; + B, =2, so Ay = 3/2. For yo(x) we 
find Bz = 1 and Az + By = 2, so Ap = 1. Hence the solution is 


a=3et+} and w=2+), so ys(x)=2(x)—dy(x)=2. 
Solution 3.9 
Since 
b 
Stnme) = f dx F (x, 41, Y2-Ui-¥2) » 


from the definition (3.51) we require the derivative 
d b 
Ale) = zf dar F(a, tn + 91. Y2 + €g2. 0h + Dh U2 + €9) 
le 


b 
d 
= [ dr FF (aun + €giy ue + €92, Yi + €G1+ Ub + €M2)- 


a 
But, the chain rule gives 


rte, +¢ + ega.y + €g bee a me Swart 
oF Yl FEM Ya + G2, Yy + 9). Yo a= By Onn? a” 


OF 5 
an” 
Now set € = 0 to obtain equation (3.50). since AS = A(0). 

Solution 3.10 

(a) In this example F(y,y’) = DL, Dj (yiAuyy — wu Byy)) giving 


which, because Aj; = Aj, gives 


OF =. dy; 

—= —t, Sken. 

Ou pe Ag; oe 1<ken 
Similarly, 

or “ 

—— Buy uy. sken, 

ae »» KY, [Sk<n 


which gives the quoted Euler-Lagrange equations. 


S 


Using the standard rules for matrix multiplication, we see that 


non non 


yy’ =O wAvy, vy By = ow Buy. 


i= j=l i=l j=1 
which gives the required functional. Similarly, 
. va — ad 
(By) = > Buy; and (- Ga), = gh 1<k<n 
ja j=l 


so the Euler-Lagrange equation is Ay” + By = 0, and assuming that A is non- 
singular, so that A~! exists (as is the case for the positive-definite matrix A) 
we obtain the given equation by multiplying by A~!. 
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Solution 3.11 
(a) If 


b 
Stusval= ff de (4? +2) -VO], r= ak ek, 


we have 
OF Oe dV Or or 
as = d =m k=1,2 
an By dr Oy, Ty 
Hence the Euler-Lagrange equations are 
Pye, WV yk 
go ae k=1, 2: 


(b) For the functional 
b 
Str, 0) -f de [4r'? + br?0'? -Vi(r)], 
a 


we have OF /00’ = r70' and OF/00 = 0. The Euler-Lagrange equation for 0 is 
do L 
r = iving 6! == 

dx: z (* a) Oi pecan 72? 
for some constant L. Also OF/Ar' =r’ and AF/dr = r6!* — V'(r), so the 
Euler-Lagrange equation for r is 

Pr 

de? 
Substituting for 6’ = Lr~* gives the required equation. 


+V"(r) — 10"? =0. 


Solution 3.12 


(a) We need to find the second derivatives of y; and yp in terms of the derivatives 
of r and @, Since the equations relating y; and yg to r and @ are products, this 
is most easily achieved using Leibniz’s product rule: for second derivatives this 
is 


E seate) = f"g+2f'g' + fa". 


Hence for y; = rcos@ we have 


&y  &r dr d & 

pal a — cos 4. 

Te? FE heel oO cost +r cos 
But 

d db. & PO. do\? 

ae P= — qq sind, qi ce= — qqz sind - (S) cos 4. 
hence 

2, 2 
a) = oe o-2@ ind ro sind —r (z) cos 
= (r" — 16!) cos — (r6” + 2r'6’) sin 8. (3.151) 

Similarly, for y2 = rsin@ we have 

Cy &r = drd . Ge «3 

et = de® ind +27 ae sin@+ "Te sin@. 
But 

dd.) do coe &6 do\* 

ae sin? = te cos, Ee sind = i cos 8 — (=) sind, 
hence 

Py @r dr dB €0 dB. 

= yz Sn + 27 cos tr ond—r (2) sin@ 


= (r” — r6!?) sind + (r6" + 2r'6’) cos 0. (3.152) 
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The equations (3.80) are therefore 
(r" —r0'*) cos@ — (ré” + 2r'6’) sin @ + V'(r) cos @ = 0, 
(r” — r0"?) sin @ + (r0” + 2r'0’) cos @ + V(r) sind = 0. 
(b) Multiplying the first of these by cos@, the second by sin and adding, gives 
rn” ~ 76? + V(r) =0. 


Multiplying the first of these by sin@, the second by cos@ and subtracting, 
gives 


ld 

e+ 2r'e'=0, but + 26!) — po /o. 

70" + 2r'9=0, but = (r76') = 0” + 2r'0' 
which gives the second equation. 


Solution 3.13 


Differentiating the given expressions for y). y2 and ys with respect to x gives 
vy), = p'cosd — po'sind, yh = p'sind+pd'cosd, yh, =2/, 


so yh? + yh? + yh? = p'? + po! + 2'*. Hence the functional becomes 
a 
Slo.é2) = i de [} (9? + Pd? +2!) — V(p)]. 
a 


‘The three Euler-Lagrange equations for p, @ and z are, respectively, 


2 2 
+5 -0(%) +V'(p) =0, 
d ( ado\ _ 
& (#@) -° 
Pz 
oa =0. 


The second of these equations gives 6’ = Lp~*, where L is a constant, and hence 
the first becomes p” — L*p~* + V’(p) =0. Hence in this coordinate system the 
Euler-Lagrange equations for p and z are uncoupled. 

Solution 3.14 


(a) Since 7(F) = y(«) the chain rule gives 
Oe ad nae / 
SU) = Sule) Z = (144). 


(b) We have 

d 
146 
with a similar expression for ¢. Hence, to first-order the expression for T is 


am =d(1-6+0(6)) =d-dd+0(6), 


a ddd 
r= f duF(u.mu)t(w)) = f ’ du F(u,9(u).¥ (u)) + O(8). 


ome 
Splitting the integration into three integrations over the intervals (c — cd, c), 
(c,d) and (d — dé,d) gives 


ddd 
T= A du F(u, 3.3’) + O(8) 


ed 


ad e ad 
=/ duF(una)+ f duF(unT)— du F(u.9.7') + O(8"). 
c ee d—dé 


Also, by definition, we have, 9(Z) = (x) so p(x/(1 +6)) = y(x) giving 
Gu) = y(u + ud) = y(u) + y/(u)ud + O(6). 
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Differentiation with respect to u then gives 
W(u)=y'(u) + a (uy'(u)) + O) = y'(u) +5 (y'(u) + uy"(u)) + O18). 


(c) With these expressions the functional T may be expanded. The integrand 
becomes: 


F(u,y +y'5,y' + (y! + uy") 6) = F + (w/e +(y/ +uy") i) 56+ 0(8), 


where F and its derivatives are evaluated at (u,y,y/). 


(The Boundary. terton ate 
‘ 
| duF = cF(c,y(chy{(c)) 6+ O(8) 
a8 
and 
id 
ik duF =dF(d,y(d).y'(d))6+O(8). 
d—db 


Hence on using equation (3.111), that is the expression of the fact that the 
functional is invariant under the transformation, to order 6 we obtain 


OF OF a 
_ 5; eet] ‘ 
o= ii de [uw Bp tw +H") S| ~ ule +008). (3.153) 
(d) Integration by parts gives 


OF : iOF]" sy SY OR) 
four "ay yu "oy |. - [ ws “oy ¢ 


Thus, equation (3.153) becomes 


0 [s(vae-F)] +L [wap oa (5p)] +20 


ay) 7 By 


If y is a solution of the Euler-Lagrange equation, then 4 ( 


the integral is zero, hence 


[« (v aE _p))" 2 for all cand d. 


The required result follows. 
(e) If F = ay! the first integral is, for some constant c, 
dy =A l+a 
+1 8 = 

(B-1)a*y/? =c or ia =a 
If y=1 the solution is y = Alnx + B: otherwise it is y(x) = Ax'~7/(1—7) + 
B. 
It is necessary that the functional 

d 


ce 
be invariant under the scaling x = (1 +4). If we set z = In and = = InZ, we 
see that z = =+In(1+ 6), so with this independent variable the scale trans- 
formation becomes a translation, which is the case dealt with in the text. 
Transforming the independent variable to = gives 


a dy\? dy dydz_ 1 dy 
= Iz el te—B)= ‘ = = if 
= fe i ( 4) Since de dzedz edz 


In order for the functonal to be translationally invariant this must not depend 
explicitly upon z and hence we need 1 + a = 3, that is 7 = 1. 
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Solution 3.15 


Express the integrand of the left-hand integral in terms of f(x) and g(x) using the 
given relations. We have 

F (x)? = f'(x)? cos? a + g' (x)? sin? a — 2f'(x)g!() sinacosa, 

W(x)? = f'(x)? sin? a + g(x)? cos? a + 2f"(2x)q'(x) sinacosa. 
Since cos? a + sin? a = 1 this gives 

Fe)? +9 @)? = f(x)? +9'(e? 


and hence the two results. 


Solution 3.16 


All the given transformations depend continuously upon only one parameter, 6. 
Transformations (a) and (c) reduce to the identity when 6 = 0, but (b) gives (7.7) = 
(x,y). Hence (a) and (c) define a one-parameter family of transformations, but 
(b) does not. 


Solution 3.17 


(a) Separating variables puts the equation in the form 


ow : 
[umig-[e =o. 


The integrand of the left-hand side may be decomposed into partial fractions 
1 1 


wi-w ut 


so integration gives 


Gs) = 


= Tesi 


(b) There is one parameter, t, and at t = 0, we have y = z, which is clearly correct 
because this is just the initial condition. 


Solution 3.18 


Tn this case 


But 
dj, _ (dyn dy dx dj, _ (dy... dy dx 
ie -(# cosh 6 + 7 sinh 6 e and Se Ge Hnhd + FF coshd e 
so 
t,)* _ (tn)? _ (ae)* [(dn)* _ (de 
dt dt dt dx dx 
Hence 


r~ fee (Z) [(#)-(2)| 
-f «rg (VAS: 


Hence T = T only if g'(x) =0, that is, if g(r) is a constant. 


Solutions to Exercises in Chapter 3 


Solution 3.19 
The Taylor expansions of the trigonometric functions are, 
ak (-1)"a2" & 
cosa = 1— pea See 1+ O(a"), 


: a (-1)"a2n+1 - 
sina=a—s04+ r++ + Ga t= ot Oe ). 

Hence, to O(a), from transformation (3.115) we have J, = y1 — ay. Jo = ay + ye, 

which can be written in the form J, = y, + av, Jo = y2 + avy, where uv, = —yp 

and ty = 1. 

Solution 3.20 

In this case 6 = 0, , = —y2 and v2 = y, so equation (3.133) becomes 


OF | OF , P 
oy? a on" = 2H — 2yey, = constant. 
Solution 3.21 
Consider the general transformation 

Th=m+6n(x), T2=y2+6go(x), F=x+ dgs(x), 
so that 


i, _ (a ay _ (d de 
a= ( 7 +6h(0) =o (2 +6a(2)) S, 


and the functional 
re fia ( (4B) 4 (BY 
ag | = +(2) 
becomes, to first-order in 4, 


r- [cdg tt) + (2) +m (io -no'2)] 


Now consider the three sees cases: 
(a) If g) =g and go 


3 = 0, then 


d 
on 9 1. AY 
T=7 +26 f dg (a). 


(b) If g2 = g and g; = gs = 0, then 
T=T +25 f° sett 


(c) If g3 = g and gy = gz = 0, then 


dd 2 
- i! dy, dys 
Ret) do ———— any). 
/ 2 Tr Og) (4) Fae 
In all cases T = T only if g'(x) = 0, that is, if g(x) is a constant, which we set to 
unity in the following. The eee first integrals are found as follows: 
(a) wy =1y=¢=0, hence # an = = constant, giving yj; = constant. 
(b) vy =1, 0, =@=0, hence a= constant, giving y = constant. 
(c) @=1, 0, =v, =0, hence F — hoe — hoe = constant, 
giving y{? + y4? = constant. 


In this example the first integral arising from the invariance with respect to trans- 
lations in 2 can also be derived from the two first integrals due to the invariance 
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under the translations in y; and yo. Thus not all symmetries lead to new first 
integrals. 


Solution 3.22 


In this case, since F = x, we have 


1 f'se[} (8) +(B))+v0.-n]. 


Replacing J, by yx + dg() and expanding to first-order in 6 gives 
ete 1(/dn\? , (dp)? : ‘dys. dep ; 
oy cs [; (2) ales +60) (H+) ev =w)| 
td, dy) , 
=7+5/ dx (B+) ee. 


Thus T = T only if g = constant. In this case equation (3.133) becomes, on setting 
g=1s0 that vy) =.= 1, 


ar 
Oy 

Solution 3.23 

In this example = aa =2—6r+0(6*) and y= y- From equation (3,131) 

@ = —x, and from equation (3.133) 


OF 7 
+>; =constant, that is, 4 + y = constant. 
Oy, 


x (r- vn) = constant, 


Solution 3.24 


where a = a'/* and 6 = b'/°. The factor 1/c, external to the integral, is ignored in 
the following analysis. 


The Euler-Lagrange equation for this functional is derived from the relations 


ue 2A Potty, 


fi (24) $2AuP2 ly =0, 


Multiply by 2° to obtain the required equation. This is the transformed form of 
the differential equation y/’ + w*y = 0. because the latter is the Euler-Lagrange 
equation corresponding to the original functional. 


Solutions to Exercises in Chapter 3 


Solution 3.25 
The functional depends only upon yj and y5, so the Euler-Lagrange equations are 


d (OF OF 
z(az)=° @ a (5g) -° 


Expanding these equations gives 
oP ji. OF PF &F , 
aye" + don =° and anon * aye 


If d #0, the only solution of these equations is y/ = 0 and y4 = 0, and integration 
gives the family of straight lines y;(«) = Ax + B and yo(x) = Cx + D. 


If d = 0, the two linear equations for y{/ and y are the same. In this case we use the 
original equation, which integrates to Fy (yi. 5) = e1, where c, is a constant. The 
other equation, Fy; (yi, 2) = ¢2, is the same because d = 0. Now there is insufficient 
information to find y; (a) and yo(): all we know is that their derivatives are related, 


Consider the simple example, 
’ 
Stunve)= fade (vi +14)" 
a 


for which d = 0, and the Euler-Lagrange equations are both y{/ + y3 = 0, so that 
tn + ye = Ax + B, for some constants A and B: that is, only the sum is known. 
Another way of seeing this is to introduce two new variables u = y; + y2 and v= 


Wi — Yo so the functional, S = re dxu'?, depends only upon u and u = Ar + B, 
but v(x) is undetermined. 
If there is only one dependent variable, the Euler-Lagrange equation is 


d (OF OF, 
a ay) = or aya =0. 


If OF /dy' = constant, there is no unique solution for y(x); thus the equivalent of 
d #0 is that OF/dy' is not a constant. 


Solution 3.26 


Observe that 
db _ db Ob , 4 Ov 
dala ie +a," On au 


id db 
Saimin) = f dx [Feesm.uosshsh) + 2 


= Silyr.ye] + [P(e m-wa)lpan- 


The boundary term is independent of the path, so the stationary paths of the two 
functionals, $, and S2, are identical and have the same Euler-Lagrange equations. 


Solution 3.27 
Replace each of the terms gj,(x)y,, k = 1, 2. in the original functional by 
d 
9K(@) he = Fe (Ge(e)yR) ~ dewey k= 1,2, 


to obtain S, with the addition of the terms (g,(x)yg(x))’ in the integrand. Then 
apply the result of Exercise 3.26, with ® = —giy — goyo. 
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Solution 3.28 
(a) The required derivatives of the integrand are 
OF om OF 1 


ay Wie Oy We 
The Euler-Lagrange equation is therefore 


d 1 aie 
& (Samay) P 
On expanding this expression we obtain 
ery! tery! —y' 
A(y — et y')8/? 
Rearranging this gives y/” — (3e~* — 1) y’ + 2e~2*y = 0. 


(b) Ifu=e7*, e=—Inu, and Y(u) = y(x(u)), we have, using the chain rule 
dy _dY¥du__—_, dY Pe) eee 
de dude * gat ae 


When w = 0, u = 1 and when x = c0, u= 


oo 0 
[ac see) = [du SE p(e(uy = 
lb 1 du 
Thus the functional becomes 
1 
s= f du JY Yu). 
0 


In this case F= JY FY" and AF/AY = AF/aY' = 1(¥ + ¥’)-1/2, and the 
Euler-Lagrange equation is 


0. so for any function f(x) 


du +4(-Inw). 


=0 or Y"+3¥'+0¥ 


d Bi 

du (r + 7) WY 
(c) Ifa =—Inu, 

a¥ dy de jedy 

du dxrdu dt 

and similarly 
#Y _ at (atv 
du? dx da )* 


so equation (3.148) for y() = Y(u(x)) becomes y” — (3e~* — 1) y/ + 2e-?*y = 0. 


Solution 3.29 
If F = y'? + 2/? + Qyz, then 
oF _,, OF _ oF, be 
py => By = and 55 = 22 G> = Bw 
so the Euler-Lagrange equations are 
&y z 
ge 7=8 and. qe ¥=0- 


Putting z= y" into the second equation gives d‘y/dx*—y=0. Now put y= 
aexp(A:r), where @ and ) are constants, to obtain \* = 1, that is A= +1 and +i. 
Thus the general solution is 


y = Acosx + Bsinz + Ccoshx + Dsinhz, 
and 


2 =" =—Acosr — Bsinx + C coshx + Dsinha. 


Solutions to Exercises in Chapter 3 


The boundary conditions at x = 0 give A+ C = 0 and C—A =0, hence A = C = 0. 
The boundary conditions at + = 7/2 then give 


3 = B+ Dsinh(x/2) and ~B + Dsinh(x/2). 


Subtracting and adding these equations gives B = 1/2, and 2Dsinh(x/2) = 2. 
Hence 


_ sinha 
~~ sinh(z/2) 


sinh 


= 1 si z 
y= snh(n/2) + sing and z 


—1 gj 
zsinz. 


Solution 3.30 


Using the expression for y/ derived at the begining of the solution of Exercise 3.2(b). 
the functional becomes 


by 
Sty) -f dv F(x,G(z),G'(2)z'),, where 2! = & 
Since 
OF _ OF by’ OF _ OF dy , OF dy _ OF 


1 jOF 
oH Byflae ° “lag Be ay as Bye By 


the Euler-Lagrange equation becomes 
d (GF) _ OF gy) OF 
is (Rp) - OO) By 

Solution 3.31 

(a) The functional is 


(z) 2’ =0. 


B B 
dr1 1 1 
Stal= f eco en -/, dy eG)’ a(A)=1, 2(B) =2. 


(b) Putting F = 1/(2e’), we have 


aF_ 7 OR 
Oa’ ~~ (ea? 88° Oe ~ zr" 


so the Euler-Lagrange equation is 


BOT EN ta 
dy Gen?) ~ 3a? ~ 


But 


CGN ee 
dy (xa — righ gy” 


which gives the required equation. 


(c) Integrating once gives x72’ = c for some constant c. Integrating again gives 
x /3 = cy +d. The boundary conditions give 
b=cA+d and §=cB +d, 
giving 
pon Ty+ B- 8A 
B-A 


Pe atieay 
= FC Ot ayo: 
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Solution 3.32 


(a) This problem is slightly different from all previous examples because there are 
no boundary conditions prescribed: this means that some care is needed. If 
y(2) is a stationary path and y() + eg(:7) a varied path, the standard analysis 
gives 


x 2 
ar=2f de [n/(e7/(e)-(2-*) veo), 


and integration by parts gives 


xX 2 
AF = 2{[cy'(x)9(x)\e — af der g(x) [ze + (= =) via) : 


The boundary term vanishes at « = 0 because y’(xr) is finite here. However it 
does not vanish at z= X. We solve this problem by imposing the boundary 
condition y(X) = Y #0 on the admissible functions, so now g(X) = 0 and the 
boundary term vanishes. Hence the Euler-Lagrange equation is 


2 
lev) + (2-2) we) =o, 
or 
ady | dy 
dx? * de 
This is a linear equation; the solution is therefore undetermined to within a 
multiplicative constant, so the value of Y, provided it is not zero, is irrelevant. 


+ (x? —n?) y=0. 


(b) Ifa = f(u), then the chain rule gives 
dy _ dy du _ wu) 

de dudr  f'{u)’ 

and the functional becomes 


es comer nN tu)? 
Flu| =[ du f'(u) [Ache (u)? - (sw - ja) 1“? 
ee. Hen SRO aN 
3 du [Faw (suse) Fay” ) wu) ‘ 


where f(uo) =0 and f(u) =X. 
(c) If f =e* this functional becomes 
uy 
Flu) = - du [w'(u)? — (e* —n2) w(u)?], where u; =InX. 
se 
The Euler-Lagrange equation for this functional is w’(u) + (e" — n?) w =0, 
and this has a solution w(u) = Jn(e"). 


Solution 3.33 


In the first case, if OF /Oy = 0 the differential equation derived in Exercise 2.33 can 
be written as 


fk (OE) 2. twee PE = 
de \ds Oy! by! =0, ence ae oy" a oy = constant. 


In the second case, if OF /Ox = 0 it is easiest to use a version of the analysis described 
in Section 3.5.1. Equation (3.93) becomes 


ds 
T= [uF @w).9w).7"w) 
ed 


d c d 
=/ duFeaya")+ f duray.a')— [ du F(U,7'.9")- 
c e-8 d-5 
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On putting u =v + 6 and expanding to first-order in 5, we obtain 
d 
S yyy xOF > oe ” 1 omy 2 
r= dv [Feud )+o5 ov +655 y+ 655 - 5IF (yyy) +08), 


and because G is invariant under x-translations, this gives 


0= is [sv + Eye r+ oe xy" Fv .vIt +01), (3.154) 


which is the equivalent of equation (3.103). Now integrate by parts: 
ee OF)" f wt (OF 
[rau taal) Ota a7 ; 
OF _ | OF Fal of ‘ 
a dvy mo [v ae vz ( ee toys ea = é 


Hence equation (3.154) becomes 


Or OF OF ts OF d (dF\, @ (dF 
eel (a) +15", +f doy (55 - a (ap) + a (a) = 


But the integrand is zero and the end points ¢ and d are arbitrary, hence 


a on) - or — F =constant 
Y' 5g ~ (az (aye) ~ ayy) ~ F = constant. 


op eaert. me a ne ae 


: nem 
— ae re he ea 


CHAPTER 4 
Newtonian dynamics 


4.1 Introduction 


The principal aims of this chapter are to formulate Newton’s equations of 
motion as a variational principle, to derive from this Lagrange’s form of these 
equations, and to show how these may be used to simplify the derivation of 
the equations of motion for certain types of mechanical systems. 


You may be wondering why Newton’s laws, as formulated in previous courses, 
need reformulating: there are several reasons and, in no particular order of 
significance, the main ones are listed below. 


(1) A variational formulation of the equations of motion is more elegant and 
leads to powerful methods of finding and understanding solutions of the 
equations of motion; see point (3). 


(2 


The application of Newton's equations to even quite simple 

awkward and tedious. This difficulty was overcome by Lagrange who, 

building upon the work of James Bernoulli and D’Alembert, reformu- 

lated Newton's equations of motion in terms of generalised coordinates 
a term that will be defined in Section 4.3.1. 


ystems is 


The complete transformation to the modern formulation was made by 
the Irish mathematician Hamilton in 1827 with the introduction of 
the Hamiltonian function — although an important element of mod- 
ern physics this is not part of the present course. He also described 
solutions of Newton’s equations in geometric terms using what is now 
named Hamilton's principle, from which Lagrange’s equations of motion 
can be derived. The main aspects of Hamilton’s principle (which does 
not involve Hamilton’s function) will be described in Section 4.4. 


It is worth noting here that towards the end of the 19th century, as 
physics progressed to the study of atomic particles, the classical mechan- 
ics of Newton was found to fail. Then Hamilton’s ideas were important 
in the development of the new quantum mechanics that describes the 
dynamics of atoms and molecules. 

(3) By expressing Lagrange’s equations of motion as a variational princi- 
ple, the underlying mathematical structure of the equations of motion 
is clarified. This leads to the development of techniques and methods 
that help understand the behaviour of solutions and also help with their 
computation. 


Perhaps the most dramatic example of this is Poincaré’s discovery of 
chaos in 1898, made by extending the geometric ideas first formulated 
by Hamilton. 


Joseph-Louis Lagrange, 
1736-1813. 


James Bernoulli, 
1654-1705, 


Jean le Rond d'Alembert, 
1717-1783, was an 
illegitimate child, 
abandoned on the steps of 
the church of St Jean le 
Rond, from which his 
forenames came. This 
church, originally adjacent 
to the north wall of Notre 
Dame Cathedral, was 
demolished between 1742 
and 1765. 


Sir William Rowan 
Hamilton, 1805-1865. 


Jules Henri Poincaré, 
1854-1912. 
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(4) A variational principle formulation of the equations of motion is inde- 
pendent of any particular coordinate system, because of the invariance 
of the Euler-Lagrange equations discussed in Section 3.2. This feature 
provides a route to powerful methods of approximation, to the more 
general theories of special and general relativity, and is helpful in the 
formulation of the wave equations that describe electromagnetic radia- 
tion, These topics are beyond the scope of this course, though a wave 
equation will be derived in Subsection 4.5.4, in order to show how the 
first and last parts of this course are connected. 


In Section 4.2 we quote Newton’s laws and derive Newton's equations of 
motion for three typical situations: these three examples are chosen to il- 
lustrate some of the technical problems that occur, and which are overcome 
by Lagrange’s formulation, described in Section 4.4. The material contained 
in Section 4.2 covers the same ground as previous level 2 courses: it is not 
assessed in this course, but you need to be familiar with the ideas in or- 
der to understand later sections. In Section 4.3 we discuss Newton's laws 
and introduce the important ideas of generalised coordinates and kinetic 
and potential energy, all of which are essential to Lagrange’s formulation of 
Newton's equations of motion. 


Lagrange’s equations and Hamilton’s principle are described in Section 4.4. 
In the final section before the end of chapter exercises we apply Lagrange’s 
method to a variety of problems, ending with the derivation of the wave 
equation, which extends the theory to dynamical systems of infinitely many 
interacting particles and relates the theory of this section to that developed 
in Block 1, Chapter 1. 


The assessment questions based on this chapter will be on material contained 
in Sections 4.4 and 4.5, though an understanding of this work is possible only 
if you are familiar with the ideas discussed in earlier sections. None of the 
historical material is assessed, and may be omitted. 


4.1.1 On nomenclature 


Newtonian dynamics describes the motion of physical objects. In order to 
obtain manageable equations, we idealise these physical objects by math- 
ematical constructs, and also make various kinds of approximations. The 
link between the mathematics and the physical world is by experiment, often 
overlooked but one of the crucial methods of validating our approximations. 


The primary concepts of Newtonian dynamics are mass, length and time: 
here we assume the intuitive notion of these; you should be aware, however. 
that these concepts are more difficult to understand than first appearances 
suggest. 


The basic object of dynamics is a particle, a mathematical object with mass, 
but no volume or structure. Particles are used to approximate a wide variety 
of physical objects, for example, electrons and stars. It is a useful approx- 
imation where the physical size of objects is small by comparison with the 
distance between them, and where their internal structure is assumed to 
play an insignificant role in their relative motion. 


An example is the relative motion of the Earth and the Sun, which for 
many purposes is accurately described using two particles, because their 
radii, respectively 4 x 10? and 4 x 10° miles, are far less than the mean 
distance between them, 9.3 x 107 miles, and over this distance the physical 
structure and slight departures from spherical symmetry of each does not 
significantly affect the relative motion, except over very long times. If, on 
the other hand, the rotation of the Earth is of interest, then it needs to 
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be treated as a body with structure. As usual the approximation required 
depends upon the questions being asked, but it is often difficult to know a 
priori which approximations should be made. 


The next object of dynamics is the rigid body, which is used to approximate 
a physical object that does not deform significantly under the forces present; 
for instance a steel ball bearing can often be treated as rigid. The distinction 
between a rigid body and a particle is that the former has an orientation in 
space, so it can rotate and have angular momentum; the spinning Earth is 
an example. In this chapter we do not deal with rigid bodies, nevertheless 
we shall use the terms body and particle freely. 


The collection of objects being considered is often referred to as the system 
and its mathematical description is named a dynamical system: sometimes 
the distinction between these entities is blurred. The motion of a dynamical 
system is described by differential equations, generally referred to as the 
equations of motion. 


A number of other common English adjectives are used in a more precise 
manner than in common parlance, but such precision is essential for our 
simplified approximations of reality. Those used freely in this chapter are 
listed below. 


Light: For example, ‘a light rod’ — this means that the mathematical object 
has zero mass, and is useful for approximating a physical object with a mass 
sufficiently small that we can assume it to have a negligible effect on the 
motion. The opposite of light is heavy, which means that the mass cannot 
be ignored. 


Inextensible: This term is used to describe rods or strings, for instance — 
it means that the length of the mathematical object does not change and is 
used when the forces involved do not significantly change the dimensions of 
the physical object. 


Rigid: For example, a ‘rigid rod’ — it means that the mathematical object 
does not bend and is used when the physical object bends little. A synonym 
is stiff. A rigid body can be constructed by joining two or more particles 
with light, inextensible, stiff rods. A rigid body need not be inextensible, 
but it must not bend. 


Smooth: This is a particularly useful term meaning without friction: syn- 
onyms are free and frictionless. The opposite of smooth is rough, and for 
such surfaces friction cannot be ignored. 


Dot notation: In this chapter we shall use the notation introduced by 
Newton whereby the first and second derivatives of a function of time. f(t), 
are represented by f and f respectively, that is, f = df/dt and f = d? f/dt?. 
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4.2 Newton’s laws 


In this section we use Newton’s laws to derive the equations of motion for 
some simple systems. It is assumed that you are familiar with Newton's 
laws, and have used them to derive equations for some simple dynamical 
systems. The conventional statements of Newton’s three laws are as follows. 


Law I Every body continues in its state of rest, or moves with constant 
velocity in a straight line, unless a force is applied to it. 


Law II The change in motion is proportional to the force acting and takes 
place in the direction of the straight line along which the force acts. 


Law III For every action (that is force) there is always an equal and op- 
posite reaction: or, the forces two bodies exert on each other are 
always equal and opposite directions. 


You may be familiar with a different version of the second law in which 
“change in motion” is replaced by “rate of change of velocity”. Newton 
used the former because he experimented with impulses; see Exercise 4.30 
(page 185). The version given here describes his observations more appro- 
priately and includes continuously varying forces. 


These laws provide an accurate description of a wide variety of physical 
phenomena. The mathematical expression of the second law is normally 
called Newton's equation of motion. These laws are, however, awkward to 
apply in all but the simplest situations, and the mathematical structure 
of the resulting differential equations is not usually clear. The Lagrangian 
formulation of these principles overcomes these problems. 


In the following three subsections we apply Newton’s laws to a variety of 
examples in order to demonstrate some of these problems. We start with 
some quite simple examples and end by deriving complicated equations of 
motion for the double pendulum. It must be emphasised that this material 
is not assessed, but provides essential background that you should under- 
stand. Moreover, we shall use the examples provided here to illustrate the 
more general discussion that follows in Section 4.3, and which leads to the 
statement of Hamilton’s principle in Section 4.4. Although this material is 
not assessed we advise you to do as many of the exercises as time permits. 


4.2.1 Particle moving on a parabolic wire 


In this example a bead is constrained to slide under gravity on a smooth 
rigid wire in the shape of the parabola y = ax?/2, a > 0, where the y-axis 
is vertically upwards, as shown in Figure 4.1. 


4.2 Newton's laws 


Figure 4.1 Diagram showing a bead of mass m at a point P on a wire in the shape 
of the parabola, y = ax*/2, for x > 0. The tangent through P makes an angle 0 
with the z-axis. 


In the first instance we shall suppose the wire to be stationary, then we shall 
allow it to move bodily in the y-direction in a prescribed manner. In both 
cases the position of the bead can be defined by one coordinate, and the 
system is said to have one degree of freedom. Here we shall take this to be 
the x-coordinate, but others could be used; for instance we could use the 
y-coordinate or the distance along the curve from any given point. 


In order to use Newton's equations directly we introduce a force of con- 
straint which, in this case, is a reaction normal to the tangent at P and of 
magnitude R, which is necessary to keep the bead on the wire. The reaction 
is perpendicular to the wire because we assume that there is no friction, so 
there is no force between the bead and the wire along the tangent. If the 
gradient of the wire at P is tan@, as shown in Figure 4.1, then the force 
of reaction makes an angle @ to the vertical through P. Thus the x- and 
y-components of Newton's equations of motion are, respectively, 


mé=—Rsin@ and mij = Rcosé — mg. (4.1) 


Now we need to eliminate the force of reaction; this is achieved by multiply- 
ing the first equation by cos @, the second by sin@ and adding to give 


m(# cos @ + jjsin@) = —mgsin@. (4.2) 
Now divide by mcos@ to give 
&+ytané =—gtané. (4.3) 


But x and y are related because the bead is constrained to the wire, that is, 
y = aa*/2, and the chain rule gives 


y=arkt and jj =art+ai?. (4.4) 
Also we have tan @ = y/(x) = ax. Thus equation (4.3) becomes 
& (1+ aa?) + axa? + aga = 0. (4.5) 


Later, we shall see that this is Lagrange’s equation, and we shall learn how 
it may be derived more simply without introducing the reaction force. 
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Exercise 4.1 
By differentiating the quantity 
E = ima? (1 +072?) + 4mgax? (4.6) 


with respect to ¢ and using the equation of motion (4.5), show that E is a positive 
constant. Hence show that the equation of motion can be integrated once to yield 
the first order equation 


dx 2E — mgax? 2E 
ae prsicitat oh ST < 
7 a m(L + 022%) where |x| < aa 


We shall see later that the quantity 2, defined in equation (4.6), is the total 
energy of this system, and is a constant on all solutions of the equations of 
motion, with a value that depends upon the initial conditions. 


A vertically moving wire 


Now suppose that the wire is moving vertically with given displacement >(t) 
from a fixed point at time ¢. We can represent this motion by allowing the 
coordinate system Oxy to move, so that the height of the a-axis from a fixed 
horizontal line is 7(t). Then the acceleration in the y-direction relative to 
this line is jj +4, so this replaces jj in equation (4.1), which then becomes 


mé=—Rsin@ and mij = Rcos@—m(g +4). (4.7) 


Thus the effect of moving the wire is the same as modifying the gravitational 
force. On using the constraint, y = ax*/2, we obtain, the equation of motion, 


&(1+a7x") +cat? +a(g+4) a =0. (4.8) 


If the wire is moving uniformly, that is 7 =constant, then this equation 
is identical to the original equation. Otherwise the energy. E, defined by 
equation (4.6), is not a constant, as shown in Exercise 4.2; it can be shown 
that there is no equivalent constant quantity. 


This example may seem rather artificial; however, it illustrates a very com- 
mon circumstance. For instance, if we ride in an aircraft through turbulent 
air or in a vehicle over rough ground, the coordinate system O.ry is fixed in 
the vehicle and the additional ‘force’ — the term ma¥ in equation (4.8) — is 
the force felt by a passenger of mass m. 


Exercise 4.2 


Show that when the wire is moving, the quantity E, defined in equation (4.6), varies 


as follows 
a ee ee 
rae ud (z*). 


In this example the elimination of the reaction R was achieved relatively 
painlessly. In other circumstances the equivalent analysis is more difficult 
and the purpose of Lagrange’s theory, developed later, is to make this process 
easier. 


4.2 Newton's laws 


4.2.2 The simple pendulum 


The simple pendulum ~ also known as the vertical pendulum — is one of 
the simplest dynamical systems and has attracted the attention of numer- 
ous philosophers, although Galileo discovered practically all of its major 
properties. Until the early 20th century it provided the primary method of 
accurately measuring time. Even today the dynamics of the pendulum is 
important in the study of more complicated nonlinear systems and in some 
aspects of molecular dynamics. Some of these aspects of the pendulum are 
discussed further in Subsection 4.5.1. 


Our idealised pendulum comprises a heavy particle, P, of mass m, firmly 
attached to a light, stiff, inextensible rod of length |. The other end of the 
rod is attached to a fixed point, O, about which it can swing freely, that is, 
without friction and air resistance. Such a system is shown schematically in 
Figure 4.2. 


mg 


Figure 4.2 Diagram showing the idealised pendulum of length /, with smooth 
hinge at O and particle of mass m at P. The coordinate axes are shown with Oy 
vertically upwards, 


We shall assume that the rod OP can rotate about the pivot O, so there are 
no constraints on the value of #, the angle between OP and the downward 
vertical, A bicycle wheel with a suitable weight attached to a spoke and with 
the axle held firmly is an example of a mathematically equivalent system. 
The configuration of this system is specified uniquely by the single variable 
4, and we expect Newton’s equation of motion to depend only upon this 
angle and its derivatives. In this example the configurations corresponding 
to 0+ 2nm, for integer values of n, are physically equivalent, so we expect 
the equations of motion to depend periodically upon @. 


The simplest approach is to use the conservation of energy. However, this 
method cannot be used for more complicated systems. so here we apply 
Newton's laws directly using a widely applicable method. 


There are two forces acting upon the mass P: 

(a) the external downward force of gravity, with magnitude mg: 

(b) the tension, of magnitude T, which acts along the line OP and constrains 
the distance OP to be constant: the tension also acts on the hinge at O, 
but a frictionless hinge is unaffected by the tension, and the tension has 
no effect on the motion of the mass, other than to constrain it to move 
on a circle. 


The mass P moves in the plane of the paper. We define a coordinate system 
with origin at the point of support, O, with the y-axis vertically upwards 
and the z-axis as shown in Figure 4.2 and describe the position of P using 
Cartesian coordinates, (x,y). which are 


a=Ilsin@ and y=-—lIcosé. (4.9) 
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The force acting on P is the vector sum of the tension, having Cartesian 
coordinates (—T sin @,T cos@), and the gravitational force (0,—mg). Hence 
the two components of Newton’s equations of motion are 


mé=—Tsin@ and mij = Tcos@—mg. (4.10) 


Thus we have two equations and three unknowns, x, y and T. However, 
because the length OP is fixed, x and y are related with x? + y? =/?. The 
tension T may be eliminated from equations (4.10) by multiplying the equa- 
tion for % by cos@, the equation for ij by sin@ and adding the resulting 
equations, to obtain 


m(#cos@ + jsin#) = —mgsin@. (4.11) 


But, from the geometric relations of equation (4.9) we have, on differentiat- 
ing each twice, 


+=Ibcos0, %=1(Bcos0 — 6 sind) , 


‘ + ; (4.12) 
y=lsind, j=l (dsind + 6 cos 8) , 
so &cos0 + jsiné = 16, and equation (4.11) becomes 
0 fe 
wT sin 0. (4.13) 


This is the required equation for @: it is independent of the mass m and 
depends upon | and g only via the ratio g/l. Notice that, as suggested 
above, this equation of motion depends periodically upon @. It can be shown 
that the solutions of this differential equation cannot be expressed as finite 
combinations of elementary functions. 


You should note that the main objective of the analysis between equa- 
tions (4.9) and (4.13) is the removal of the tension T. In Section 4.5 we 
shall see how to derive the equations of motion without introducing the 
tension. 


In this chapter, we shall not usually concern ourselves with the solutions of 
the equations of motion, but this problem is a little special so we note that 
if || is small, sin @ ~ @ and an approximation to the equation of motion is 


6+w@=0, w= ‘Es (4.14) 


which has the general solution @(t) = Asin(wt + a), where the amplitude, 
A, and the phase, a, are constants, depending upon the initial conditions. 


Note that @(t) = Asin(wt + a) is an exact solution of an approximate equa- 
tion, and it is not a priori obvious that it is also an approximate solution 
of the exact equation. In this case the solution of the exact equation (4.13) 
is known so we know that for sufficiently small times, the solution of the 
approximate equation is close to this exact solution. 


Thus the motion is periodic with period 27/w, which is independent of the 
amplitude, so the system is said to be isochronous, the property that makes 
the pendulum so useful as a time-keeper. The isochrony of the pendulum 
was first explicitly stated by Galileo (in a letter dated 1602), who at the 
same time noted that the period was independent of the mass. That the 
period is proportional to the square root of the length, /, was later discovered 
by Galileo, and published in 1632. If the amplitude of the motion increases 
too much, the approximation sin@ ~ @ breaks down and the period of the 
motion then depends upon the amplitude, see Exercise 4.29 (page 184). 


4.2 Newton's laws 


A moving point of support 


We now consider a variant of the simple pendulum in which the hinge is not 
rigidly attached to a stationary point, but is fixed to a heavy particle, of 
mass M, that can slide smoothly along a straight horizontal rail, as shown 
in Figure 4.3. In this example we use a coordinate system fixed relative 
to the rail, with the y-axis vertically upwards and Ox along the rail. The 
resulting analysis is easier than if we used a moving origin at A. 


Figure 4.3 Schematic diagram of a simple pendulum with its hinge attached, at A, 
to a particle of mass M that can slide freely on a horizontal rail along the x-axis. 
As in Figure 4.2, the rod AP is rigid, light, inextensible with length /, has a 
particle of mass m firmly attached at P and can swing freely at A. 


The reason for treating this system is to illustrate how to analyse a system 
that requires two variables to define its configuration. As before, there is the 
angle # between the pendulum and the downward vertical: in addition there 
is the distance, X, between the particle at A and a given stationary point. 
O, on the rail. The tension in the pendulum now acts on A and causes it to 
accelerate, 


Using the coordinate system Ory shown in the figure, we see that the Carte- 
sian coordinates of P are (X +/sin @,—I cos @). as in equation (4.9), but with 
the distance X added to the x-coordinate. The equation of motion of the 
mass at A is 


MX =Tsind, (4.15) 
and the equations of motion for the mass at P are 
Px 5 tay 
mag = —Tsind and maa = T cos@ — mg. (4.16) 


These are identical to the equations of the fixed pendulum, equations (4.10); 
however, this motion is affected by the motion of the mass at A through the 
tension T, Comparing the equations for x and X, we see that MX +m = 0, 
that is MX + mé = constant; the momentum in the x-direction is constant, 
which is just Newton's first law applied to the centre of mass of the system 
~ we expand upon these ideas later, so do not be concerned if they are 
unfamiliar, 

We now need to eliminate the tension from equations (4.16), but because 
a = X +1sin6, the analysis is not as simple as before. Equation (4.11) is 
still valid, but now differentiation gives 


X +1 (cos — @siné) (4.17) 


X + lbcosd, 


j= lsind, j= (Gsin0 + 6? cose). (4.18) 
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so écos@ + isin = X cos +14 and the equation of motion (4.13) is re- 


placed by 

X cos + 1d = —gsind. (4.19) 
Now we use the relation mi: = —MX with second of equations (4.17) to 
obtain 

K=-pl (Gcos@ — 6 siné) , p= — (4.20) 
By substituting this into equation (4.19) and rearranging we obtain 

(1 — cos? 0) 1 + 116? sin 8 cos 6 + gsin 8 = 0. (4.21) 


Notice that the equation for @ does not depend upon the other variable, X: 
there is a good reason for this which will be discussed later, in Section 4.5.1. 


The equation of motion (4.21) looks quite complicated. In fact, this equa- 
tion can be reduced to a simpler first-order equation, but we leave this 
simplification until Section 4.5.1, specifically equation (4.107) (page 186). 


Exercise 4.3 


Show that if M is sufficiently large, so that : can be approximated by zero, equa- 
tion (4,21) reduces to the original pendulum equation, equation (4.13), and the 
equation for X, becomes X = 0. Explain the meaning of the latter equation. 


Exercise 4.4 
Show that the quantity 
E = 3(M +m)X? + bml?6? + mlOX cos @ — mgl cos 
is a constant of the motion, (Hint: compute E and use the equations of motion, 
4.19 and (4.20), to show that this is zero.) 


4.2.3. The double pendulum 


The double pendulum was studied extensively in the 18th century by Daniel Daniel Bernoulli, 
Bernoulli and Euler, with three published works between 1738 and 1741, and 1700-1782. 

by Johann Bernoulli in 1742: but only for the small amplitude oscillations Leonhar d Euler, 

were the correct equations of motion obtained. Thus, half a century after TEE Dacuanl 

the publication of Newton’s laws, their application was not routine. 1667-1748. 

The double pendulum is shown schematically in Figure 4.4: it comprises a A discussion of the history 
simple pendulum suspended from another simple pendulum by a frictionless and evolution of dynamics 


hinge. Both pendulums move in the same plane. during this period is given 
in The evolution of 
dynamics: vibration theory 
from 1687 to 1742 by 
J. T. Cannon and 
Dostrovsky (Springer. 
1981). 


4.2 Newton's laws 


TWA} 
‘Pp, 
ay 62 
mg T; ‘ 
Pr 
mag 

Figure 4.4 The double Figure 4.5 Diagram showing the 
pendulum, forces acting on each particle of 


the double pendulum. 


In this system the rods OP; and Pj P2 are rigid, light and inextensible. The 
masses m; and mg are fixed at P; and P2 and the two hinges at O and P; 
are smooth. Further, we assume that neither @) nor 62 is constrained so 
both may take all values. 


The configuration of this system is given uniquely by the values of the angles 
0; and 02, and the system is said to have two degrees of freedom. We 
expect Newton's equations to involve only these angles and their derivatives. 
Further, the configurations corresponding to (0; + 2n 7,02 + 2no7), where 
ny and ng are integers, are physically identical, so the equations of motion 
must be 27-periodic in these angles. 


The derivation of the equations of motion that follows is complicated. Our 
aim is to show directly the difficulties that can arise when Newton's equa- 
tions are applied to relatively simple mechanical problems, with the hope 
that you will appreciate the efforts made by Lagrange to provide a more so- 
phisticated, yet simpler method. You will not be assessed on this material, 
but please read it and note the opportunities for error. 


Equation of motion for P; 


As with the simple pendulum we first need to find the Cartesian coordinates 
of P, and P» and, as in that case, we use a reference frame Oxy with 
the origin at O and the y-axis vertically upwards, as shown in Figure 4.4. 
The coordinates of P; are given by equation (4.9), with a suitable notation 
change: 


az, =l,sin@; and yy; =—l, cos@)-. (4.22) 


The coordinates of P2 with respect to P; are similar, (ly sin 49. —/z cos 42), 
so the coordinates with respect to O are 
@2 = 2 + lgsin 4 = 1; sin; + Iysin A, 


4.23 
yo = tn — 12 c08 02 = —l, cos; — ly cos Og. ee) 


The equations of motion for P are similar to those derived for the simple 
pendulum, equation (4.10), because the forces on this mass are similar, 
compare Figure 4.5 and 4.2. These equations are 

Pre 


2 & 
me =—T)sin@. and mae = Ty cos 62 — mag. (4.24) 
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As before, we need to eliminate T2 from these equations. This is achieved 
by multiplying the first equation by cos @2, the second by sin #2 and adding 
the results to obtain 


‘ms (2 cos 49 + jjp sin 8) = —mag sin 2, (4.25) 


which is the equivalent of equation (4.11). The next step, however, is more 
difficult because both a2 and yo depend upon 4; besides 62. We require the 
accelerations #2 and jj. to be expressed in terms of the angles: for this we 
first differentiate equations (4.23) with respect to t, to obtain 


tg = 1,0) cos 0) + lobo cos02, to = 16, sin; + lobo sin Ao. (4.26) 
A second differentiation gives 
R=] (A cos 6; — 6? sin 6:) Pe (é cos 02 — 63 sin 42) . 


: 4 ; (4.27) 
iin =h (i sind + 7 c0s8,) + lo (Basin B» + 63 cos 62) . 


From these, we obtain 
dy C08 69 + fig sin A> =, (a c0s(6; — 02) — 6? sin(@, — 62)) + labo, (4.28) 


where the identities 


cos(u — v) = cos ucos v + sin usin v, 


sin(u — v) = sinucosv — cosusinv (928) 
have been used. 
Hence equation (4.25) becomes 
1,0; cos(0; — A2) — 116? sin(@, — 02) + lob2 = —gsin A>, (4.30) 


which is one of the required equations of motion. Notice that this equation 
is independent of the masses and that if the rod OP, is held stationary 
(0, = 0), this equation becomes equation (4.13), with suitable changes of 
variables, as should be the case. 
Equation of motion for P, 


The force on P, involves the tension T2, so we first need to use equa- 
tions (4.24) to express T> in terms of the angles. This is achieved by multiply- 
ing the first of equation (4.24) by sin #2, the second by cos 2 and subtracting 
to obtain 


Mg (#2 sin Og — jj2 cos O2) = —T, + mag cos Oo. (4.31) 


Now use equations (4.27) again to express the left-hand side of this equation 
in the form 


iy sin 8 — jj cos 2 = —1,6, sin(, — 82) — 1,67 cos(0; — 02) — 1263,(4.32) 
hence 
Ty = tna (geos#s + 116; sin(0, — 2) + 1,63 cos(6; — 62) + 1263) . (4.33) 


The force on P; involves both tensions, T; and T2, and the gravitational 
force, so its equation of motion is more complicated than that of P;. The 
x- and y-components of the force acting on P; are 


Fix = —T; sin; + Tr sin, 


4.34 
Fiy = T cos @; — Tz cos 02 — mig, ( ) 

so the equations of motion are 
my%, = —T, sin, + T sin 62, (4.35) 


mj = T, cos 6, — Tz cos #2 — mig. 


4.3 A discussion of Newton's laws 


Since T> is known, equation (4.33), we need only eliminate T; from these 
equations to find the equation of motion. As usual this is achieved by 
multiplying the first equation by cos, the second by sin 4; and adding, to 
obtain, 


m, (# cos; + jj sin @,) = —T2 sin(@, — @2) — migsin®. (4.36) 


But, as in the analysis following equation (4.12) we have # cos; + jj sin @ = 
1,0). so this equation of motion becomes 


myl,O, = —Ty sin(6, — @2) — migsin®y. (4.37) 


We can now use the expression (4.33) for Tz to simplify this equation. Note, 
however, that the algebra is complicated and, if you wish, ignore it and go 
straight to the final result, equation (4.40). 


On substituting for T2 we obtain 
milo, = —mygsin 0; — m2 sin A)2 (geosbs + 1,0; sin O12 
+ Gj.cos By2 +1263) , (4.98) 


where 62 = 6, — 2. In this expression the term sin? 42 occurs and we 
replace it by 1 — cos? @;2, then rearrange the equation to 


(mi, + mo) lb, =-9 (m: sin @; + m2sin A; cos 62) 
—m2 ( [-néi cos O}2 + 6? sin O,2| cos 2 


+ 1n6 sin 0,2) . (4.39) 


Now use equation (4.30) to replace the term in square brackets to obtain 
male 


1,6; + gsin 0, + —**— 
Bane 1 im + mg 


( cos(0; — 2) + 63 sin(0; — 02 )) =0. (4.40) 
This and equation (4.30) are the final equations of motion for the double 
pendulum. They are a pair of coupled, nonlinear, second-order differential 
equations for @; and 42, the solutions of which cannot be expressed as a 
finite combination of known functions. Notice that the masses m); and mg 
occur only as the ratio m2/(m, +mg). A far simpler method of deriving 
these equations is given in Section 4.5.2. 


4.3 A discussion of Newton’s laws 


In the previous section Newton's laws were quoted and then applied to some 
representative problems. Although sometimes a daunting task, particularly 
the last example, these applications were relatively straightforward, provided 
panic is avoided — but it helps that the collective wisdom accumulated over 
the past four centuries ensures that the correct answers are known. For 
novel systems of any complexity the derivation of the equations of motion 
is not easy and there are many opportunities for error. Lagrange’s method, 
described in the next section, makes this task easier. 


Newton’s laws were presented together in Principia I (1687), but the ideas 
had been evolving for some time before. Indeed, Newton stated that the 
first two laws were known to Galileo and they were stated in Horologium 
Oscillatorium, published by Huygens in 1673. The third law is new: Newton 
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applied this specifically to collisions, and it is related to momentum conser- john Wallis, 1616-1703. 
vation, previously described by Wallis, Wren and Huygens in submissions Christopher Wren, 
to the Royal Society in 1668. 1632-1723. 


Newton's laws are not self-evident. Indeed, from the time of Aristotle to Aristotle, 384-322 Bc. 
the 17th century, when Galileo stated the first law (published in 1612), the 
contrary was believed. The Aristotelian description of motion is complicated 
and includes the view that the natural state of a body is one of rest, which 
follows from the notion that everything must be moved by something, a 
proposition that is in direct contradiction to the modern idea of relative 
motion; Galileo’s analysis, discussed briefly in Section 4.5.1, changed the 
description to something very close to the modern view. Nevertheless, even 
today, for the Earth-bound, it takes some effort of thought to overcome the 
Aristotelian view. This is why the first law was so significant, and why it is 
stated separately even if redundant in modern physics. 


After 1687 a great deal of effort was expended in applying Newton's laws, 

in attempts to understand to which physical systems they were applicable, 

in trying to find solutions to various problems, particularly those related to 

the solar system and in trying to understand the nature of these solutions. 

The first problem was to derive Kepler's laws from first principles. These 

three laws were published by Kepler between 1609 and 1619. The first two, Johannes Kepler, 
published in 1609, are: (i) Planets describe ellipses round the Sun, the Sun 1571-1630, 
being at one focus; (ii) the line joining the Sun to any planet sweeps out 

equal areas in equal times. The third law, published in 1619, states that 

the squares of the periods of the planets are proportional to the cubes of 

the major axes of their orbits. The first two laws were deduced from careful 
observations of the orbit of Mars. The theoretical origin of Kepler's third 

law is discussed in Exercise 4.53. Amongst many other works, Kepler also 

suggested that tides were caused by the attraction of the Moon. 


The next major triumph was the accurate prediction of the return date of 

what we now call Halley’s comet. Comets have been observed since ancient The word comet is from 
times as isolated events. In the West, the oldest record is a Babylonian in- the Greek for ‘long-haired 
scription dating from 1140 Bc, but in China records date from 1600 BC, with Ne’; @ reference to the 
an observation of Halley’s comet in 467 Bc. However, the notion of comets °™°'S tall 

returning had not been considered seriously much before the time of New- 

ton. Tycho Brahe carefully observed the 1577 comet and concluded that it Tycho Brahe, 1546-1601, 
was in an approximately circular orbit round the Sun; hence giving credence 

to the view that comets might be part of the solar system. During the 17th 

century various authors suggested that comets move on parabolic orbits, 

and Newton used observations of the great comet of 1680 (now thought to 

have a period of about 8800 years) to compute its orbit which he estimated 

to be a parabola with the Sun as its focus. Halley then attempted to com- Edmond Halley, 

pute the orbits of 24 comets for which sufficiently accurate data was known 1656-1742. 

and found that among these 24 examples three, those of 1531, 1607 and 

1682, seemed almost identical and that the observations were separated by 

the almost equal intervals of 76 and 75 years. Halley concluded that these 

orbits were actually ellipses corresponding to the same comet, which would 

return in 1758. 


The precise calculation of the return date was not easy because the orbit 

is perturbed by Jupiter and Saturn. In 1748 three French mathematicians 

Clairaut, Lalande and Lepaute sequestered themselves to calculate the re- Alexis Chaude Clairaut, 
turn date of the comet, last seen in 1682. Lalande wrote: “During the six 1713-1765. 

months we calculated from morning to night, sometimes even at meals; the Joseph-Jérome le Francais 
consequence of which was, that I contracted an illness which changed my Lalande, 1732-1807. 
constitution for the rest of my life.” The difficulty in accounting for the ef Nichole-Reine Lepaute, 
fects of Jupiter and Saturn was exacerbated by the fact that probably the 1723-1788. 


4.3 A discussion of Newton's laws 


only calculating aids they had were logarithms. These approximate compu- 
tations of the orbit predicted the date of return to its perihelion to be April 
1759; its actual return in March, just within the errors quoted by Clairaut, 
provided confirmation that Newton's laws were more widely applicable than 
originally thought. 


The trajectory of Halley’s comet has now been computed backwards and all 
30 previous passages described in historical documents, over 22 centuries, 
have been authenticated, including the 1066 passage shown in the Bayeux 
tapestry. 


It took longer, however, to understand the behaviour of the solutions of 
Newton’s equations — over two hundred years after their first publication, 
in 1898 Poincaré showed that these could behave in the most alarmingly 
complicated manner, which we now name chaos. 


The simplicity of Newton’s laws is deceptive: they combine definitions with 
observations from nature, and use partly intuitive concepts together with 
some unexamined assumptions about the properties of space and time. 
These ideas are conceptually difficult and it was not until two hundred years 
after Newton that the Austrian physicist Mach in 1883 analysed some of 
these problems logically: this type of analysis played a significant role in the 
development of Einstein's special theory of relativity. 


The first law implies the existence of isolated bodies and inertial coordinate 
systems: this needs some explanation. Any experiment is performed within 
an assumed reference frame, usually defined by the laboratory in which it 
is performed. In principle, experiments done in a particular laboratory will 
allow one to deduce, or at least confirm, physical laws and in particular the 
laws of mechanics. However, the same experiment performed in different 
laboratories may produce different results. For instance, a laboratory in a 
uniformly accelerating space rocket, or fixed to the end of a large rotating 
beam, would not confirm Law I, without taking into account the acceleration 
of the laboratory, of which the scientist may not be aware. A simple example 
of this effect is the motion of a particle on an accelerating wire considered 
on page 148. 


An inertial reference frame is one in which Law I holds; essentially, Law I 
asserts the existence of an inertial frame. Further, it is assumed that the 
laws of motion are invariant under transformations between inertial reference 
frames. The limiting case considered in Exercise 4.3 is an example, because 
the uniform motion of the pendulum support does not affect the pendulum 
motion. Thus, two laboratories moving uniformly relative to each other 
would deduce the same dynamical properties for the pendulum. This is 
Galileo’s relativity principle which states that space and time are absolute: 
that length, time and mass are independent of the relative (uniform) motion 
of the observer. A consequence of this principle is that the speed of light de- 
pends upon the relative motion of the observer, an inference contradicted by 
the experiments of Michelson and Morley in 1887. Despite, this. because the 
speed of light is so large, about 3 x 10'cms7!, or 186.000 miles~!, Galileo’s 
relativity principle is approximately true in many important situations. In 
an inertial reference frame the second law implies the first. 


Newton's second law relates the ‘change in motion’ to an impressed force. 
Here the term ‘motion’ means the momentum, a vector quantity we often 
denote by p. Newton used the term ‘change’ rather than the more modern 
‘rate of change’ because his experimental examples involved impulses; one 
such example is described after Exercise 4.30 (page 185). For a body of 
constant mass, its momentum is usually the product of its mass, m, and 
its velocity, v: the main exception being the motion of charged particles in 
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electromagnetic fields, which we shall not consider. The modern version of 
Newton’s second law is, in symbolic form, 

ae =F or, for constant mass, ma =F, (4.41) 
where F is the force acting on the body: the first of these equations applies 
when the mass varies, as in rocket motion. These equations are known as 
Newton's equations of motion. 


The notion of a force is difficult. First we observe that it is a vector. Second, 
implicit in this law is the fact that forces add vectorially, a fact that Newton 
added as a corollary; this result is an empirical law, crucial for our under- 
standing of many particle systems. The first observations leading to this 
law were those of Galileo in his description of projectile motion, in which he 
separated horizontal and vertical components of motion. 


Forces always arise from interactions between particles, and if we ever found 
an acceleration without an interaction, we would be in a dreadful mess. It 
is the interaction which is physically significant and which is responsible 
for the force. For this reason, when we isolate a body sufficiently from 
its surroundings, we expect it to move uniformly in an inertial frame. An 
isolated body is one from which interactions have been eliminated — logically, 
this means that isolated bodies cannot be seen, because observing an object 
means interacting with it using, for instance, light; however, light exerts a 
very small force so we can see only approximately isolated bodies: a deep 
analysis of this problem leads to Heisenberg’s uncertainty principle and to 
quantum mechanics, which is beyond the scope of this course. 


4.3.1 Internal and external forces 


In this and the next section we introduce the idea of generalised coordinates. 
starting with a discussion of N interacting particles. If you wish to have in 
mind a realistic example, for N = 3 think of the Sun-Earth-Jupiter system 
as a set of 3 interacting particles: another is the Sun-Earth~Moon system. 


Any pair of isolated particles will interact through a force acting along the 
line joining their centres because, by definition, this is the only preferred 
direction The force on particle i due to particle j is denoted by Fy, and 
similarly the force on j due to i by Fj;. Newton's third law is satisfied only 
if Fj; = —Fj;. Thus for the two particle Sun-Earth system the attractive 
forces are as shown in Figure 4.6. 


“e@ 
ee 


™ earth 
Figure 4.6 Schematic diagram of the interaction between the Earth, of mass mg, 


and the Sun, with mass mg, often accurately described by assuming both to be 
point particles. 


Note that in this case the magnitudes of the force on each particle are 
identical, but the effects on each are quite different, simply because the Sun 
is far more massive than the earth, mg = 328 900m; a consequence of this 
is explored in Exercise 4.5. 


The interaction between any pair of particles is unaffected by any third 
particle. The pairwise forces F;;, which usually depends upon the positions 
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of particle i and j, are normally named internal, for reasons that will become 
clear later; see equation (4.45). 


In addition to these pairwise, internal forces each particle of a system may 
be affected by external forces, due to another system apart from that being 
considered. Usually external forces are gravitational or electromagnetic in 
origin. We denote the external force on particle i by Po. An example show- 
ing the difference between internal and external forces is discussed next and 
from this we shall see that this distinction depends upon the approximation 
used to describe the system. 


Consider the Sun-Earth-Jupiter system, with each body being treated as 
a single particle, with the aim of understanding the motion of the Earth. 
It is possible, and a good approximation, to consider this system of three 
particles in isolation and then the only forces are the internal forces between 
the three particles: there are no external forces. This, however, gives rise to 
equations of motion that are very hard to solve. 


The force between the Earth and Jupiter is, however, relatively weak by 
comparison to that between each planet and the Sun, so the simplest first 
approximation is obtained by ignoring this interaction, and then the Earth 
and Jupiter orbit the Sun unaffected by each other. This approximation 
conforms to Kepler's description of the solar system giving slightly elliptic 
orbits at mean distances of 1 AU and 5.2 AU, respectively, from the Sun, 
and with periods of one (tropical) year and 11.86 years, respectively. 


The weaker interaction between the Earth and Jupiter has an asymmetric 
effect because Jupiter is so massive, my ~ 320mp, which means that a better 
but more complicated approximation, may be obtained by assuming that the 
motion of Jupiter is unaffected by the Earth, but that the Earth is affected 
by Jupiter. This asymmetry is represented mathematically by treating the 
effect of Jupiter as an external force on the Earth, as shown schematically, 
in Figure 4.7. In this approximation to the motion of the Earth the only 
internal force is that between the Earth and the Sun, and the resulting 
equations of motion are easier to understand. 


Figure 4.7 Diagram showing how the effect of Jupiter on the motion of the Earth 
may be represented by a time-dependent external force, F{{), with the force on 
Jupiter due to the Earth being ignored. 


Note that at different times of the year this external force is in different 
directions and has different magnitudes, so depends upon the time. 


For N particles each could be affected by the N —1 interactions with the 
other particles. The motion of two interacting particles is well understood 
and solved in any text book on dynamics. The motion of three or more inter- 
acting particles is, however, exceedingly difficult to understand. Indeed, the 
three-body problem remains one of the most celebrated problems in celestial 
mechanics; it can be simply stated as follows. Three particles move in space 
under their mutual gravitational attraction; given their initial positions and 
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An AU is the astronomical 
unit of length and is 
defined to be 
approximately the mean 
distance between the Earth 
and the Sun and is 

1.496 x 10° kin (9.3 x 107 
miles); there are 63240 AU 
in a light year. 


A tropical year is defined 
to be the time between 
successive vernal 
equinoxes, An equinox is 
the time when the Earth's 
axis of rotation is 
perpendicular to the line 
between the Sun and the 
centre of the Earth. The 
two yearly equinoxes are at 
about 2Ist March (the 
vernal equinox) and 22nd 
September (the autumnal 
equinox). A tropical year 
is 365.2422 days, with a 
day defined to be 86400 
seconds. 
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velocities determine their subsequent motion. The importance of this prob- 
Jem can be judged from the fact that between 1750 and 1900 more than 800 
papers on this topic were published and new work is still being produced. 


In general, for N interacting particles, where the ith has known mass, mj, 
and position vector rj, with Cartesian coordinates, rj = (rj. yi, 2i), with 
respect to a given reference frame, there are 3N degrees of freedom. The 
three Newtonian equations of motion for each of the N particles are. in 
vector form 


dr, (e) 2 2 
mae =F 4 LF u Fea ee ee 2 (4.42) 
ia 


Note that in this equation the j =i term of the sum is omitted because 
the quantity Fj; is not defined: in some texts, for algebraic convenience, it 
is defined to be zero. More important you should note that normally all 
forces depend upon the position vectors. These 3N equations are the math- 
ematical statement of Newton's second law. In these differential equations 
we normally know all the masses and all the forces, which usually depend 
upon the position vectors in a known manner: the objective is either to solve 
these equations for rj(t) given some initial conditions, that is r;(to),ti(to). 
k=1,2,...,N, or to obtain some qualitative understanding of the solution: 
for instance, in studies of the solar system we should like to know whether 
the distance between the Earth and the Sun remains within given limits for 
all times. In recent years this type of problem has become of public concern 
with various groups worrying about the distance between the Earth and 
individual asteroids of the larger variety. 


In principle, equations (4.42) may be solved, possibly numerically, for each 
of the 3N variables provided all the forces together with all the initial con- 
ditions are known. In practice, except for the simplest of systems, these 
equations can be solved only by numerical integrations and then, with a 
given accuracy, only for a finite time, which depends upon the accuracy re- 
quired: furthermore, it is usually difficult to understand the properties of a 
system from numerical solutions. 


4.3.2 The centre of mass 


Before proceeding it is worth noting one of the consequences of Newton’s 


third 1 law, which manifests itself in the symmetry relation Fj; = —Fj;. This 
involves the centre of mass of a system of N particles which is defined by 
the vector R, 
N N 
MR= Me mr, M= ay mi, (4.43) 
i=1 i=1 


so that M is the total mass. We now show that the centre of mass of a 
system of N particles moves like a single particle, of mass M equal to the 
total mass of the system, acted upon by the sum of all the external forces, 
and that this motion is independent of the internal forces. 


This is shown by differentiating the vector R twice and then using equa- 
tion (4.42) to obtain 
N 


N NON 
Yo mii = yore + xy SOFu- (4.44) 
ist 


i=1 i=] j=1 
iA 
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But in the second sum, the terms F,, and F,, occur, for each r and s, only 
once and occur as F;., + Fs, = 0; thus the double sum is zero. 


Thus the equation of motion for the centre of mass is 


N 
MR=)_ FO, (4.45) 
i=l 
which is Newton’s equation for a particle of mass M at R, acted on by 
the sum of all external forces. This means that the centre of mass motion is 
unaffected by the forces between the constituent particles, which is why they 
are named internal forces. If the sum of the external forces is zero, then 
R =0 and the centre of mass is either stationary or moves with constant 
velocity: in either case, it is then usually convenient to put the coordinate 
origin at the centre of mass. 


Equation (4.45) also means that a rigid body can often be treated as a single 
particle with all external forces acting through the centre of mass. 


We have already seen an example of equation (4.45). For the simple pendu- 
lum hanging from a freely moving mass, the equations of motion being given 
by equations (4.15) and (4.16) (page 151), it was noted that MX +m =0, 
but this is just the z-component of R because there are no external forces 
in this direction. 


Exercise 4.5 


(a) The centre of mass, C, of two particles of mass m), and mg, with position 
vectors r; and rg, is given by equation (4.43). Show that the vectors from ry; 
to C and rg to C are, respectively, 


¥, = R-r, F = R-r. 
m2 and my, 
= ae =e 
m, +m my +m 


where rjg = 12 =r) is the vector from m to m2. 


(b) The masses of the Earth, mp, and the Sun, mg, are related by ms = 328 900mp. 
and the mean distance between their centres is 149.6 x 10° km. Use the result 
derived in the first part of this exercise to show that the centre of mass of the 
the Earth-Sun system is a distance of 455 km from the Sun’s centre. 


(c) The two most massive bodies in the solar system are the Sun and Jupiter, 
with masses related by mg = 1047.4m). and the mean distance between their 
centres is 778.3 x 10° km. Show that centre of mass of the the Jupiter-Sun 
system is a distance of 7.43 x 10° km from the Sun's centre. Note that the 
radius of the Sun is 6.91 x 10° km. 
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4.3.3 Generalised coordinates 


In any description of a dynamical system it is necessary to specify the po- 
sitions and velocities of the constituent parts, and our objective is to deter- 
mine how these change with time. The positions are always defined with 
reference to a coordinate system, usually fixed or moving with a constant 
velocity. The simplest coordinate system is the Cartesian system with the 
equations of motion being expressed in terms of the Cartesian coordinates of 
each particle. Although the simplest system, it rarely results in the simplest 
equations of motion, so it is almost always necessary to use other coordinate 
systems. The choice of coordinate system is so important to our understand- 
ing of any equations of motion that it is important to be able to formulate 
these equations in terms of appropriate coordinates. 


Generalised coordinates and the associated theory provide this flexibility 
by enabling the equations of motion to be written in terms of the smallest 
number of equations. You have already seen such coordinates in action when 
the equations for the two Cartesian coordinates of the simple pendulum, 
equations (4.10), became one equation for , equation (4.13): in this example 
@ is the generalised coordinate which automatically allows for the length of 
the pendulum to be constant. 


Another example is the system comprising two particles connected by a light, 
rigid inextensible rod, of length 1; the two position vectors r; and rg are 
not independent because they are constrained by the relation [ry — ra| = I: 
a hydrogen molecule in which the internuclear distance is assumed fixed 
is an example, which is a good approximation at low temperatures. A 
coordinate system describing these two particles needs to take into account 
the constraint. 


Another example is a single particle constrained to move along a curved 
wire, or on a surface: in these cases the position vector is allowed to move 
in only one or two dimensions respectively and the coordinate system used 
needs to reflect this. 


Constraints are important because they limit the possible configurations of 
the system and this simplifies the equations of motion. They are introduced 
because we need to approximate the system to obtain manageable equations 
of motion involving only the essential variables. For instance, the solid block 
(which may be treated as a single particle), of mass M, sliding smoothly on 
a fixed, horizontal surface, shown on the left in Figure 4.8, is constrained to 


move in two rather than three dimensions. 
R Z B 
4 - 
A 
Mg Mg 


Figure 4.8 Diagram showing the forces on a solid block on a horizontal surface 
(left) and a tilted surface (right). 


Gravity exerts a downward force, Mg, on the block, but on the left the 
surface does not allow the block to move in this direction, so Newton’s first 
law shows that there is no net vertical force on the block, and the third 
law implies that there must be an upward force of reaction from the surface 
to exactly compensate the downward force of gravity. This is denoted by 
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R in the figure, and is perpendicular to the surface. This reaction can be 
rationalised by considering the forces between the constituent molecules of 
the block and the surface. But for most purposes this is not helpful and 
Newton’s third law cuts through this complex atomic description to a far 
simpler and usable description, giving R = Mg. For a smooth surface the 
force of reaction is perpendicular to the surface. 


Now tip the surface, AB, as shown on the right in the figure. The reaction 
R remains perpendicular to the surface, because the molecular interactions 
are unaffected by gravity, and is no longer parallel to the gravitational force, 
so there is a net downward force. Provided R remains perpendicular to the 
surface, the second law shows that the block slides down the plane. This is 
what happens if there is no friction and then the value of R does not affect 
the motion. In this example the reaction Ris known as a force of constraint, 
and is similar to that introduced to determine the equations of motion of 
a bead on a wire, in Section 4.2.1. The reaction Ris a consequence of the 
geometric constraint restricting the block to lie on the table. Generally, ge- 
ometric constraints are associated with forces that impose these constraints: 
these are known as forces of constraint. 


Another simple example is the pulley system shown in Figure 4.9. 


mag. 


Mg 


Figure 4.9 A simple pulley system comprising a light inextensible rope fixed to the 
ceiling at A, a pulley B, also fixed to the ceiling, and a second, pulley C, of mass 

M, and a particle D of mass m, both free to move in the vertical plane. The rope 
passes round both pulleys and is attached to the particle D. 


In this example we assume that the pulleys rotate with no friction, have no 
rotational energy and that the rope does not stretch. These assumptions 
mean that the tension T in the rope, not shown in the diagram, has the 
same value at all points. The constraint is that the length of the rope is 
constant, which means that the heights of the particle D and the pulley 
C are not independent (provided the rope does not break). This system is 
analysed using Lagrangian methods in Exercise 4.28. 


There are different types of constraints. In this course we consider only 
those that can be expressed in terms of equations like 


Sf(ti.72,.-.,tN;t) =0 (4.46) 


where f is a function of the position vectors and, possibly, the time t. For 
instance, the block on the left-hand side of Figure 4.8 has the constraint 
z= constant, where the z-axis is vertically upwards and there is a similar 
relation when the plane is tipped. For the pulley system shown in Figure 4.9, 
the two distances between the pulley C and the particle D and the ceiling. 
Y and y respectively, are related by 2Y + y = constant, because the rope is 
inextensible. 
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Constraints of the type defined in equation (4.46) are named holonomic 
constraints and a system with such constraints is named a holonomic system. 
Other types of constraints exist and are named nonholonomic constraints, 
but are not considered in this course. 


Before describing the properties of holonomic constraints, we list a few ex- 
amples. 


A bead 

Constrained to slide on stiff wire with a fixed shape, as in Section 4.2.1, a 
bead has one degree of freedom because its position is uniquely described 
by a single variable. 


A moving wire 

A variant of the previous example is obtained by moving a wire in a pre- 
scribed manner. A single variable defines the position of the particle so the 
system still has one degree of freedom. 


Alternatively, we could allow the shape of the curve to change in a prescribed 
manner: the system still has one degree of freedom; see Exercise 4.48 for an 
example, 


The pendulum 
The simple pendulum has one degree of freedom and the double pendulum 
has two, 


Motion on a surface 
A point on a two-dimensional surface, stationary or moving in a prescribed 
manner, requires two variables, so a particle sliding on such a surface has 
two degrees of freedom. 


A block sliding on a plane surface 

A block sliding on a plane surface has three degrees of freedom, because the 
centre of mass of the block requires two coordinates to define its position. 
A third coordinate is needed to define the orientation of axes fixed in the 
block relative to axes fixed on the surface. 


Child’s spinning top 

With the point of contact, O, fixed, a child’s spinning top has three degrees of 
freedom because an axis OP, through the point of contact at O, fixed along 
the symmetry axis of the top, requires two angles to define its orientation, 
the vector n, and the angle of rotation about this axis, ¢; see Figure 4.10. 


Figure 4.10 Diagram showing the coordinates of a child’s top. 


If the point of contact is allowed to move around the plane, then two more 
degrees of freedom are added. 


A solid body 

A solid body moving in space has six degrees of freedom: there are three 
coordinates for the position of its centre of mass; and three further angles 
defining its orientation. 
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In general if there are M independent holonomic constraints, defined by the 
M equations 


Cy(ti,r2,-.-.8N,t)=0, 7 =1,2,...,M, (4.47) 
then it can be shown that the physically possible positions of the system, 
that is the values of all 3N coordinates (aj, yj,2i), i= 1,2,...,N, can be 
described by n = 3N — M coordinates qy, k = 1,2,...,n, so we must have 


M <3N-—1. The number n is important and is called the number of degrees 
of freedom of the system and the n coordinates qj, are called the generalised 
coordinates. For any given system the number of degrees of freedom is 
unique, but there are infinitely many choices of the generalised coordinates. 


Generalised coordinates arising from holonomic constraints satisfy two con- 

ditions: 

(i) their values completely determine the configuration of the system; 

(ii) they may be varied arbitrarily and independently without violating the 
constraints of the system. 


The n generalised coordinates qx, k = 1,2,...,n, are frequently used to 
define coordinates in an abstract space which is named the configuration 
space. For instance a single particle moving in three dimensions has for 
its configuration space the usual three-dimensional Euclidean space. If the 
particle was confined to the Oxy-plane the configuration space would be 
this plane: but it might be confined to the surface of a sphere or a torus, in 
which case the configuration space would be different. 


There are two principal methods of dealing with holonomic constraints. One 
is to introduce the forces of constraint, for example, the reaction on the wire 
in Section 4.2.1 and the tension in the pendulum in Sections 4.2.2 and 4.2.3. 
The second method is to formulate the equations of motion in terms of 
generalised coordinates, so the constraints are built in at the beginning. In 
general, when applicable, the second method is easiest to apply: the general 
formalism is described in Section 4.4 and it is applied to some problems in 
Section 4.5. 
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Exercise 4.6 


For each of the following systems, state the number of degrees of freedom and 
suggest suitable generalised coordinate(s). 


(a) A particle moving on a fixed, stationary circle. 

(b) A particle moving perpendicular to a given stationary plane. 
(c) A particle moving on the surface of a sphere. 

(d) A rigid body rotating about an axis fixed in space. 


(e) A particle moving on a circle which is rotating about a diameter in a prescribed 
manner. 


(f) A particle moving on a circle which is free to rotate about a horizontal diameter. 


(g) A rigid body (i) moving freely in space, and (ii) with a stationary centre of 
mass, 


(h) A planet moving round a star, fixed in space. 


Exercise 4.7 


(a) Consider the pulley system illustrated in Figure 4.9. If the distance of the 
pulley C and the particle D below the ceiling are Y and y respectively, show 
that for an inextensible rope these variables are connected by the constraint 
2Y +y = constant. 


(b) How many degrees of freedom does this system have’? 


(c) Explain why the tension is the same along the length of the rope. 


4.3.4 Kinetic and potential energy 


In this section we introduce two concepts that are essential for the develop- 
ment of Lagrange’s equation of motion: the kinetic energy and the potential 
energy for a system of interacting particles. 


Kinetic energy 


The kinetic energy of a single particle of mass m and with velocity v is a 
scalar and is defined to be 3m v?, where v = |v|. For a set of N interacting 
particles the total kinetic energy, T, is defined to be the sum of the individual 
energies, 


‘i 
T=4)> > mu?. (4.48) 


Note that the symbol T is also used to denote a tension: this should not 
cause confusion because these quantities normally appear in quite different 
contexts and have different units. Each component of this sum is propor- 
tional to the square of the speed of each particle, and depends on the first 
time-derivative of the associated position vector. 


dr; 


vi= 


= (9%), so vp =a? +97? +22. (4.49) 


dt 


Each vector r; will depend upon the n generalised coordinates, q,., k = 
1,2,...,n, so each of the 3N components (z;,%, 2;) will depend on these 
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generalised components and their derivatives. gg, k = 1.2.-...n. For exam- 
ple, if 
aj = filti,42,---+4n.t), t=1,2,..., N, (4.50) 


then using the chain rule to differentiate with respect to t gives 


oe #=1,2,...,M, (4.51) 


with similar relations for the y- and z-components. The derivatives qx. 
k =1,2,...,n, are called the generalised velocities. We see that the time 
derivatives (aj, %j,2;) are all linear functions of qx, but not necessarily of 
the generalised coordinates. Because all the first time derivatives of r; are 
linearly dependent on the generalised velocities, the kinetic energy depends 
quadratically on the generalised velocities. 


Two examples should make the preceding analysis clear. First, consider 
a single particle moving in a plane with Cartesian coordinates (x,y): its 
velocity is v = (%,%). In plane polar coordinates, (7,0), we have 

=rcosé, y=rsind. (4.52) 


We may use either (x,y) or (r,@) as generalised coordinates and the respec- 
tive generalised velocities are &, y and *, @. Differentiating the above two 
equations we obtain 


&=Feosd—résind, y=7*sind +rbcosd. (4.53) 


These are the equivalent of equations (4.51), and we see that ¢ and y depend 
linearly upon * and @, because of the chain rule. The speed of the particle 
is given by 


% x 2 A 2 
earth (‘cose = résin8) i (Fsino + rd.cos0) 
f+ 6", (4.54) 


and this depends quadratically on the generalised velocities * and 6, as 
expected. 


As a second example, we consider a single particle moving in three dimen- 
sions. The Cartesian coordinates are (x,y, 2) and these are appropriate gen- 
eralised coordinates, with the associated generalised velocities #, y and 2. 


Another set of coordinates are the spherical polar coordinates, (r,4,@), use- 
ful when there is a spherical symmetry. These can be defined by the equa- 
tions 

r=rsinOcos@, y=rsin@sind, z=rcosé. (4.55) 


‘The new generalised coordinates are r, 0 and @ and the physical meaning of 
these is shown in Figure 4.11. 


Figure 4.11 Diagram showing the physical meaning of the spherical polar 
coordinates (r, 4.6). 


167 


168 Chapter 4 


Differentiation of these equations gives 

&=fsinécoso@+ 76 cos @ cos 6 — résin@ sin, 

y =fsinOsind + rb cosOsind + rdsinO cos 6, (4.56) 

£= eos —rOsind. 
The speed is <? +? + 2; it is easiest to first find #? + 9: 

i +4? =F (sin? cos? 9 + sin? sin? ) 

+ r°6 (cos? @ cos? @ + cos? @sin® ) 
+ 17d? (sin? @sin? ¢ + sin? @ cos? 4) 
+2rr6 (sin @ cos @ cos? @ + sin 8 cos @ sin” ¢) 
= sin? @ +176" cos* 0 + r2d? sin? 0 + 2r70 sin @ cos O. (4.57) 

Hence on adding 2* to this we obtain 

P+ PtP =P +76 + 12S sin? 9. (4.58) 
This is a sum of the squares of the generalised velocities, with coefficients 
depending upon the generalised coordinates. 


Exercise 4.8 

The generalised coordinates (ir, y) and (u,v) are related by « = u+v and y =u—v. 
(a) Express the generalised velocities (wi, ¢) in terms of (%,). 

(b) Show that &* + 9? =2(u? +0). 


(c) If the relations between (2, y) and (u,v) are replaced by 
u — vt find the generalised velocities and show that <7 + 
Avot + 207, 


u+vt and y= 
2 (a? + 072?) + 


Exercise 4.9 

The Cartesian coordinates (x,y) are related to new coordinates (u,v) by «= uv, 
y = (u* — v?)/2. Show that the square of the speed is ¢ + y? = (u2 + v”)(w2 + 62). 
Exercise 4.10 


A particle of mass m moves on a curve described by the equation y = f(x). If s is 
the distance along this curve from some fixed point, show that the kinetic energy 
of the particle is 


T = jm? (1+ f'(x)?) = }ms?. 
[Hint: use the relation ds? ~ 6x? + dy?, see Figure 1.5 (page 9).] 
Exercise 4.11 


A particle of mass m moves on an Archimedes spiral which has the equation r = a8, 
for some positive constant a and where (r,@) are the plane polar coordinates. Show 
that the kinetic energy can be expressed in terms of (r,7) or (0.0) by the equations 


2 : : 
T= bmi? (145) or T=4ma6? (1+6?). 
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Exercise 4.12 


Show that the kinetic energy of the pulley system illustrated in Figure 4.9 is given 
by T = (M + 4m)j?/8, where y is the variable defined in Exercise 4.7. 


Potential energy 


Next we assume that all forces are conservative,, which means that the force 
on a particle is given by the gradient of a potential function, V(r,t), with 
respect to the position of the particle. For a single particle, with position 
r=(z,y,2), this means that the coordinates of the force on it are given by 


y OV AV 
-- (2.0.2) = -gradv = -&, (4.59) 
where V = V(r,t) is a scalar function of r and possibly the time t. The 
notation OV/Or for grad V may not be familiar, but it is very useful when 
there are several particles with positions (r},1r2,..., r,,) and V depends on 
two or more of these. In such cases we often need to differentiate with 
respect to a particular ry, and this can be denoted by OV/Or;,, whereas the 
alternative notation is not so convenient. 


The significance of equation (4.59) is that all three components of the force 
are defined by a single scalar function, V, which is variously named the 
potential, the potential energy or the scalar potential. Because the force is 
given by the gradient of V, potentials differing by either a constant or a 
function of only the time, give the same force, and are hence equivalent. 


Conservative forces are so named because the work done when moving round 
a closed curve in configuration space is zero. Friction is not a conservative 
force because it always opposes the motion and the work done is always 
positive; gravity, where F = —mgz and V = mgz, on the other hand, is 
conservative because the work done going up is recovered on the way down. 


Consider a particle in the three-dimensional configuration space, shown in 
Figure 4.12, with a force field F(r) and a curve C. The work done against the 
force when moving a distance dr along this curve is defined to be SW = F - dr, 
that is force x distance travelled. Notice that the curve C is not necessarily 
a possible motion; it can be any smooth curve that does not violate any 
constraint. 


% 
= 


Figure 4.12 An arbitrary curve joining r, to ry. 


Hence the work done when moving along the curve C, from r, to rp, is the 
line integral 


Ww - | dr + F, (4.60) 
Cc 


which will normally depend upon the path taken. If, however, F is con- 
servative, with F = —gradV, for some potential V, then, for small changes 
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ov ov 
+ ETaa iad =-—-F- dr, (4.61) 
so the expression for the work becomes 
W= -f dV = V(ra) — V(t»), (4.62) 
Cc 


which is independent of the path. For a closed curve, rz = ry, hence W = 0. 
If V depends upon the time, then this is held fixed in the integration round 
C, so it is possible to have conservative. time-dependent forces. 


The interaction between two particles at r; and r), giving rise to the conser- 
vative force Fj;, is described by a potential function Vjj(r,t) that depends on 
these position vectors only through the distance r = |r; — rj|, and possibly 
(but not normally) the time, but no other position vector. Then 


OV; OV). 
Fy = a and Fy = ay (4.63) 
Note that for Vj; the suffix order is immaterial. These interactions automat- 
ically satisfy the third law Fj; = —Fj;. The proof of this is not central to 


this course and is therefore given in Exercise 4.42 at the end of the chapter. 


The external forces, F )(r;,t), are also assumed to be conservative. but 
these may depend upon the position vector r;, not just its length. A simple 
example of an external force is an electron in a uniform electric field. If 
—e is the electron charge (e > 0) and E(t) the electric field, then the force 
on the electron is F = —eE(t); this is independent of the position and the 
potential energy is just V = eE(t) +r. 


Conservative forces are important: gravitational forces are conservative and Gravitational forces are 
electric forces are also conservative, as is the force due to Hooke’s law, de- conservative only for 
scribed in Block I, Chapter 1; see also Exercise 4.14. Thus atoms, molecules, Newtonian ri avitssion;, 
the solar system and galaxies are all held together by conservative forces. a rare eae so aaa 
Important exceptions are frictional forces and air resistance. > 


Not all forces can be defined in terms of potentials. However, for one- 
dimensional systems. if the force F(x,t) depends only upon « and t because 
F is a scalar it is always possible to find a potential V(x,t), simply by 
integrating —F'(x,t) with respect to x, with ¢ fixed: note that if the force 
depends upon # such a potential cannot be found. 


Exercise 4.13 


(a) The radial distance r from the origin is given by r* = x? + y? + =*. Show that 
os OF _ y Oo _z 


Oz’ Oy or’ Oz +r 


(b) Show that a potential energy function, V(r), depending only upon the radial 
distance r, produces the force 
V'(r) 
r 


F=- = =V" (rf. 


Potential energies add, so the potential energy of a set of N interacting 
particles is just the sum of the 5N(N — 1) interactions between each pair, 


N-1 N 
V= yoy Vallrs—rylt), (4.64) 


i=l j=i41 


4.3 A discussion of Newton's laws 


or in full 
VS Wit Vig ie as Vives + Vin 
+ Vig + Vox «+ + Ven-1 + Von 
+ Veg --* + Ven-y +) Von 
% (4.65) 
+ Vy-en-1 + 
zs 
It follows that the interaction force on the ith particle is 
N 
av 
Bee Ry: 4.66 
oars DD ij (4.66) 
Ii 


If there are many sources of potential energy the total potential energy is 
always taken as the sum of the values that each would contribute on its own. 


Exercise 4.14 


Consider a spring of natural length Ip and stiffness & lying along the a-axis. As- 
suming Hooke’s law (see Block I, Chapter 1) the force acting to shorten the spring 
when it is extended to the length lo +x, is F = —kx show that this can be derived 
from the potential function V = ke*/2. 


Gravity 


One ubiquitous force is that due to gravitational attraction. Two point 
particles of masses m); and mg attract each other with a force inversely 
proportional to the square of the distance, r, between them and proportional 
to the product of their masses, giving rise to the gravitational potential 
energy 
Gmym2 
ae 
where G is the universal gravitational constant. For a particle of mass m 
at a height z above the Earth’s surface Newton showed, by assuming the 
Earth to be spherical and integrating over the Earth’s volume, that the 
gravitational potential is 
GMm 
R+z’ 
where M and R are the Earth’s mass and radius respectively. 


V(r) = r>0, (4.67) 


V(z) = 220, (4.68) 


Exercise 4.15 


Show that if R > = then the gravitational potential discussed above reduces to the 
approximation V(z) = mgz, where g = GM/R? is the acceleration due to gravity. 
Taking M = 5.972 x 1077 g, R = 6.378 x 10° cm and G = 6.673 x 10-8 g~! cm’ s~?, 
calculate the value of g. 
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Exercise 4.16 


The formula for g found in Exercise 4.15 shows that the value of g decreases as the 
height above the mean sea level increases. 


(a) Show that the relative change in g between its value at a height h above the 
mean sea level, g(/1) and its value at sea level, g = g(0), is given approximately 
by 

Ag a= 9) 
4 9 06UR 
For a hill 800m high show that Ag ~ 2.5 x 10-49, 


(b) The approximate period of a pendulum clock of length / is T = 27\/I/g. Show 
that the relative change in T and g are related by 


Deduce that a pendulum clock accurate to 1 s/day could be used to measure 
the relative change in g between sea level and the top of an 800m hill. 


The significance of this calculation is that during his trip to St Helena (1677- 
1678), Halley was the first to measure the slowing of a pendulum clock due to 
altitude. Halley deduced that the force of gravity decreased as the distance 
from the centre of the Earth increased. 


On the same trip he noted that at sea level the same clock ran slower in England 
than in St Helena. This is due to the flattening of the Earth, though Halley 
did not know this; see the solution on page 202 for more details. 


Energy conservation 


We end this section by showing that if the forces are conservative and inde- 
pendent of time, then the total energy, E, of the system is a constant. The 
total energy of N interacting particles is defined to be the sum of the kinetic 
and the potential energies: 


N N 
B=3> me +V4+ OV, (4.69) 
i=1 i=1 


where V is the potential energy due to the internal forces and defined by 
equation (4.64). The time derivative of V is, on using the chain rule, 


N 
dv _ SOV ar; 
= > aoe (4.70) 
and since 
N 
av 
ee nts (4.71) 
iw 
we have 
N le) 
dE ‘ av av, 
a =3, (ma SM igs EAL — ari -) 
N N 
dr; 
= ove | mae — Fw FI” | =0, (4.72) 


where the last equality follows from Newton’s equations of motion, equa- 
tion (4.42). Hence the total energy, 2, is a constant on each solution, with a 
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value that depends upon the initial conditions; such dynamical systems are 
named conservative systems. Note that the adjective conservative is used in 
two contexts: a conservative system involves conservative forces, but conser- 
vative forces that depend upon time do not normally produce conservative 
systems. 


For a conservative system with one degree of freedom the expression for 
the total energy gives a first-order differential equation which replaces the 
second-order equation of Newton, which generally makes the analysis easier: 
an example of this process is found in Exercise 4.1, The energy E can be 
obtained by integrating the equations of motion once, so it is often referred 
to as an integral of the motion or, because it is constant, as a constant of 
the motion. 


———— 
Exercise 4.17 


(a) Consider a particle of mass m moving vertically upwards from the surface of 
the Earth, with height = above the surface. Use the potential energy defined 
in equation (4.68) to show that the total energy is 


2 GMm 
E=}m2?- Riz: 
(b) The escape velocity is defined to be the value of 2 when z = 0 such that as 


2— 0c, 2 0, that is the particle can just escape the gravitational field: any 
smaller velocity results in it returning. Use the fact that E = constant to show 
that the escape speed is 


(c) Use the values given in the following table and the fact that G = 6.673 x 10-8 
cm*g~'s~? to find the escape speeds and the values of g using the formula 
found in Exercise 4.15, for the Earth, the Moon and Jupiter. 


Earth | Moon Jupiter 


M/g | 5.972 x 1077 | 7.350 x 10° | 1.899 x 103° 
R/cm | 6.378 x 10° | 1.738 x 108 _| 7.190 x 10° 


Exercise 4.18 


Show that for a single particle with mass m, moving in a force F(r), Newton's 
equations of motion give the rate of change of the kinetic energy, T, to be 
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4.4 Lagrange’s equations and 
Hamilton’s principle 


ction we introduce Lagrange’s equations of motion. For holonomic Holonomic systems are 
systems, these are equivalent to Newton's equations, but are formulated di- defined on page 164. 
rectly in terms of the generalised coordinates; they avoid use of constraints, 

except in the initial definition of the coordinates, so are far easier to de- 

rive. Lagrange’s equations can be derived from Newton’s equations, but the 

analysis is fairly complicated and distracts from the main story. 


Lagrange’s method can be applied to any holonomic system of particles 
that interact through conservative forces. The configuration of the system 
is defined by n generalised coordinates q = (q1.q2.---. qn). So the potential 
energy is a function, V(q,t), of these variables and possibly the time. The 
kinetic energy, T’, is a quadratic function of the generalised velocities q = 
(q1,42.--++4n)- Then the Lagrangian is defined to be the difference between 
the kinetic and the potential energies, 


L(q, 4, t) = T(a,4,t) — V(a,*)- (4.73) 


The Lagrangian is a function of the generalised coordinates and velocities, 
and possibly the time; it is sometimes referred to as the Lagrangian function. 
Notice that the Lagrangian has the units of energy. 


Lagrange’s equations of motion depend upon the derivatives of the La- 
grangian. If there are n generalised coordinates, there are n equations of 
motion, which are 


4 (aL) 9 ge 
dt \ Ody Og ile 


You will recognise these as the Euler-Lagrange equations for n dependent 
variables, derived in Chapter 3 — specifically, equation (3.71) (page 108) ~ but 
without the boundary conditions. This similarity suggests that Lagrange’s 
equations of motion can be derived from a variational principle, and we shall 
describe how this is done later. 


(4.74) 


In simple cases it is easy to see that Lagrange’s and Newton's equations are 
the same. For instance, a free particle (that is, a particle acted upon by no 
forces) with Cartesian coordinates r = (x,y,z) has no potential energy, so 
the Lagrangian is just the kinetic energy. 


L=hm(i?+i+2). (4.75) 


In this example Cartesian coordinates are the most convenient generalised 
coordinates. Lagrange’s equation of motion for the «-coordinate is then 


1 /é 
5 (5) =0, giving mi=0, (4.76) 
which is Newton’s equation. The algebra for the remaining two coordinates 


is identical, and this leads to m¥ = 0. It is important that you do the next 
exercise. 
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Exercise 4.19 


For a single particle moving in a conservative force, with potential Vir.t), the 
Lagrangian is 
L=}$m (e+ +2) -V(r.0). (4.77) 


Use Lagrange’s equations of motion to show that 


mie 0) np oem 
amin Aali Tier hall Sth 


and show that these are the same as Newton's equations of motion. 


Exercise 4.20 


For a particle of mass m moving in the Oxy-plane under the influence of a force 
always directed towards the origin, the Lagrangian is 


L=jm(#+7)-V@), =a? +z. 


(a) Use Lagrange’s equations of motion and Cartesian coordinates to show that 
the equations of motion are 


mé+V'(r)==0 and mi+ vine =0 


(b) Show that with polar coordinates. (r,), where x =rcos@ and y = rsin@, the 
Lagrangian becomes 
L = ym (i? +176) - Vir) 
and that the equations of motion are 


eee r “ A : 
mi ——>+V'(r)=0 and 6=——, where Ais a constant. 
mr mr 


Lagrange’s equations of motion, defined in equation (4.74), are more elegant 
than the equivalent Newtonian equations because their form is independent 
of the choice of generalised coordinates, recall the discussion in Section 3.2.2, 
in particular equations (3.28) and (3.29) (page 101). The underlying reason 
for this is that they can be derived from a variational principle, which. as 
we saw in the previous chapter, is invariant under coordinate changes: this 
variational principle can be used as the fundamental principle of Newto- 
nian dynamics, in place of Newton’s three laws. This change of emphasis, 
from Newton's laws to a variational principle. may seem an unnecessary 
complication but it is an essential step for later developments in advanced 
dynamics and theoretical physics. In addition, in the spirit of Ockham’s 
razor, it provides a single, simple principle from which everything follows. 


Hamilton’s Principle 


The trajectories between two points q =a and q = b in configuration 
space, starting and ending at times t, and ty. are given by the stationary 
paths of the functional 


ty 
Slq]= / dtL(a.4.t), a(ta)=a, a(t») =b. (4.78) 


te 


The functional S is important in advanced dynamics (and in quantum me- 
chanics). Hamilton used it to draw important analogies between particle 
dynamics and optics, which were important in the development of quantum 
mechanics in the early part of the 20th century. Because $ is important. 
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it is called the action; it has the units of energy x time, that is, dimensions 
ML?T~!, which is the same as angular momentum. 


It follows from the theory described in Chapter 3 that the path between 
the end points is given by the solution of the associated n Euler-Lagrange 
equations, 


d (OL OL y 
a (=) = oan =O; ots) = a1, qin) br, £7 1,2.0-- 3 L470) 
These coupled, second-order equations are called Lagrange’s equations of 
motion, because Newton’s equations were first cast in this form by Lagrange; 
the full account of this theory was published in Mécanique analytique (1788). 
A short history of the development of these ideas is given at the end of this 
section. 


If L does not depend upon a particular generalised coordinate, q say, the 
associated Lagrange’s equation can be integrated directly to give 


UE = constant. (4.80) 
On 

That is, for this coordinate Lagrange’s equation is a first-order equation 
and hence easier to solve. A generalised coordinate like q is named an 
ignorable coordinate. As an aside, we note that this is an illustration of 
Noether’s theorem (page 120) in operation; see Exercise 4.54. One aim in 
choosing generalised coordinates is to obtain as many ignorable coordinates 
as possible, because this helps to find solutions. An example is given in 
Section 4.5.1. 


Note that if the time interval |f, —t,| is sufficiently small it can be shown 
that the stationary path is an actual minimum of the action. The reason for 
this is that for these times the kinetic energy term dominates the integral 
and the motion is close to that of a free particle: see Exercise 4.49. 


Apart from the advantages discussed above, you will recall that part of 
the original motivation for developing Lagrange’s equations is the ease with 
which constraints are included. For instance, consider, the bead constrained 
on a rigid wire in the shape y = f(x): in Section 4.2.1 we dealt with the 
case f(x) = ax?/2. The potential energy is V = mgf(a), and the speed is 


are yP=H (14 f'(w)*) since y= f'(x)a, (4.81) 
so, with z chosen to be the generalised coordinate, the Lagrangian is 

L = ymé (1+ f'(x)?) — mgf(z). (4.82) 
Lagrange’s equation of motion is then 

df. B 

5 (#0 + #@)")) —#F'@)P"@) + af'(w) =0. (4.83) 


You may like to compare the efforts needed to derive this and equation (4.5) 
(page 147), where f(x) = ax?/2. 
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Exercise 4.21 
Show that with f(a) = ax/2, equation (4.83) expands to equation (4.5) (page 147). 
Exercise 4.22 


Two particles, of masses m, and ma, are joined by a light inextensible string passing 
over a smoothly turning pulley of radius R without slipping, as shown in Figure 4.13. 


(a) Assuming that the mass of the pulley is sufficiently small for its energy of 
rotation to be neglected, show that the Lagrangian for the motion of the system 
is 


= $ (my + mg) 2? + (my — m2) gz. 


(b) If the rotational kinetic energy of the pulley is T, = }M,R?6, where 6 is the 
angular velocity of the pulley and M, is a constant, show that the Lagrangian 
becomes 


L(z,2) = Mz? + (m, — ma) gz, where M =m, +m2+M,. 
(c) Solve the equations of motion for the case described in part (b). 


Exercise 4.23 


(a) A particle of mass m moves under the influence of gravity along the smooth 
spiral wire defined, through the parameter 0, by 
r=acosd, y=asind, z=kd, 


where a and k are positive constants and the z-axis is vertically upwards. 
Obtain the Lagrangian and the equations of motion, and solve these to find 
ot). 


(b) If, instead of being fixed, the spiral rotates about the z-axis with angular 
velocity 2 = @, the parametric equations of the curve become 


x =acos(o+OA(t)), y=asin(d+O(t)), z=kd-. 
Find the Lagrangian and the equations of motion in this case. 
Exercise 4.24 


In this exercise we use Hamilton's principle to find an approximation to the solution 
of Lagrange’s equations, rather than to derive the equations of motion. 


Consider a particle of mass m moving along the z-axis in the potential V(x) = 
ma?x*/4, where a is a positive constant. It can be shown that all solutions of the 
equation of motion are periodic. 


(a) Show that the action for a T-periodic solution is 
“ 
S{x] = mf dt ($4? -4a%x'), 2(0)=A, 2(T) =A, 
0 


for some A. 


(b) By approximating a periodic solution with angular frequency w and amplitude 
A with the function 2 = Asinwt, show that the action is approximately 


_ammA? ), 5 242 
S(A) = “Ten (8e* — 30 ‘A?). 
You will need the integrals 
am 


(2n — 1)(2n —3)...3.1 


Qn 
BN ox: soe 
du cos*" u FA du sin"” u = 27 Mn —2)...42 


0 
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(c) Hamilton’s principle requires that S{z7] is stationary: hence an approximation 
to the motion is obtained by choosing A so that S(A) is stationary. This will 
give an approximation to the amplitude of the motion with frequency w. 

By finding the solutions of S’(A) = 0, show that the amplitude and frequency 
are related approximately by 
Qu we 
A=— =1.1547-. 
v3a a 
Note that the exact relation between the amplitude and frequency is A = 
1.1803w/a, so the approximation has a relative error of about 2%: the exact 


solution is. of course, a more complicated function of ¢ than the approximation 
used here. 


Conservation of energy 


If the Lagrangian does not depend explicitly upon the time t, then it may 
be shown using Noether's theorem (page 120) that there is an integral of 
the motion, equivalent to the first integral derived in Exercise 2.6 (page 51) 
and used in Sections 2.5 and 2.7. This derivation is not an assessed part of 
the course, but the interested student should compare the functional (3.132) 
(page 120) and (4.73). We see that «x and y corresponds to ¢ and q and also, 
in the equivalent of equation (3.131) @= 1 and vy, = 0, k = 1.2,.... n. The 
first integral, equation (3.133), is 


(4.84) 


where £ is a constant, which is normally the energy. This expression is 
usually referred to as the energy integral. 


Consider the simple Lagrangian defined in equation (4.77), for which q; = x. 
qa = y and q3 = 2, in the case where the potential energy is independent of 


t. Then 
N OL 
DY aes =m (4? + 7? + 4) = 27. (4.85) 
far Ode 


Hence E = 2T —(T—V) =T+V so. in this case, FE is the total energy. 


Exercise 4.25 
Show that the constant of motion associated with the Lagrangian (4.82) is 
E = hmi? (14 f'(x)?) + mof(e). 


Use this to find an expression for ¢ in terms of 2 and EB. 


Addition of a total derivative 
If Z and L are two Lagrangians related by 


Laat) = Laat) + Shad) (4.86) 


where f(q.t) is any differentiable funtion of q and t, but not the generalised 
velocities, then Lagrange’s equations of motion for L and L have the same 
solutions. 
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This result follows directly from the variational principle, because we have 
a Cie ty df 
s= i dtL= i dt (<+4) 

= 5+ f(b, ty) — f(a.ta)- (4.87) 

The functionals S and S differ only by a constant, so a stationary path of 

S is also a stationary path of S, which proves the result. 


This result is often useful when the transformation between generalised and 
Cartesian coordinates involves the time: for example, in the case of a bead 
on a moving wire (page 148), we have y = f(x) + >(t) and the speed is given 
by 

Parte =a? + (f(x)e+4), (4.88) 
and the Lagrangian (4.82) becomes 

L = hmé? (1+ f'(x)?) + mif"(x)y — mgf (a) — mgy(t) + 4m4?. (4.89) 


Now observe that f’(a) = df /dt and that f= d(f¥) /dt — f(a)%. Hence, 
the Lagrangian may be written in the form 


L = jme? (1+ f'(x)*) —m(g +4) f(x) 
+m lz (f(@)4) — grt) + al + (4-90) 


The square brackets enclose three terms all of which are the derivatives of 
some function of the time so may be ignored. Hence the Lagrangian for this 
system is 

T = ymé? (1+ f'(2)?) —m(9 +4) fl). (4.91) 


The only difference between this Lagrangian and that defined in equa- 
tion (4.82) is that g is replaced by g + 4. 


Exercise 4.26 


If f(x) = ax?/2, show that the equation of motion given by the Lagrangian (4.91) 
is the same as in equation (4.8) (page 148). 


Exercise 4.27 


In this exercise we derive the Lagrangian for a particle of mass m moving on a 
rigid wire in the vertical plane, with shape y = f(a), where the y-axis is vertically 
upwards, as in the text, but using s, the distance along the wire, for the generalised 
coordinate. 


(a) If s is the distance along the curve from some fixed point, show that the 
kinetic and potential energies are T = ms*/2 and V = mgy(s), and hence that 
the equation of motion is § + gy'(s) = 0. 


(b) Consider the cycloid discussed in Section 2.7.1 and shown in Figure 4.14. 


This is a hard exercise. 
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Figure 4.14 Diagram of a bead sliding on a wire in the shape of a cycloid. 
The distance along the curve from O to P is denoted by s. 


The position of a particle at P, moving between the cusps at A and B, is 
defined uniquely by the distance, s, along the curve from O; alternatively, the 
coordinates of the point are defined by the parametric equations x = a(@ + 
sind), y=a(1 —cosd), || < x. 


Show that s = 4asin(@/2), where s is zero at the minimum, and y = s/(Sa) 
and hence that the equation of motion is 


ds g 


Write down the general solution of this equation and show that the particle 
oscillates with a period that is independent of the amplitude of the motion. 
Find this period. 


Deduce that the time to reach the bottom of the cycloid, starting from rest at 
any point between O and B is the same. 


Exercise 4.28 


Consider the pulley system illustrated in Figure 4.9 (page 163): show that the 
Lagrangian for the particle of mass m is 


L = 3(M + 4m)? + $(2m — M)gy, 


where y is its distance below the ceiling. Use Lagrange’s equations of motion to 
obtain the solution 


2m —M 2 


id aclaareman 77 k 


where A and B are constants. 


A short history of Hamilton’s principle 


The development of the calculus of variations during the 18th century was 
complemented by contemporary work in physics, namely the Principle of 


least action. This, in turn was motivated by the observation, by Euclid, 
that light rays reflected in a mirror travel the shortest path, as described 


in Section 1.5.5 (page 23), which led to Snell’s law and Fermat’s principle 
(published in letters dated 1657 and 1662). 


Maupertius when working on the theory of light proposed, in 1744, his 
Principle of least action which he developed from Fermat’s principle. The 


original formulation is rather vague, simply stating that the action is the 
product of the mass, speed and distance travelled and that this is a mini- 
mum along an actual path. Euler, also in 1744 after correspondence with 
Maupertius, formulated the same law a little more precisely by noting that 
the rate of change of the integral [ dé v? for a change in the path must be 
zero, though the precise meaning of this statement is not clear. 
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4.5 Applications of Lagrange’s equations 


Lagrange clarified the situation by defining the action to be the integral of 
the kinetic energy. Thus for a single particle the action was defined to be 


te 
wef aT, T= 
t 


Lagrange assumed that energy was conserved, T+V = E, so dealt only 
with conservative systems. Lagrange’s principle of least action states that 
W must be a minimum or a maximum along an actual path joining two 
given points in configuration space, at times t; and #2. With this princi- 
ple the admissible paths have the same energy as the actual path, so this 
variational principle is different from those dealt with in Chapter 2, because 
the admissible paths are constrained by an additional equation. Using this 
principle Lagrange was able to derive Newton’s equations of motion. 


1 


(++). (4.92) 


Lagrange made the further step of introducing the generalised coordinates 
and showed that, for conservative systems with n degrees of freedom, New- 
ton’s equations of motion can be written in the form 


d (0T OT OV 
Blea) \en oe) ee 


This analysis was described in Mécanique analytique (1788), but first sug- 
gested in Miscellanea Taurinensia I (1760). 


oie (4.93) 


The next major development was due to Poisson. In 1809 he defined the 
function L = T — V, that is, the Lagrangian function introduced in equa- 
tion (4.73) (page 174), and noted that if V depends only upon the gener- 
alised coordinates (that is, neither the time nor the generalised velocities) 
the equations of motion of Lagrange can be written in the form given in 
equation (4.74). He also introduced the generalised momenta, defined by 
Pr = OL/OGx, k = 1,2,...,n, which play a major role in later developments 
of the theory, but do not occur again in our story. 


Hamilton, in 1834, introduced the action integral defined in equation (4.78), 
but his theory was not limited to conservative systems. Hamilton’s principle 
reduces to the original variational principle of Lagrange when (a) the system 
is conservative, and (b) the kinetic energy. T, is homogeneous of degree 2 
in the generalised velocities. That is, for any constant A, T(Aq) = \°T(q), 
which is the case for many mechanical systems. Hamilton also demanded 
only that the action was stationary along the actual path. In his 1835 paper, 
Hamilton introduced the Hamiltonian function and set the scene for modern 
developments. 


4.5 Applications of Lagrange’s 
equations 


In the following three sections we show how Lagrange’s equations are derived 
for some typical systems with one or two degrees of freedom. By comparing 
this analysis with the equivalent analysis in Section 4.2, you will see how 
much simpler Lagrange’s method can be. In the last example, Section 4.5.4, 
we show how the theory is extended to describe the partial differential equa- 
tion for transverse vibrations of a taut string. 


As you read through these applications you should be able to discern a sim- 
ple pattern, easiest to describe for a particle moving in a Cartesian plane 
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Oxy, but constrained in some way, so there is only one generalised coordi- 
nate, q. In this case, the position of the particle is defined by two functions, 
«x = f(q,t) and y = g(q.t). and everything follows from these functions. For 
instance, the potential energy will be some function of x and y, and hence q. 
The kinetic energy is proportional to the square of the speed, v? = ¢? + 4, 
and since ¢ = fyg+ fr and yj = g,q + g, the kinetic energy is given directly 
in terms of q, g and t. Hence, the Lagrangian is obtained directly from the 
functions f(q,t) and g(q,t). If there are more particles the method is exactly 
the same. As you read through the following sections, this pattern to the 
analysis should be noted. 


4.5.1 The simple pendulum 


We now return to a discussion of the simple pendulum, dealt with previously 
in Section 4.2.2, but first provide some general comments to explain why this 
is an important problem. 


Some general comments 


The simple pendulum is important for both historical and practical reasons 
and here we provide some background to explain why this is. First, it is 
worth noting that in 1889 a bibliography of pendulum papers was published 
by the Société Frangaise de Physique: Mémoires sur le Pendule (Gauthier- 
Villars) contains a list of papers on the pendulum, published between 1629 
and 1885 that runs to over 1300 items, many of which are concerned either 
with the construction of an accurate clock or with geophysical measure- 
ments. 


Equations of motion similar to that of the pendulum occur in a variety of 
important problems. One is when a periodic driving force shakes a me- 
chanical system at a frequency close to its frequency of natural vibrations 
and resonances occur, Another important, mathematically similar, system 
is found in the hindered rotations of certain types of molecules. An exam- 
ple is CHg3CFs, the molecular structure of which is shown schematically in 
Figure 4.15. 


F 


Figure 4.15 Diagram showing the structure of the CH3CFs molecule. 


In this molecule the end groups, CF3 and CHy, can each rotate rigidly 
and independently about the common C-C axis. The torque between the 
two groups clearly depends periodically upon the relative angle between the 
groups. It transpires that this relative rotation is dynamically similar to 
that of the simple pendulum considered here. 


Historically the simple pendulum was of crucial importance in the develop- 
ment of Newtonian dynamics and it was studied and used extensively by 
Galileo and Newton, see Exercise 4.30. It is one of the simplest mechanical 
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systems amenable to experiment and accurate measurement, so it is perhaps 
surprising that it was not studied by the Greeks. Moreover, it appears that 
there was little quantitative knowledge of the pendulum before the time of 
Galileo and his contemporaries. 


It was Galileo, however, who discovered all the major properties of the 
pendulum. It is reported that in 1581, as a medical student in Pisa, his 
observations of a swinging lamp, in Pisa Cathedral, led him to believe in the 
isochrony of the pendulum. This was later confirmed experimentally and 
stated in a letter in 1602; here he noted that the period was independent of 
the mass, and also the veracity of the result found in Exercise 2.18 (page 66). 
Only much later, in 1638, did he show experimentally that the period was 
proportional to the square root of the length. This result was also stated 
by Mersenne in 1635 and the Italian physicist Baliani in 1638, although at 
this time the relevant length of the pendulum was not clearly defined. Of 
greater significance, however. Galileo used his observation of the pendulum 
to show that the, now unfamiliar, Aristotelian doctrine of ‘mutually exclusive 
motion’ was conceptually flawed and hence opened the way to the modern 
view of motion. Here is not the place to elaborate on this problem but a full 
account is given by Ariotti, which gives some idea of the intellectual effort 
required to overcome conventional wisdoms. 


After Galileo, the pendulum became a tool for regulating clocks and, through 
the simple formula for the period, T = 2nV/I/9, an instrument for determin- 
ing the local value of g and hence properties of the Earth. The first major 
step in clock design was due to Huygens, as described in Section 2.7.1, From 
1656 onwards Huygens’ invention brought significant improvements in the 
accuracy of time keeping. The first pendulum clock was accurate to about 
30 seconds per day and the last, the Shortt pendulum clock (1921) was ac- 
curate to a one second per year; this was used in the Greenwich Observatory 
from 1921 until 1942, when it was replaced by a quartz crystal clock based 
at the Post Office research establishment in North London. The BBC ‘pips’, 
first started in 1924, were controlled by a pendulum clock until 1949. 


Derivation of the equation of motion 


We now return to our main pursuit, which is to derive, once more, the 
equation of motion for the pendulum. The idealised pendulum comprises a 
heavy particle. P, of mass m, firmly attached to a weightless. stiff, inexten- 
sible rod of length 1. The other end of the rod is attached to a fixed point 
O, about which it can swing freely. Such a system is shown schematically 
in Figure 4.16. 


mg 


Figure 4.16 Diagram showing the idealised pendulum of length /, with smooth 
hinge at O and particle of mass m at P. The coordinate axes are shown with Oy 
vertically upwards. 


As before we assume that there are no constraints on the value of 6, the 
angle between OP and the downward vertical. 
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The derivation starts by finding expressions for the position vector and speed 
of the particle P in terms of the generalised coordinate 9. The Cartesian 
coordinates of the position are given in equation (4.9) and for convenience 
we repeat them here: 


aw=Isin@ and y=-—lcos@, (4.94) 
where we use the same coordinate system and notation shown in Figure 4.16. 


The potential energy is V = mgy, and in terms of the generalised coordinate 
this becomes 


V(6) = —mgl cos 6. (4.95) 
The velocity of the mass is (z+, %), which, on differentiating equations (4.94), 
becomes 


=l0cos@ and y=lbsind, (4.96) 


so its speed is given by v? = &? + y? = (26%, and hence the kinetic energy is 


T = }mv? = tml?6?. (4.97) 
Thus the Lagrangian function is 
L=T-V = }m?0 + mglcosd. (4.98) 


Notice that all we need for the derivation of the Lagrangian is the position 
of the particle in terms of the generalised coordinate, equation (4.94), and 
its time derivative, equation (4.96), 


Since 0L/00 = ml*6 and OL/a0 = —mglsin@, the equation of motion is 
G+ sind =0, (4.99) 
which is the same as equation (4.13). You may like to compare the efforts 
needed to derive this and equation (4.13) (page 150). 
ee 


Exercise 4.29 


(a) Show that the first integral of the motion, equation (4.84), for the pendulum 
is just the total energy, 
B=T+V =iml*6? — mglcosd, 
and that the minimum value of the energy is E = —mgl, corresponding to the 
pendulum hanging downwards, @ = 0, and stationary, @ = 0. 
(b) By putting 2 = —mgl(1 —2k*), k > 0, show that the energy equation becomes 
6? = 48 (x2 — int (0/2)).. 
Deduce that if 0<k <1, the value of @ is restricted to |@] <a <= where 
sin(a/2) =k. 


If the pendulum starts at @ = —a with @ = 0, show that the time, 7, to reach 
6 = avis given by 


t= icf ee Salen 
GS-0 \/k2 — sin?(6/2) 
Note that 7 is half the period. 


(c) Define a new variable @ by the equation sin(@/2) = ksind to show that the This is a slightly harder 
period, T = 27 can be written in terms of the integral calculation which you 


should do only if time is 
T=4 Lae x k = sin(a/2) 
=4,/— dd —————.,,_ k =sin(a/2). 
aso V1—F sin? 6 


available. 
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Express the integrand as a power series in k using the binomial expansion 
and the integrals given in Exercise 4.24 (with appropriate adjustments to the 
limits), to obtain the approximation 


T= om (1+ 44? + &k* + O(4)). 


Exercise 4.30 


Use the energy equation derived in the previous exercise to show that if the pen- 
dulum mass is released from rest at Py, the speed of the mass at the bottom of the 
swing, @ = 0, is proportional to the distance d = PP), shown in Figure 4.17. 


The above result allows an indirect. accurate measurement of velocity, which was 
important in Newton’s time because other methods were not available. Newton 
knew of this result, which he stated to be “a proposition well known to Geome- 
ters”, and used it in his experiments involving the collision of two pendulum masses 
prior to formulating his laws of motion. 


A moving point of support 


In the second example considered in Section 4.2.2, when the pendulum hinge 
is attached to a freely moving particle of mass M, see Figure 4.3 (page 151), 
the Cartesian coordinates and velocity of P, with respect to the Oxry-axes, 
are 


r=(X+/sin0.—lcos@) and r= (x +16cos0,l6sin ) . (4.100) 
so that the potential energy is V = —mgl cos @ and the kinetic energy is 

T= $MX? + }m (X? +76? + 21X6cos0) (4.101) 
Hence the Lagrangian is 

L= 3(M +m)X? + bml?6? + mlOX cos @ + mgl cos 0, (4.102) 


which depends on two generalised coordinates, X and #. However, it depends 
upon X and not X, which is therefore an ignorable coordinate, so the X- 
equation of motion is simply 


4 ((wt +m)X +mlé cos 6) =0, (4.103) 
or 
m 
M+m 
where A is a constant. On differentiating this with respect to t we obtain 
equation (4.20) (page 152). 


X =A-yl6cos@, p= (4.104) 


On dividing by ml, the equation for @ is 


4 (16 + X cos) + Xdsind + gsind =0 (4.105) 
which, on using the above expression for X, becomes 
(1 — prcos? 0) 16 + 116? sin @ cos + gsin@ = 0, (4.106) 


which is just equation (4.21). 


In this case the equations of motion simplify because X is ignorable. Us- 
ing the expression for X in the energy integral (see equation (4.84) and 


Figure 4.17 
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Exercise 4.31) we obtain 

m 
m+M* 
where B is a constant. Since 0 < yz < 1, the coefficient of 6” is never zero. 


5 (1—se0s?0) 6 —4eos0=B, = (4.107) 


Exercise 4.31 


Show that the energy integral, equation (4.84), for the above system can be written 
in the form 

E 
m+M" 


Using equation (4.104) for X show that this simplifies to equation (4.107). 


3X? + Sul?6? + wlX0 cos 6 — pigl cos 0 = 


Exercise 4.32 
If the initial conditions at t = 0 are @ =, 8=0, X = X =, use equations 4.104 
and 4.107 to show that 
. : E so _ 4g sin*(@)/2) — sin?(0/2) 
= = ope See ad Pee ET SE 
X(t) = (sin dy —sin@) and 6? = | TS ieare 
If || < 1, show that the approximate solution is 


O(t) = Oy coswt, X(t) = 21 sin?(wt/2), where w = 


4.5.2 The double pendulum 


For the double pendulum, we saw in Section 4.2.3 that the two generalised 
coordinates can be taken to be the angles 4; and 2 defined in Figure 4.4 
(page 153). The derivation of the Lagrangian equations of motion for this 
system starts by deriving expressions for the Cartesian coordinates, (21, y1) 
and (x2. y2) for each particle, in terms of the two generalised coordinates. 
This analysis is given in Section 4.2.3, but for convenience we repeat the 
relevant equations here: 

ei ly cles ; in = —l, cos 0), (4.108) 
tg =1,sin@ +lysin@2, y2 = —l, cos, — ly cos Ao. 
‘The total potential energy is the sum of the potential energy of each particle, 
V = migiy1 + magye: in terms of the generalised coordinates, this is 


V (01,02) = —mygl; cos 9 — mag (lh cos; + lz cos 2). (4.109) 


The speed, 0, of P; is given by the formula v? = ¢? + y? = 1762, where we 
have used equations (4.12) (page 150). The expression for the speed v2 of 
the second particle is more complicated, though derived in the same manner: 


vp = 43 +95 
: . 2 . P 
= (lid, cos; + la62.c0s 62) 2 (4 sin + ladasin 62) 
= [262 + 21;126160 cos(@, — 02) + 1363. (4.110) 


where we have used equations (4.26) (page 154) for 2 and gj. Thus the 
kinetic energy of the system is T = (mv? + m2v3)/2, which becomes 


2 


T= SE (my + m2)6} + $B m263 + mal,l26,62 cos(O; — 02). (4.111) 


This is a hard exercise. 
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Hence the Lagrangian function, L = T — V, is 
L = 45 (my + ma)6} + mall) 42 cos(0; — 42) + 413m263 
+ (m + m2)gl; cos 0; + magl2cosO2. (4.112) 
The equations of motion are derived from this using Lagrange’s equation of 


motion, equation (4.79). The simplest is that for 42, so we derive that first. 
Using the relations 


oe = —mygle sin 2 + molil26,62 sin(O, — 02), (4.113) 

2 

oe = gnaliby-e mallee cost8| 83): (4.114) 
2 


Notice that the product malo is a factor of both these equations and hence 
does not: appear in the equation of motion. Thus Lagrange’s equation for 62 
is 
dis 5 : qa 
= (lad. + l16j cos(9; — 62) + gsin 42 ~ L16r62sin(0, — 42) = 0. (4.115) 


After expanding the time derivative, this simplifies to 
1,0; cos(0, — 02) — 1,6? sin(@, — 02) + lob + gsin 02 = 0. (4.116) 
which is the same as equation (4.30). 


The other equation of motion, for 41, is obtained in the same way, although 
it is more complicated. The basic partial derivatives are 


ee = —mal; 1264» sin(0; — 02) — (m + ma)gl; sin). (4.117) 

1 

oe = (my + ma)I26; + mali lado cos(0; — 62), (4.118) 
1 


and we see that Lagrange’s equation for ; is 
d ; ' 
5 ((m + ms) [76 + malylab c0s(0; — 02)) 
+ mol; 126160 sin(O — 42) + (my + my) gl sin®; = 0, (4.119) 


which, on expanding the first bracket and dividing by /;(m) + m2), simplifies 
to 
Maly 


Abus (m + ma) 


( cos(0, — 02) + 63 sin(0, —62)) +gsin, =0, 
(4.120) 
which is the same as equation (4.40). 


The equations of motion, equations (4.116) and (4.120), are second-order 
nonlinear coupled differential equations which do not have any solutions that 
can be expressed as finite combinations of known functions. Indeed, under 
some circumstances the solutions display chaotic behaviour. The only limit 
in which simple solutions can be found is when both pendulums execute 
small oscillations: then the equations of motion can be approximated by 
coupled linear equations. which can be solved. These equations are derived 
in the next exercise. 
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Exercise 4.33 


(a) Show that if |@;| and {6;|, i= 1, 2, are all small, so that second-order terms 
may be neglected, then the equations of motion (4.116) and (4.120) simplify 
to the pair of coupled linear equations 


m2 


1,0, + lob + 902 =0, 116, + pleb2 +90, =0, where p= 


my, +m 
You will need the approximations sina ~ x and cos ~ | for small |x|. 


(b) Substitute the functions 8; = Ay coswt and 2 = Az coswt into the above equa- 
tions for the case |, = lz = 1, and show that two solutions are 


1 
0, =acoswt, 62=+-—-cosut, where w* = 2 


VE Mijn 


4.5.3 A simple pendulum with moving support 


In this section we derive the equation of motion for a simple pendulum with 
a point of support that is oscillating vertically. This problem is interesting 
because it is one of the simplest examples showing the effects of vibration on 
a mechanical system. In addition, there are circumstances where the solu- 
tions behave counter-intuitively. Similar effects are seen in the interactions 
of powerful lasers and atoms. 


The system is shown schematically in Figure 4.18. 


Figure 4.18 Diagram of a simple pendulum with a vertically moving hinge. 


There is a particle P, of mass m, attached to the point A by a light in- 
extensible rod of length /. The frictionless hinge A is moving vertically, so 
its distance below a fixed point O is >(¢), a known function of time. The 
Lagrangian of this system is, as normal, determined from the position coor- 
dinates of P with respect to a fixed reference frame, expressed in terms of 
the generalised coordinate @. 


We use the axes Oxy, shown in the figure, with the y-axis vertically up- 
wards. With respect to the moving point A, the coordinates of P are 
(/sin @,—Icos@). so in the fixed reference frame 


aw=Isin@, y=— y(t) —lcosé. (4.121) 
The potential energy is V = mgy. The square of the speed is 
7 5 2 P 2 R r 
w= (16 coe 6) + ( — isin 6) = 26? — 2146 sind +42. (4.122) 
Hence the Lagrangian is 


L= bmi?6? + mgl cos @ — ml¥@ sin 0 + (im+? +mgy) - (4.123) 
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The first two terms of this Lagrangian are identical to those in the La- 
grangian (4.98), where the support is stationary. The third term is due to 
the motion of the support and may be simplified by noting that @sin@ = 
—d(cos @)/dt, and hence that 


£ (e086) = ¥cos0 — 40sin 0. (4.124) 


On substituting for 4@sin@ the Lagrangian becomes 
= 1262 = 132 a |; 
L= ml" + ml(g — 4) cos8 +m | 54? + gy+ a (Ycos@)}. (4.125) 


Since the term in square brackets is the time derivative of a function of 6 
and ¢ it may be ignored, to give the equivalent Lagrangian 


L = 4mbl?0? + ml(g — 9) cos 0. (4.126) 


Thus the effect of moving the support vertically is to modify the value of g. 
For example, if the pendulum is in a lift uniformly accelerating upwards 
with acceleration a, we have 7 =—a and the effective value of g would be 
g +a, as might be expected. 


The effect is more interesting if 7 oscillates rapidly: for instance if > = 
asin Qt, provided aQ > V2gl (a result that can be proved using methods 
we cannot include in this course), the pendulum will oscillate stably in the 
upward vertical direction, that is, about @ = x, which is impossible for the 
normal pendulum. The equation of motion for this system is 

ce + t (g + aM sin Mt) sind = 0, (4.127) 
and in Figure 4.19 is shown the numerical solution of this equation with 
units chosen to give g =/=1 and a=0.1, 2 = 40 and with the initial 
conditions 4(0) = 3.0, 6(0) = 0. The value of @(t) is shown for 0 < t < 27, 
that is 40 oscillations of the support: we note that the motion comprises a 
long period oscillation, with period about 2.4, on which is superimposed the 
high frequency oscillations of the support. The dashed line is at @ = 7, so 
we see that the pendulum is oscillating about the upward vertical. 


Figure 4.19 Graph of the solution @(t), showing stable oscillations about the 
upward vertical. In this example a = 0.1, @ = 40, g == 1 and the initial 
conditions are @(0) = 3.0, 6(0) = 0. 


The general theory mentioned above shows that the low frequency oscilla- 
tions have the approximate frequency 


202 
we $/Se -1. (4.128) 


For the parameters used in Figure 4.19, this gives the period as 2.37. It can 
also be shown that some initial conditions lead to chaotic motion. 
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Exercise 4.34 


Consider the simple pendulum with its point of support moving horizontally, with 
known displacement +(t) from a fixed point. Using the notation defined in the 
previous text, show that the Lagrangian can be written in the form 


L = iml?6? + mgl (cosa ed 0) ; 


g 


and that the equation of motion is 


PO of. ¥ 

eT sind + geet: =0. 

Note that this system will also oscillate about the upward vertical if >(¢) is periodic, 
with sufficiently high frequency. 


Exercise 4.35 


Consider the simple pendulum with a fixed point of support, but with the length 
I(t) a known function of time. Show that the Lagrangian is 


L = }ml(t)?6? + mgl(t) cos 


and that the equation of motion is 


d (y.d0 ar 
z (' mr) tatsind = 0. 


4.5.4 Transverse vibrations of a taut string 
(Optional) 


In this final, optional, section we complete the circle of this course by showing 
how variational principles can be used to derive the wave equation for the 
transverse vibrations of a taut string, that is, the equation derived in Block I, 
Chapter 1. The ideas presented here are important because they form the 
basis of the modern descriptions of electromagnetic and gravitational fields. 
However, the actual method we describe was first used by Johann Bernoulli 
in 1727 and repeated by Lagrange in 1759, but his emphasis was on finding 
solutions that satisfied the boundary and initial conditions. 


We start by approximating the string, initially lying along the z-axis, by 
a set of N +2 identical particles a distance h apart, where (N + 1)h = L, 
L being the length of the string. Adjacent masses are connected by light, 
rigid rods. We assume that the ends of the string are fixed at x = 0 and L. 
In Figure 4.20 we show this approximation for N = 5, with the curved line 
depicting the disturbed string. 


to =0 Ea To a3 rm %& t= 


Figure 4.20 Diagram showing the discrete approximation to the string with seven 
particles, N = 5. 
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The 2-coordinate of the kth mass is x, = kh, with the first (k = 0) and 
last (k = N +1) particles stationary on the x-axis, so x, is constant. If the 
string has a uniform line-density p, we approximate it by locating a mass 
j= ph at each of the moving points. 


In motion the y-coordinate of the kth particle is y, and it is assumed to 
move perpendicularly to the z-axis: it therefore has kinetic energy 4 
and the total kinetic energy of the system is 


N 
T=thp> ie. (4.129) 
k=1 


The potential energy, V is slightly more difficult to obtain. Consider the 
three particles centred at 2;, shown in Figure 4.21. 


Tea Th Te 
Figure 4.2! Diagram showing the forces on the particle at x. 


The gradient of the kth element, between xp; and xp, is tan, and, by 
definition tan @% = (yx — yx—1)/h. We shall assume that |0,| <1, for all k, 
so it follows that |yq — yx-1| <h. The distance between the particles at 
©, and xp is, by Pythagoras’ theorem, 


ap =a) ht Aba (1 = O(02)) ~h, (4.130) 


since tan 0, = A, + O(6}). Thus, to first order, the separation between adja- 
cent particles is constant; therefore the tensions in each segment are constant 
and the same, with value T,. The force on the kth particle, in the y-direction, 
is 


y 
k= elie = T,(sin 6.41 —sin®,), k=1,2,...,N, (4.131) 
OK 
Tr Te 
= T. (Ok+1 — 9x) ~ 7% (yk+1 — Yk) — > Yk = Ye-1) (4.132) 


where Vj, is the potential of the kth particle, all others being held fixed. Now 
integrate with respect to yq (with y,-; and yz; fixed) to obtain 

Vi = Fe (vess ~ me)? + 3° (oe mea)? (4.133) 
which is the potential producing the force F,. Because V, depends upon 
Yk+1 we need to be careful not to include terms twice, hence the potential 
may be taken to be 


N 
t, 
Vi= sp (et — ue) yo = Ynys =0. (4.134) 
k=0 
As a check we can differentiate this with respect to y,, to obtain the above 
expression for Fj. 


Thus the Lagrangian, £, is 


N N 
: T, 
=T-v=}l _ Te Lesa 
f= P=V they ik Bh Da (Wert ux). (4.135) 
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The equation of motion for the kth particle is therefore 
a pte 
phij. — Fp Wet — 2k + Yea) =0, B= 1,2,...,N. (4.136) 


Tf N is large. we assume that y;(t) is given in terms of a function 7(x,t), of 
« and t, by the relation 


Ve =N(xp.t), and that gy = a and jj, = cal (4.137) 


ot?’ 
where the derivatives are = at 2 = z,. Then we have 


Lae ave © (noe +h,t) — 2n(ap,t) + n(x — h,t)) 


nh re 
#n 
= 52 t lh), (4.138) 

as may be seen by substituting the Taylor expansions 

nlwth,t) = nla, nets) ye®t + o(n. (4.139) 
Thus equation (4.136) can be written in the form 

On Fy Te 

pi PS Le Pape ey te 140 

eee ielih 1 - (4.140) 
Tn the limit as h — 0 this gives the wave equation derived in Chapter 1 of 
Block I. 


Our goal, however, is not the equations of motion, but the variational prin- 
ciple from which these equations can be derived, because these more general 
concepts are more useful in other circumstances. In particular, it is eas- 
ier to derive the equations of motion in more complex conditions using a 
variational principle. 


For the case of N particles, the action is 


siyj=4 [as pe —7, (eee : (4.141) 
2 Jo fo — is ; 
with 

y(0)=yo and y(7)=y1, (4.142) 


where y(0) and y(r) are the initial and final shapes of the string. We now 
approximate this using the function (x,t), introduced above, to obtain, 


S= 1 [any (2) =, (2) | + O(h), (4.143) 


where the kth term of the sum is evaluated at «4. But an integral can be 
defined as the limit of a sum, 


L N 
4 dz f(x) = jim Saf (ee), ae=kh, (N+Ih=L. (4.144) 
0 wn k=0 


Comparing this equation with the integrand in equation (4.143), we see that 
in the limit as h — 0, that is, as N — oo, the functional becomes the double 
integral 


= 3 [a fae (3) ae ei (4.145) 


with the boundary conditions given by 
n(0,t) =n(L,t) =0 for all t, (4.146) 
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and the initial and final conditions given respectively by 
(x0) =o(t), n(z,.7)=m(z) forO<2r<L. (4.147) 


Notice that the first set of boundary conditions are the end conditions, 
corresponding to yo = yn+1 = 0 for all ¢t. This integral is the difference 
between the kinetic and potential energies of the string, 


L 2 L 2 
r=3 dep (32) and v=4n, [ ar (32) . (4.148) 


Equation (4.145) gives the action for a string, and the functional has be- 
come a double integral: it is not, therefore. clear how to obtain the wave 
equation using the fact that S is stationary. In fact, we use exactly the 
same technique. That is, we evaluate the action on a neighbouring accessi- 
ble path n(«,t) + €g(x,t): because this a possible path it fits the boundary 
conditions, so g(x,0) = g(x,7) = 0 and g(0,t) = g(L,t) = 0. The Gateaux 
differential, equation (2.24) (page 48), is 


bs 3 0n Og On Og 
asina = fat fae (ose ~ 7.5028). (4.149) 


We now proceed exactly as in Chapter 2, but a little bit more care is needed 
and it is convenient to treat each term separately. 


For the potential energy term we have 


[fo ( fest) = [a(R [fa 2ts), cnn 


where we have used integration by parts to rewrite the x-integral. But 
g(0,t) = g(L,t) = 0 for all t, so the first term on the right-hand side is zero 
and 


fu (f° 2 Fe) -f[ af’ deg, (4.151) 


For the kinetic energy integral we change the order of integration to obtain, 
by the same method, 


foo(fl at ee) = [ao ((2 7 fem ta) (4.152) 


and since g(c,0) = g(x, 7) = 0, this gives 


fe(f de p 31) -faf’ ene ae (4.153) 


Thus the Gateaux differential becomes 


AS{n. 9] = -f dt fu (5; wal -1.52) o (4.154) 


On a stationary path AS = 0 for all g(2,t) and using a version of the fun- 
damental lemma of the calculus of variations (not proven here), we find 
that 
Oy oP? 

Pog Tat 
which is just the wave equation. Notice that in this derivation we did not 
make the assumption that the density was the same along the length of the 
wire, so this equation is valid if the density, p, depends upon z. 


=0, (4.155) 
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The general form of a functional depending on two independent variables x 
and ¢ will be 


7 L 
S{n] =| af dx F (x.t,1."2+M) » (4.156) Recall that 7, = On/Ox 
0 0 and n, = On/dt. 
where the integrand depends upon the unknown function, 7(2,¢), and its 
first partial derivatives with respect to x and t. There will also be boundary 
conditions given by 


(0. t) = (L,t) =0 for all t, (4.157) 
and initial and final conditions given respectively by 
(2,0) =no(x), n(a.7)=m(x) forO<a2<L. (4.158) 


The required function(s) make this functional stationary and it can be shown 
that these satisfy the partial differential equation 


0/(8F\ 8(aF\ OF 
at (i) + oe (5) Sie (4.159) 
This is the Euler-Lagrange equation for the functional (4,156), 


Exercise 4.36 
Use equation (4.159) to derive (4.155) from (4.145). 


Exercise 4.37 


A string with linear density p(x) is embedded in a light, uniform rubber sheet such 
that in equilibrium it lies in a straight line. along the x-axis, with end points fixed 
at 2 =0 and a = L, under tension T,. It is free to make small oscillations in the 
y-direction, perpendicular to the z-axis, and in the plane of the sheet. 


The rubber sheet acts on the element 5x of the string to exert a force of magnitude, 
6F = kn dx, where k is a constant, proportional to the displacement, 7, and towards 
the z-axis. Show that the action of the system is 


snaffa a (00() -n (3) -m), 


and find the equation of motion of the string. Recall that this system was also 
considered in Block I, Section 6.4.1. 


Exercise 4.38 


In previous derivations of the equation for transverse oscillations of a string it was 
assumed to be perfectly flexible, that is, no energy was needed to bend it. Here, 
we include this effect. 


An approximation to the bending energy is obtained by considering the force needed 
to bend an element of the string. Provided the curvature is small the potential 
energy due to bending an element of length da can be shown to be $B(x)n2, 5x, for 
some positive function B(x), which reduces to a constant, B, for a uniform string. 


In this case, show that the action for a finite string, fixed at r = 0 and x = L, is 


s= a fa fa (ola)n? — Ter? — Bri). 
Show that the Gateaux derivative of this functional for admissible functions satis- 
fying the conditions 

(0.t) =n(L,t)=0 for all t, 
and 


(2.0) = no(z). o(v.7)=m (x) for OSar<L, 


4.6 Further Exercises 


7 L 7 2 
AS{n. 9] =f at f de [= em +Tethes  Briezee] 9~ Bf at al 


Deduce that if the admissible functions satisfy the additional boundary conditions 
n,(0.t) = a(t) and n,(L.t) = A(t), where a and 8 are arbitrary functions of t, then 
the equation satisfied by 7 is 


= 


Exercise 4.39 


Consider a string with linear density p(x), fixed at the points x =0 and x = L, 
and with each point moving perpendicular to the e-axis, in the y-direction. A force 
F(x) per unit length acts in the y-direction and is independent of 7. 


(a) Show that the potential energy of the string is given by 


Le 2 L 
Fay fen) — 
V= a. [ de (2) ’ dx F(z). 


(b) Write down the Lagrangian and the action functional for the static string. 
Use equation (4.159) to find the equation of motion and integrate this to find 
an expression for the displacement 7(), Evaluate this expression in the case 
F(x) = constant. 


(c) Write down the Lagrangian and the action functional for the vibrating string 
and find the equation of motion. 


4.6 Further Exercises 


Exercise 4.40 


For each of the following systems, define suitable generalised coordinate(s) and state 
the number of its degrees of freedom. 


(a) A particle sliding on the interior surface of a hemispherical bowl. 


(b) A particle swinging in a vertical plane, at one end of a stiff, elastic rod, whose 
other end is fixed. 


(c) A particle swinging at one end of a stiff, elastic rod, whose other end is fixed. 


(d) A particle at one end of a light rigid rod, free to move in a vertical plane, whose 
other end slides freely on a given smooth, rigid curve. 


Exercise 4.41 
(a) Show directly from Lagrange’s equation of motion that the two Lagrangians 
11a.) =30+0. Loa.d)=3(7 +7). 
produce the same equations of motion. 


(b) Show that these Lagrangians differ by a total time derivative. 
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Exercise 4.42 


In this exercise we show that a potential function V(r) that depends on the two 
vectors r; and rg through the distance r = |r) —r2| gives a force on each of the 
particles at r) and rz that satisfies Newton's third law. 
(a) Using the definition r? = (a1 — 2)” + (y: — y2)? + (21 — 22)*, show that 
pe ee eee 
oe Gee ee 
and that similar relations hold for (yx, 2%), k = 1,2. 
(b) Using this result and the chain rule, show that 
av wv wv _ vos 
Ox, Oro’ On Oy’ Om dz" 
and hence that F,2 = —F2,, where these forces are given by equations (4.63), 
that is Fig = —OV/dr; and Fa, = —OV/Are. 


Exercise 4.43 


A set of coordinates, (u,v, @), defined in terms of the Cartesian coordinates (x,y. z) 
by the equations 


x=uveosd, y=uvsing, == }(u*—v*), 


are sometimes useful when there is a symmetry along the z-axis; these are known 
as parabolic coordinates. Show that 


Bg + 2? = (uv? +0?) (w+ 6*) +d 


Exercise 4.44 


Consider the motion of a single particle, P, in the Oxy-plane with respect to Carte- 
sian coordinates (a,y) and (u,v), where the Ouv-axes are rotating with respect to 
Oxy with constant angular speed 2, as shown in Figure 4.22. 


The position of a point P can be defined by the Cartesian coordinates (x,y) and 
(u,v), with obvious notation. The relation between these two coordinates is 


u=xcosQt+ysinOt, v= —zrsin Ot + ycos Mt. 
(a) Show that the inverse transformation is Figure 4.22 
2 =ucosOt—vsinOt, y= usin Ot + vcos Mt. 


(b) If V is the speed of the particle in the Ozry coordinate system, so V2 = 4? +, 
show that V? = i? + 6? + 0? (u? + v?) — 20(iw — ui). 


(c) If (p,) are the plane polar coordinates in Quv, so u = pcos, v = psind, 
show that V? = p* + p?(6+2). 
Exercise 4.45 


Two blocks, each of mass M, are connected by an inextensible string of length 1. 
One block is placed on a smooth horizontal surface, and the other block hangs over 
the side, the string passing over a frictionless pulley, as shown in Figure 4.23. 


Determine the Lagrangian in the following two cases: 


(a) the mass of the string is negligible; 


(b) the string has uniform mass m. 
Figure 4.23 


4.7 Harder Exercises 


Exercise 4.46 


A particle of mass m slides on a smooth straight wire which is pivoted about a point 
O and rotates in a prescribed manner, in a vertical plane, with variable angular 
speed so that at time ft the angle between the wire and the horizontal is a(t). 
Initially the wire is horizontal, so a(0) = 0, and the particle is at rest, a distance 
A from O. 


Show that the Lagrangian of the system is 
L= 


m(@ +¢°a?) — mgqsina, 


where q is the distance of the particle from the pivot. 


In the case where a(t) = St, show that the general solution of the equation of 
motion is 


a(t) = Acosh t + B sinh St + Hes sin ft. 


Exercise 4.47 


A rigid wire in the shape of a parabola moves horizontally so that the coordinates, 
(x.y), of a point on it are related by the equation 


y= 4a(x—4(t))?, 


where the y-axis is vertically upward and 7 is a known function of time. Using the 
generalised coordinate q = «x — >(t) show that the Lagrangian for a particle of mass 
m sliding smoothly on this wire is 


Exercise 4.48 


Find the Lagrangian and the equation of motion for a particle of mass m slid- 
ing smoothly on the parabolic wire y = a(t)«?/2, where a(t) is a positive, known 
function of the time and the y-axis is vertically upwards, 


Exercise 4.49 


Show that for a free particle the stationary path of the action gives a minimum of 
the action. 


4.7 Harder Exercises 


Exercise 4.50 


A governor is a device for controlling variations in the speed of rotation of an axle. 
An elementary mechanical governor consists of a mass ™mz moving on a vertical axle 
AB, and two masses m attached to it and to a fixed point O on the axle by rods 
of length a, as shown in the diagram. As the whole system rotates about AB with 
constant angular velocity 2, the angle @ changes; see Figure 4.24. 


Show that the Lagrangian of the system is 
L = 076? (m, + 2masin® @) + mya? sin? 6 + 2ag(m + mez) cosd. 
and that the energy is 


E = 076? (my, + 2masin® 0) — mya? sin? 6 — 2ag(m, + m2) cosd. 
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Exercise 4.51 


A particle of mass m is attached to a vertical cylindrical post of radius a by a long 
horizontal string, which can wrap itself round the post. If R > a is the length of 
the unwrapped part of the string, show that the Lagrangian is 


Also show that the first integral of the motion is mR?R? = 2a?E, where E is a 
constant. 


Exercise 4.52 


A particle is constrained to slide under gravity on a smooth wire in the shape of 
a vertical circle with radius R. The wire rotates about its vertical diameter with 
constant angular velocity 2, Show that the Lagrangian is 


L= hm? + 4m? R? sin? 6 + mgR cos 8. 


where @ is the angular displacement of the particle from the downward vertical, 
with the centre of the circle as origin. 


Exercise 4.53 


Kepler’s third law 

In this exercise we derive general properties of solutions when the potential energy 
is homogeneous of degree in g, that is V(kq) = k*V(q); for instance the potential 
V =¢q°/2 is homogeneous of degree 2. This exercise is interesting because, when 
extended to three dimensions, the same idea can be used to derive Kepler’s third 
law without solving the equations of motion. 


Consider the Lagrangian 
L(q,4) = $mq? —V(q). where V(kq) = kV (q). 


(a) Show that the arbitrary Lagrangians L(q.q,t) and aL(q.q,t), a being a non- 
zero constant, produce the same equations of motion. 


(b) Introduce the scaled variables Q and T’ by the relations Q = aq and T = bt, 
a and 6 being constants, and show that if b= a'~4/?, the expression for the 
Lagrangian in terms of Q and Q! = dQ/dT is 


L(Q,Q') = a (4mQ" —V(Q)). 


(c) Deduce that if qg = f(t) is a solution of the equations of motion for L, then 
q = af(a’/?"2) is also a solution. Show, in particular, that for periodic motion 
under such a potential, the period varies as A!~*/?, where A is the amplitude. 


(d) Deduce that in the case of a linear oscillator, where V(q) x q?, the period is 
independent of the amplitude. 


(e) For the one-dimensional Coulomb potential, V(q) x q~', q > 0, deduce that 
the period varies as A*/?, which is just Kepler’s third law; see page 156. 


Exercise 4.54 
A Lagrangian L(qi, 41.42) is independent of 2, so gz is an ignorable coordinate. 


Use the appropriate form of Noether’s theorem (given on page 120) to show that 
OL/Ag2 = constant. 


Solutions to Exercises in Chapter 4 


Solutions to Exercises in Chapter 4 


Solution 4.1 


Since m, g and a are all positive. E > 0. Differentiation of E with respect to t gives 


dE 


ap = mae (1+ a’x*) + £ma* (2a*xt) + mgaxé 


mé [# (1+ aa") + a?xa* + agzr] =0, 


the last equality following from the equation of motion (4.5). Rearranging equa- 
tion (4.6) gives 


mé? (1+a?a?) =2E—mgaz* or 


Solution 4.2 


The expression for E is derived in the solution of Exercise 4.1. Substituting equa- 
tion (4.8) into this gives 
dE 
at 


Note that c(t) = 0 is the only solution of the differential equation for which £ = 0. 


1 od 
= -mari = ~3mais, (2?). 
Oe 


Solution 4.3 


If 1. = 0, equations (4.21) and (4.20) reduce to 6 + (g/l)sin@ = 0 and X 
spectively. The first of these is just equation (4.13). The second gives 
where a and 2 are constants, so the particle A moves with uniform speed along the 
rail and is unaffected by the swinging pendulum below it, as would be expected for 
a heavy particle. Also, the pendulum motion is unaffected by the uniform motion of 
the support, A: this is an example of Galilean invariance, discussed in Section 4.3. 


Solution 4.4 
Differentiation with respect to t gives 
ue =(M+m)XX + mP266 + mi (6x cos 0 + 6X cos 6 — 62X sind + gi sin 2) ' 
d 
Substituting for (M +m)X using equation (4.20) reduces this to 
dE ot a ee ; 
c= mld (6 + X cos d+ gsin6) 3 


and using equation (4.19) we see that £ = 0, so E is a constant. 


Solution 4.5 


(a) Figure 4.25 shows the two vectors r; and r2, the vector R of the centre of mass 

at C, all relative to an origin O. By definition, (m; +m2)R = mr) + mor2. 
addition of the vectors gives ry + ro 0, r +F, —R=0 and 
Fo —r2=0. Thus R—r, and fF = R —r», and using the centre of 
mass equation to eliminate R. gives 


(my + m2)F) = mary + mare — (Mm, + m2)r) = me(r2 — 11), 


or 
© mo 
L: Cera aS 
my +m 
Similarly, 


(my + ma)F2 = mary + mare — (m1 + ma)r2 = mi(ri — Fr). 


my 


200 Chapter 4 Newtonian dynamics 


or 
= my 


-———_—tn. 
m, +m 


(b) In the case where m; = mg and m2 = mpg, we have 


fie a6 nex ee AO SAIO a 
m-+m~ sa3001" © Fil= 3989 5¢q95 = 448m. 


(c) In the case where m,; = mg and m2 = my, we have 


ma 1 i 778.3 x 10° m 
= so |Fi/= =% km, 
mi+m2 1048.4" | peat ee 


Solution 4.6 


(a) The angle from any fixed point on the circle. One degree of freedom. 


(b) The perpendicular distance from the plane. One degree of freedom. 


(c) Two coordinates are needed to specify the positions on a two-dimensional sur- 
face. Suitable coordinates for a sphere are the latitude and longitude. Two 
degrees of freedom. 


(d) Since the axis of rotation is known, only one further coordinate is needed to 
specify completely the orientation of the body. This may be taken as the angle 
of rotation about the axis. One degree of freedom. 


(e) The motion of the circle is given, so only one variable is needed to fix the 
position of the particle on the circle. The same variable as in part (a) may be 
used. One degree of freedom. 


(f) If the circle is free to rotate, its motion is affected by that of the particle 
moving on it, so two variables are needed. One of these may be the same as in 
part (a) and the other may be taken to be the angle of rotation of the circle. 
Two degrees of freedom. 


(g) For any body moving in three-dimensional space, whether it is a particle or an 
extended solid body, three coordinates are needed to specify its position. For 
a solid body one would normally take these to be the Cartesian coordinates of 
the centre of mass, with respect to some given, fixed coordinate system. For 
a rigid body a further three variables are needed because it can rotate; these 
can be defined in a variety of ways, for example by using two to defined an 
instantaneous axis of rotation and the third to specify the angle of rotation 
about this axis. Thus the system has six degrees of freedom, or three if the 
centre of mass is fixed. 


(h) Much depends upon how we approximate the system. If we regard the planet 
as a particle, then three coordinates are required to fix its position, which 
could be the three spherical polar coordinates with the sun at the origin; this 
system has three degrees of freedom. If the planet is regarded as a rigid sphere 
rotating about a given axis one extra degree of freedom, the angle of rotation, 
is required. If the structure of the planet is to be taken into account then its 
orientation must be specified as well as its position in space: this requires a 
further three coordinates, as in part (g), giving six degrees of freedom. 


Solution 4.7 
(a) The length of the rope is 2Y + y + constant, hence the result. 
(b) There is one degree of freedom. 


(c) There are two reasons why the tension along the rope does not change. First, 
the rope is light, so any change in tension in a vertical section would result 
in an infinite acceleration. Second, the pulleys are smooth and light so the 
tension on either side must be the same. otherwise the angular acceleration 
would be infinite. 
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Solution 4.8 
(a) In this example ¢ = i+ ¢ and y= u—#, hence 2u = 4+ 9, 26=%—y. 
(b) Squaring and adding these expressions gives 

( 


(c) Differentiation gives ¢ = i+ it +v and y= %—% 
these expressions gives 


# +9? =(u+0)? + (a—0)? =2(#? +8). 


v. Squaring and adding 


+P = +67? +0? + Qedt + Qwot + Qa 
+0? + 070? + v0 — Quit + Qwit — Qwit 
= 2 (a? + 077) + 4vit +20", 
Solution 4.9 
Differentiation gives ¢ = iv + ui and yj = wit — vi, so that squaring and adding 
gives the quoted result. 
Solution 4.10 


Since ds? = dx? + dy? + higher-order terms, on dividing by St and taking the limit 
as dt tends to zero, we see that v? = #? + 9 = 8. 


The kinetic energy can be expresed in a variety of ways. If y = f(x), soy = f'(x)%. 
we have 


T = }mv? = $m (4? + 9?) = $a? (1+ f'(x)?) = ds? 


Solution 4.11 


The kinetic energy is T = m (# + 36?) /2. where we have used the result derived 


in the text, equation (4.54). But since r = a0, 7 = a0, so we may eliminate either 
@ or # to give, respectively. 


2 hs 
T =1mi? (0 + 5) or T= }ma?6? (1+6"). 


Solution 4.12 


The total kinetic energy is T = MY?/2 + mj?/2. But 2Y + y = constant, so 2Y = 
—j and T = My*/8 + my?/2. which gives the required result. 


Solution 4.13 


(a) Partial differentiation of r? with respect to the independent variables x, y and 
2 gives 


(b) The chain rule gives OV/8x = 8V/r x Or/Ax, with similar relations for dif- 
ferentiation with respect to y and z. Hence 
av _ (av av av 
Or \ dx" dy’ 
=V'(r)r. 


Since F = —OV/0r, the result follows. 


Solution 4.14 
The force is F = —kx = —OV/0r, hence OV/Ox = kx and V = ka?/2. 
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Solution 4.15 


If = < R we may expand in powers of z/R by writing the potential energy as 


GMm z ae 
Tie [-%+e(m)| 
GMm , GMm 2 
aches’ Tak Re 2+0(3). 
The first term is a constant and can be ignored so, to the lowest order, V = mgz 
where g = GM/R®. Using the given values g = 979.7ems~?. 


The actual value on the surface of the Earth varies with latitude because the Earth 
is not perfectly spherical. At the equator g = 983.221 and at the poles g = 978.049. 


Solution 4.16 


(a) The variation of the acceleration due to gravity, g(h), with the height, h, 
above the mean sea level is derived in the previous exercise, and is g(h) = 
GM/(R+h)?. A first-order Taylor expansion about h = 0 (that is, sea level) 
gives g(h) = g(0) + hg’(0); that is, if we denote g(0) by g, 

2GM ra Ag _ a(h)-g 2h 

Ri i a: ne a 
Putting R = 6.378 x 10°m and h = 800m gives Ag = —2.5 x 10749. 


g(h) -—g=—h 


(b) The rate of change of T with g can be written in the form T’(g) = —T/(2g) 
and to first order T(g + Ag) — T(g) = AgT'(g), which gives 
SL ee 
Tyr 
There are 24 x 60 x 60 = 86 400 seconds in a day, so the relative accuracy of the 
clock is AT/T = 1.2 x 10-°. But the relative change in T due to the change in 
height is, from the above formula, AT/T = h/R ~ 1.2 x 10~* so this change 
can be measured by the clock in less than a day. 


Solution 4.17 


(a) The kinetic energy is T = m3?/2, and since E = T + V the result follows. 


If the initial speed is v, at 


B= 3mv?— olf 


since E is a constant. 


0, the energy is 


r GMm 
Sa eee 


(b) As zoo and 2 — 0, the right-hand side tends to zero to give the escape 
speed, 


juan Mit 26M 
am, = or Ue = 5 


(c) Using the data given for the Earth, the Moon and Jupiter we obtain the fol- 
lowing. 
| Earth Moon Jupiter 


ve | 11.18kms~' 2.37kms-! 59.37kms~! 
g | 979.6cms~? 162.4ems~? 2451 ems~? 


Solution 4.18 
Since T = mv?/2 and mv = F, we have T = mvi = mv-v =v -F, since 


dvd dv 
roy. ivi _— = — . = a=, 
ever giving Qo = Z(v-v)=2v- oe. 
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Solution 4.19 
In this example we have 
OL aL 2, 108 3 
i ea oe ape 
and 


oL_ WV ak_ W OoO_ wW 

Ox Ox’ Oy Oy’ dz Oz" 
Hence Lagrange’s equation for the x-coordinate is 
d (3) OL di OV _ 


Noe) On a ee =” 


which reduces to the quoted equation: since -OV/Oz is the force in the x-direction, 
this is just Newton's equation of motion for this coordinate. The results for the y- 
and 2-directions follow similarly. 


Solution 4.20 
(a) First note that 
wv _ Wor 4 wv 
@z Ordz *™ By 
and since Or/Ox = x/r and Or/Oy = y/r (see Exercise 4.13(a)), Lagrange's 
equations of motion in Cartesian coordinates are 


dnt eViie) = 4 ing) V(r) = 
a (mt) + V"(r) = =0 and 5 (mij) +V'(r) = =0. 


(b) Since é? + y? = # +26? (see equation (4.54), the Lagrangian becomes 
L=km (# i 36?) -Vi(r). 
This is independent of @, so this equation of motion becomes 


d (OL\_ ad 23) _ ,__A 
5 (3) = 5 (mr 6) =0, hence (= 


where A is a constant. The equation for r is 


d (aL Ce nae 2 lh 
x (%) == mi —mr@ + V'(r) = 0. 


Using the equation for 6 gives the quoted result. 

Solution 4.21 

Since f(«) = ax2/2, f’(a) =ax and f(x) = a, equation (4.83) becomes 
@ (a(1 + a2?) — a*xé* + age =0, 


which expands to #(1+a?x*) + 2a?xi? — ax? + agx = 0 and is the same as 
equation (4.5). 
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Solution 4.22 


(a) If the length of the string between the particle of mass m, and the pulley axis 
is z, and the total length of the string is 1, then the length of the string between 
the particle of mass mz and the pulley is |—zR—z. Thus the potential 
energies of the two particles are Vj = —mjgz, and Vz = —mag (Il — 7R — 2). 
Notice that the signs are negative because distance is measured downwards. 
The total potential energy is 


V(z) =Vi + Vo = —(m, — mz) gz — magl + rmagR, 
and the last two terms may be ignored because they are constants. 


When the mass of the pulley is neglected, the kinetic energy is just the sum 
of the kinetic energy of the particles T = mj 27/2 + m237/2 = (m; + m2) 37/2, 
so the Lagrangian is 


L =} (my +m) 2? + (my — m2) gz. 


(b 


If the mass of the pulley wheel cannot be neglected then its rotation will 
add a component to the kinetic energy, but not to the potential energy. 
The extra kinetic energy is given in the question in terms of 6; since the 
rope does not slip we have the relation R@ = 2, so the new kinetic energy is 
T = (mm, +m + M,) 27/2 and the Lagrangian is 


L = 4 (m+ mz + My) 2° + (my — ma) gz. 
(c) With M =m, +m + M, we have 0L/d2 = (m, — m2)g and OL/d2 = M2, 
so Lagrange’s equation of motion is 
Mz = (m, —mo)g. 
with general solution 


a i im, —m 9 
z= 2(0) + 2(0)t+ PY a a 


As would be expected, if mm, > m2 the particle with mass m2 moves up, and 
if m, < mg it moves down, Also, the heavier the pulley wheel the less the 
acceleration. 


Solution 4.23 
(a) In this example the motion is along a line in three dimensions so the speed v 
is obtained from v? = 4? + gj? + 2? = (k? +a”) 6?. The kinetic energy is thus 
T = m(k? +a?) 6/2. The potential energy is V(¢) = mgz = mgké, giving 
the Lagrangian 
L=T-V = }m(k? +a?) 6 — mgko, 


which is similar to the Lagrangian of a particle falling in a gravitional field, 
Lagrange’s equations of motion are (k* + a?) d+ gk =0. Direct integration 
gkt? 
2( + a2)’ 
particle slides down the spiral with ever increasing speed. 


of this equation gives d(t) = d(0) + d(0)t — which means that the 
(b) When the spiral is rotating the coordinates of the particle are 
© = acos(q + O(t)), =asin(+6(t)), z=ko. 
For a rotating wire the potential ensrey is unaffected by the rotation, but the 
speed is now given by v? = a? (6 + 6) + k*é? giving the Lagrangian 
L = }m((a? +42) 6? +2060) — mgko, 


where we have, as usual, ignored the term m6?/2 because it is a known function 
of time. 
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This Lagrangian can be cast in a more convenient form by removing the de- 
pendence on 4, using a trick discussed later, on page 178. Observe that 


Ay Waser 
ob = a (60) — 00, 
so the Lagrangian becomes 
L=tm(a? +k?) @?—m (ok + 0) O+ ma? 4 (0. 


On page 178 we show that the last term, being a derivative with respect to 
time, may be ignored to give the simpler, equivalent Lagrangian, 


6 


The equations of motion are obtained using the derivatives of the first La- 
grangian, 


L= 4m (a? +k)? —m (gk +08 


. ; aL 
a =m (a? +k*)d+ma7d and ie = —mgk, 
which give the Lagrangian equations of motion 
m(a?+k*)6+ma?6+mgk=0 and 6=- 


1 (Ga + ak) Y 


Solution 4.24 


(a) For a T-periodic solution x(t + T) = x(t), for all t. Ifa(0) = A, then 2(T) = A 
and the action is 


AT 
Ss fu (dma? = fma?a'), (0) =2(T) =A. 
0 


(b) Ifa = Asinwt, w = 27/T, the functional becomes 


5 pmo 5 ple 
S = pmA? [ dt-cos? wt — 4mA*a? [ dt sin' wt 
0 lo 
Qn At 2 an 
= bmw? [ a9 cost — MAO [ a sin* 0 
0 w 0 


= Te (BPA? 307A). 
Bus 


(c) The functional must be stationary, so S’(A) = 0, that is, 16u*A — 12a7A* = 0. 
So 


Solution 4.25 


The constant is 
E= st — L= ma? (1+ f'(x)*) — dma? (1+ f'(x)?) + mof(z). 
which reduces to the given expression. Rearranging this gives 
dx\? _ 2E —2mgf(x) 
e (z) "T+ 


Solution 4.26 
The equation of motion is 
#14 s(@)?) + #7 S'S" (a) + (9+ 7) F(z) =0 


and if f = ax?/2 this becomes # (1+ (ax)?) + a2xi? + (9 + 4) ax =0, as required. 
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Solution 4.27 


(a) It is shown in Exercise 4.10 that v? = s?, thus T = mv?/2 = ms?/2. The 
potential energy is V = mgy/(s), so the Lagrangian is L = ms?/2 — mgy(s) 
and the equation of motion is m$ + mgy'(s) = 0, hence § + gy'(s) =0. 


(b) On the cycloid 


wo)= [4 (%) +(2) 
=o [dors cosay + sin? 
=a [do VIF ed) 


But cos @ = 2cos*(#/2) — 1, hence 
’ 
#=2a if dé cos(@/2) = dasin(¢/2). 
0 


Using the related trigonometric identity, cos@ = 1 — 2sin?(¢/2), we obtain 
y = 2asin?(@/2) = s*/(8a). Hence, from part (a), the equation of motion is as 
given. 


(c) The general solution of the equation of motion is 
- Pee ae Lala 
a(t) = 9(0) coswt + —— sinwt, aay ia’ 


Thus s(t) = s(t +7). T = 2x/w, for all valid initial conditions. That is, the 
period of the motion is independent of the initial conditions: no matter where 
the particle starts, it reaches the bottom in the same time. 


Solution 4.28 


The kinetic energy is found in Exercise 4.12 (page 169). The potential energy is 
V =—(MY + my)g and, since 2Y + y is constant, the potential energy becomes, 
apart from a constant, V = (M —2m)yq/2, giving the quoted Lagrangian. 


The equation of motion is (M + 4m)jj = 2(2m — M)g; integrating twice gives the 
general solution quoted. 


Solution 4.29 
(a) Using the expressions given for T and V we obtain the quoted expression, 
L ‘ ; o 
E= “ — L=ml*§? — (4ml*§* + mglcos0) = Lml?6? — mgl cos. 


The minimum of E is at 6 =0 and the maximum of mglcos@, that is 6 = 0; 
thus E > —mgl. 


(b) Using the half-angle formula, the energy integral becomes 
—mgl(1 — 2k) = 4ml?6? — mgl [1 — 2sin?(0/2)] , 
which can be rearranged to give 6? = 4g (k? — sin*(0/2)) /l. Since 6 is real, we 


need | sin(0/2)| < k: if 0 < k < 1, this means that |0] <a < x where sin(a/2) = 
k. 


Since @ increases from —a to a, 6 > 0, and hence 


@ = /4 k2 — sin?(6/2), 


and integration gives 


a 1 
[rae 
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(c) First note that the values of the contributions from the intervals (—a,0) and 
(0. a) are identical, so 


Wie it t pe? de 1 
T=2{—) dO—————=2)/— | dp >. 
Vi \/k2 — sin?(0/2) VEL 40 | /ie2 — sin®(6/2) 


But 
1 do dé 2kcosd 
3800/2) 55 =kecosd, so ae Vizwaate’ 
hence 


(iti i 
P=4 Al dé —————=,  k=sin(a/2). 
ii 0 V1—K sin? 6 (a2) 


Now use the binomial expansion (1 — z)~!/? = 1+ 2/2 +32?/8+ O(2%) to write 
the expression in the form 


it m/2 Re 3k* 
T=4 tf dé (1+ Fanto+ Sst +0c)) 
oJo 2 8 


and use the integrals, given in Exercise 4.24, but with modified integration 
limits, 


mn /2 m/2 
in?g = ™ into = 3% 
| do sin” 6 = T | do sin" 16’ 
to give the quoted result. 
Note that for small k the relative difference between this expression and the 
small amplitude limit, & = 0, is 1% when k*/4 = 1/100, that is k = 2/10 or 
a ~ 4/10, which is a swing of about 23°. 
Solution 4.30 
At Py we have (0,0) = (,0) and at P, (0,6) = (0,6;), so the energy equation gives 
—magl cos A = 4ml?6? — mgl. 
Thus the speed at P, v = 16,, is given by 4u? = gl(1—cos@). But cosu = 1— 
2sin?(u/2) and elementary trigonometry gives d/(2l) = sin(@/2), so 
4u? = 2glsin?(Oo/2) or v= ay/3. 


Solution 4.31 
The total energy is the sum of the kinetic and potential energies, 

E = 1(M +m)X? + m6? + ml6X cos 6 — mglcosé. 
This result can also be obtained from equation (4.84). Dividing by M +m, putting 
E=C(M +m) and using the relation X = A — pl cosé gives 

. 2 * =: - 
C=3(A-=plécosé) + $16? + pld coso (A — 1116 cos 8) — jiglcos 0 
= 4A? + byl?6? — 1,776? cos? @ — jrgl cos 0, 

which gives 
2C- A? _ 


192 (1) - 2) con Se 
36? (1 — cos? 0) 70088 le 
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Solution 4.32 
The equation (4.104) for X can be written as 


X=A-pl 4 (ano) which integrates to X =C + At — plsin@. 
The initial conditions give A = 0 and C = ilsin @, hence X = jil(sin  — sin). 


Using the initial conditions in equation (4.107) gives B = —(g/l)cos@, and on 
using the identity cos u = 1 — 2sin®(u/2) this becomes 


_ 49 sin” (49/2) — sin?(0/2) 


j2 
Saar 1 — pcos? @ 


If || < 1, then using the approximations sin u ~ u this becomes 6? + 70? = w02 


where w = \/g/(I(1 — 4)). The solution of this equation is that quoted. For X(t) 
we have, for small 4, 


X(t) = pl(0o — 0) = pl0o(1 — coswt), 
which gives the quoted result after using the identity cos @ = 1 — 2sin?(/2). 
Solution 4.33 


(a) If both angles are small, on using the approximations given, we see that equa- 
tion (4.120) becomes 1,4; + l242 + g@, = 0 and that equation (4.116) becomes 
1,0; + 28 + g02 = 0, with js as quoted. 


(b) Using the substitution given, these equations become 
A (wl, —g) + pArlw? =0, Arhu* + (wl - 9g) Ar = 0. 


These equations, for A; and Ag, have non-trivial solutions only if 


hw? wh-9|_, 
wh—g plw® | ° 
that is, if 


w'hla(1 — yp) —w*(h + h)g +9? =0. 
Putting 4; = ly =/ we see that the solutions of this quadratic for w are 


_gitvi ; g 1 
Cat ey that is, a” llzyi 


If w is taken to be either of these values, then 


= wWh—-g Ay Ve ees 
A= Mie = (\- a) -4+% h=h=l. 


Hence, putting A; =a we have 


1 
EV 


a 29 
= wt, 02 =+—coswt whi Ves 
1 = cos 2 Thee where w= 7 


Solution 4.34 
The coordinates of the pendulum mass with respect to the point of support are 
(lsin@,—lcos@), so with respect to a fixed point the coordinates are (/sin@ + 
(t), cos). The kinetic energy is 
FS 2 - 2 
T=1m [(Weoso +5) + (ldsiné) ] 

= dml?6? + mb (sin 0) + ma? 

= bmP?6? + ml (-Asine + sin 0) + 3m? 
The potential energy is V = —mgl cos, so the Lagrangian can be taken to be 


L=4ml?6? — ml4sin8 + mgl cos 8, 
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and the equation of motion is as given. 


Solution 4.35 


Consider Figure 4.16 (page 183): the coordinates of the point P are as in equa- 
tion (4.94), that is x = I(t) sin @ and y = —I(t) cos 0. Differentiating with respect to 
t gives 


é=lsind +1l6cosé, y= —icos0 + lsind, 


hence the square of the speed is v? = [? + /?6?. Since the kinetic energy is T = 
mv?/2 and the potential energy is V = mgy = —mgl(t) cos@, the Lagrangian is 


L = 4ml(t)?6" + mgl(t) cos 0 + imi?. 


The final is a function of time only, so may be ignored. Differentiation gives 
OL/80 = ml*0 and AL/30 = —mgl sin @, which gives the quoted equation of motion. 


Solution 4.36 


From equation (4.145) we see that F = fs Eg, so 


OF , 
—=pn,, =—=-Tete =-=0. 
on™ Oh, Me 0. 
Hence, equation (4.159) gives py, — T.7,. = 0, which is the wave equation. 
Solution 4.37 


Each element of the string, of length dx, has an extra potential energy ky?éx/2 
because of the energy stored in the stretched rubber sheet. Hence the action is that 
given in equation (4.145) with the extra potential energy subtracted from it, that 


is 
7 fb 
if at f dx (py? — Ten — kn?) 
0 Jo 


Using the general result (4,159) this gives the equation of motion pr, — Ten,. + 
kn = 0: this equation also occurs in quantum mechanics where it is known as the 
Klein- Gordon equation. 


s 


Solution 4.38 


Using the potential energy given in the question we see that the total potential 
energy of bending is 


v= 40 [te (52) - 


Including this contribution, the action (4.145) gives the result quoted. 


Consider the Gateaux differential of the bending contribution, Sg, to the action: 


7 L 
ASping)=—-B fat f° deneedes 
oe 


Integrating by parts with respect to x twice and using the conditions g(0,t) = 
g(L,t) =0 gives 


Sain] =-B + at [need], B wf at a dr 2, 


If there are the additional boundary conditions then g,(0,t) = gz(L,t) = 0 and 
the boundary term vanishes and the stationary path is determined by the given 
equation. 
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Solution 4.39 


(a) The potential energy comprises the sum of the component due to work being 
done against the tension, found in the text, 


and the work done against the force F(x). For an element of the string, length 
6x, this potential is 6V2 = —F(«)ndx. Compare this with the potential gained 
by lifting a mass m a distance 7 in a gravitational field, where the force is mg, 
so the potential energy gained is —mgn. 


Hence the potential energy is 


L 2 Le 
V=37. | dz oy -f da F(x) n(x). 
, 0 Ox 0 


(b) The corresponding action is 


S= [a [a [a (2) =n (52) +2Fna)). 


For a static string, 7, = 0 and all functions are independent of t, so the action 
simplifies to 


- L 2 
s=4 fafa |-n (Bt) saree). 


Using equation (4.159) we obtain the equation of motion T.n,, + F(x) = 0. 
Integrating this once gives 

an 2 

oa -8-7/ du F(u), 


where B is a constant. Integrating again gives 


na) = A+ Bez [ dv ['duru)=A+Be- 7 [ du(x - u)F(u), 
Te Jo lo Te Jo 


where A is another constant. The boundary conditions, (0) = y(L) = 0 give 
A=0and BL— } fi} du(L —u)F(u) =0, respectively, so that 


» Le = 
nia) =z lL du(b=n) Fu) =f Wete= oreo] : 


If F =k, for some constant k these integrals give 1 = ka(L — x)/(2T,). 


(c) Using equation (4.159) we obtain the equation of motion 


an Pn 
alt) ay ~ Tes — F(z) =0. 


Solution 4.40 


(a) On any surface two coordinates are needed to specify a position, so this system 
has two degrees of freedom. Possible coordinates are the latitude and longitude. 


(b) If the rod were rigid the system would be a simple pendulum, with one degree 
of freedom. Because the length of the rod can change another coordinate is 
required to specify the position of the particle. so the system has two degrees 
of freedom. Two possible coordinates are the angle between the rod and the 
downward vertical and the length of the rod. 


(c) The only difference between this and the previous example is that the end 
of the rigid rod moves on a sphere, not a vertical plane, and requires two 
coordinates to define its position. Thus for the elastic rod, three coordinates 
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are needed and the system has three degrees of freedom: possible generalised 
coordinates are the two spherical polar angles of the rod. 


(d) If the end of the rod on the curve were fixed we should have a conventional 
vertical pendulum, with one degree of freedom. Because its hinge can move 
this adds a second degree of freedom. Coordinates could be the angle between 
the rod and the downward vertical and the distance of the hinge along the 
curve. 


Solution 4.41 


(a) The equation of motion for Ly is d(q¢+q)/dt —(G¢+q) or G—q=0. The 
equation of motion for Ly is d(q)/dt — q or G—q=0. 


(b) We have 
e d 
h=3(? +07) +a=b+35 (@). 


Solution 4.42 


(a) The independent variables are the coordinates (x,y, 21) and (2, yo, 22). Dif 
ferentiate r? with respect to x; and x2 to obtain 


Or or 
2r = (a, —a2) and a = —2(a1 — 22), 


which gives the quoted results. Differentiation with respect to (yj), ye) and 
(2), 22) gives similar relations. 
(b) The chain rule gives 
av _ OV dr = OV _ OV Or = OV _ OV ar 
Ox, Or Oxy’ Oyp Or Oy,’ Oz_ Or Jaq" 
Since Or/Ax, = —Or/Oxg, ete., we see that OV/Ox; = —OV/Ox», ete. Hence 
av _ wv (2 = W-w AW ) __n-maVv 


k=1,2. 


Bie or ae or r O6r 


and Fy, = —OV/dr2 = —F 2. 

Solution 4.43 

The generalised coordinates are u, v and @, and differentiation gives 
i = (iv + ub) cosd — uvdsingd, 
= (itv + wd) sind + wvdcos @, 


2=ut— vb. 


‘The speed is v? = 42 + g + 2°: it is easiest to first evaluate ¢? + 
@? +? = (iv + ud)? cos? @ — 2 (itv + ud) uvdsindcos 6 + u?v7d? sin? & 
+ (tev + ub)? sin? d + 2 (itv + ub) uvdsin dcos 6 + u?v7d? cos” 6 
= (ity + ud)? + (uvs)”. 
Hence, on adding 2? to this, we obtain 
#4 + 2? = (tw + 0d)? + (uve)? + (uit — wi)? 
= (u2 +02) (i? + #2) + wv2d?. 


This is a sum of the squares of the generalised velocities, with coefficients depending 
upon the generalised coordinates. 
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Solution 4.44 


(a) A neat way of obtaining the inverse transformation is to use matrices. The 
transformation is linear and can be represented as follows 


(% )=a (7). Re) =( _S8% ae) 
So 
(5 =m (4). mOt=( tro ese ): 


Hence 


@=ucosMt—vsinQt, y=usinQt + vcosNt, 


(b) Differentiating these expressions and putting ¢ = cos Mt and s = sin Qt gives 


é=te-—ts+Q(-us—ve) and y= ts +te+2(uc—vs). 
Squaring and adding these gives 
4? + 9? = (te — 08)” + (ts + bc)" 
+97 [(-us — ve)? + (ue— vs)? 
+20 [te — bs) (—us — ve) + (tis + de) (uc —vs)]. 
Expanding all these terms gives 
V2 = wt? +0? +9? (u? +0?) — 22(tv — ud). 


(c) We have & = pcos — pdsin d, i = psind + pdcos, giving 
w+vr=p?, W407? =p? +(pd)?, tv —ud = -p7d, 
hence 


A * = 2 
V? = p? + (pd)? + 20p7d + 07 p? = p? + p? (+9) ? 


Solution 4.45 


We consider both situations together. If / is the length of the string and z the 
distance of the hanging block below the pulley then, because all components are 
moving with speed the kinetic energy is 


T = $M2? + $M2? + }m2?. 


The potential energy of the hanging block is —Mgz (because the distance is mea- 
sured downwards). The mass of string above the pulley has potential energy that 
is independent of z. The mass of string below the pulley is mz//, and the centre 
of mass of this is a distance 2/2 below the pulley, so the potential energy of this 
portion of the string is g x (mz/l) x (—z/2). Hence the total potential energy is 
Mage — et 

V =—Mgz ied 
and the Lagrangian is 
ING 2 
By] z. 
In the first case the string has zero mass so L = M2? + Mgz. 


L=4(2M +m)2? + Mgz+ 
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Solution 4.46 


Let q be the distance between the particle and the origin, so its coordinates are 
a =qcosa and y =qsina. The square of the speed is 


v? = (qcosa — qérsina)” + (gsina + ga cosa)” = q? + 47a’. 


The potential energy is V = mgy, so the Lagrangian is 
L=}m(q +4?a7) —mgqsina. 

The equation of motion is G— qa” + gsina = 0 and with a = 3t this becomes 
G-—Aq=—gsinst, q>0. 


The solution of this linear equation comprises two parts; first there is the general 
solution of the homogeneous equation g — q = 0, q:(t) = Acosh(t) + Bsinh(Jt). 
Then there is a particular solution of the inhomogeneous equation. which is clearly 
of the form q,(t) = C'sin(St) for some constant C. This is found by substituting 
into the equation of motion: 


C (—* — 6) sin(Bt) = —gsin(At), so C=9/2%, 
giving the solution satisfying q(0) = A, 


q(t) = Acosh(at) + Bsinh(3t) + a sin(/3t), 
fh 


Solution 4.47 
The speed of the particle is given by 
v= a +i? = (+4) + (aad)? 
= (1+a7q?) +247+ 7 
‘ rye Set 
=¢? (1+a"q?) — 2a) + [? +25 w| : 
where the terms in the square brackes can be ignored because they are time deriva- 
tives. The potential energy is V = mgy, hence the Lagrangian is 
L = 4m@? (1 + a7q?) — 4magq? — mq¥. 


Solution 4.48 
The square of the speed is ¢? + ? and since y = art + ax*/2 we have 


2 


v ata 


+ (awe + Sax”)? = 4? (14 072”) + adr%é + 10724, 


so the Lagrangian is 
L = }mé? (1+ ax") + dmada%a + $ma?at — }mgax?. 
But, 


Lape eee Oe rr 
= aq (aan") rid a) 


so that, on ignoring the first term, the Lagrangian becomes 


L = }mi? (1 + 02x?) — dmgax® — Lma*>(t), where y= 


The partial derivatives required for the equation of motion are: 
OL - 2.2 OL on 222 1 3 
ap = me (1 +a"), Be = mae —mgax — 5m(t)x*, 


so the equation of motion is 


4 (@ (1+ ax?)) — aan? + gaa + $m7(t)x* =0. 
Expanding this gives 


# (1+ a2") + 2aax7é + a?xt? + gar + 39(t)x* = 0. 
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If 4 = 0 this reduces to equation (4.5) (page 147). 


Solution 4.49 
The action is 
te 
S=jm| at (@?+9°+2). 
ty 


If (a(t), y(t), 2(t)) is the actual path and (a(t) + €€(t), y(t) + en(t), 2(t) + €C(t)) is 
an admissible varied path, then (£,7,¢) are zero at t = t; and tg and the change in 
the action is 


15= 7 [a [(e+4)'-2 + (d+e9) 7 + (2+€) -2] 
ty 


aaaee ’ ees ; 
=me [ dt (a+ 00+ it) +4me f dt (Gs +P +2), 
Sty th 
But integration by parts gives 
eee f to 
nt ataé = [ea]? - [ at &%. 
ty ty 
Since €(t)) = (tz) = 0 and # = 0, because there are no forces, this integral is zero. 
Similarly, the integrals over ji) and 2¢ are zero. Hence 
‘cient ; 
és'= gme | at (@ +i +2). 
th 


Thus 6S > 0 (unless |€| + || + |¢| = 0), so the action is a minimum on the stationary 
path. 


Solution 4.50 


Use the notation defined in the figure and put the z-axis along the governor axis 
BA. The heights of the masses m; and m2 are z; = —acos@, 22 = —2acos@, so 
that the total potential energy is 


V(0) = 2mygz + magz2 = —2ag (my, + m2) cos. 
Since the particle of mass m2 moves only along the z-axis its kinetic energy is 
T2 = 4m} = 2m2a"6? sin? @. The motion of either one of the particles of mass my 
is more complicated as it moves in three dimensions. Consider the one on the right 
in the figure. In the plane of the paper it has the vertical velocity component 2, 
and also the horizontal velocity component @; where x; = asin @; there is also a 
component of velocity into the paper due to the rotation of the system about the 
axis, which is 2,0. Thus the speed v, of this particle is given by 

UP = ad? sin? 0 + 06? cos? 0 + a? sin? @ = a? (6? + 0° sin? 8) . 
‘The speed of the other particle of mass m, is clearly the same. It follows that the 
combined kinetic energy of these particles is T; = mya (# +0? sin® 8) and hence 
the Lagrangian is : 


L(0,0) = mya? (# +0 sin? 0) + 2mga76? sin? 6 + 2ag (m; + m2) cos® 
= a76? (my + 2masin® @) + m a7 sin® @ + 2ag (my + mz) cos 8. 


The energy, EF, is given by the first integral 
,OL 
E= on =f 
= 2076? (m, + 2mgsin® 4) — L 


=a"? (m, + 2masin® 0) — mya? sin? 6 — 2ag(m, + m2) cos. 
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Solution 4.51 


The string is always tangential to the surface of the perpendicular. cylindrical post; 
let @ be the angle between the radius to this tangential point and some fixed radius. 
as shown in the diagram, and R(t) the length of the string from this point to the 
particle. 

The distance R depends upon @: the total length of the rope is, to within an additive 
constant, R +8, so Ft =—a#. We now determine the coordinates of the mass m 
with respect to the axes Oxy, shown in Figure 4.26. 


Point P, where the rope leaves the cylinder, has coordinates (asin #,acos@). The 
a and y distances of the mass from P are, respectively, Rcos@ and —Rsin@, so 
the coordinates of the mass are (asin@ + Rcos@,acos@— Rsin@). The velocity 
components are : 

é =(acos@— Rsin0)6+Reos@ and y= —(asin@ + Rcosé)4— Rsind, 
so that the square of the speed of the mass is 

v? = (a? + R?) 6? + R? + 2aR6. 
But 6 = —R/a so this reduces to v? = (RR/a)?. 
The kinetic energy is therefore T = m(RR)?/(2a), Since the gravitational forces 


are to be neglected the potential energy is constant and the Lagrangian is L = T. 
The first integral, equation (4.84), is 


m 


™ p2p2 
sat le. 


Bemis Veo 
OR 
Solution 4.52 


Take the origin O to be the centre of the circle and the generalised coordinate to 
be @, as shown in Figure 4.27, The potential energy is V(0) = —mgRcos@ and the 
speed of the particle is v? = R26? + (QRsin#)?, the last term being the component 
of the velocity due to the rotation, The Lagrangian is 


L=}mR?0? + 4mo? R? sin? 0 + mgRcos0. 


Solution 4.53 


(a) Lagrange’s equation for the Lagrangian aL is 


a (jOL\ OL _ [2 (9b) 8h) _o 
a \" 8G dq lat \ OG)” Oa) 


Thus a solution g(t) of Lagrange’s equation for L is also a solution of Lagrange’s 
equation for aL, and vice versa. 
(b) If Q = aq and T = bt, then 


de di dt 
Vi) =VIQ/a) =e°V(Q) and = FOL) _ Bed, 


and the Lagrangian is 


£(@.52) = Lad) = 4m (‘) (2) ~«V(Q) 


2 
=a (im (2) = v@) if b=al-¥??, 


(c) If q= f(t) is a solution of the original equation of motion for L(q.4) then 
Q=af(T/b) is a solution of the equation of motion for L(Q,dQ/dT). Using 
the result of part (a) we see that when b = a!~/?, Q = af(T/b) is a solution of 
the equation of motion for a‘Z(Q.dQ/dT), and since this is formally the same 
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Figure 4.26 


Figure 4.27 


2 
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as the original Lagrangian we conclude that q = af(t/b) will be a solution of 
the equation of motion for L(q,q). But, in this case 


af(t/b) =af (or). 


In particular, if f(t) is a periodic solution with unit amplitude and period 
then Af(A/2-!2) is a periodic solution with amplitude A, and its period is 
Al-N2,, 


(d) If V(q) x q? then \=2 and A!~’/? = 1. Therefore the period is independent 


of the amplitude in this case. 


(e) If V(q) x q7! then \ = —1 and A'~*/? = A¥/2, so the period increases as the 
3/2 power of the amplitude, 


Kepler’s third law of planetary motion states that the square of the period 
of each planet in its elliptical orbit is proportional to the cube of the orbit’s 
semi-major axis. This is analogous to the 3/2 power relationship between 
period and amplitude obtained above for one-dimensional motion; of course 
the gravitational potential varies as r~', where r is the planet’s distance from 
the Sun. The following table of the mean distances a of each planet from the 
Sun and their periods confirms Kepler’s third law. 


Period 7 ar) 


(years) 
0.2409 92.94 
0.6152 92.91 
1.0000 92.96 
1.881 93.00 


Mean distance a 
million miles _ AU 


Planet 


Mereury 
Venus 
Earth 
Mars 


Jupiter 11.86 93.00 
Saturn 29.46 92.93 
Uranus 84.01 92.95 
Neptune 164.8 92.96 
Pluto 247.7 92.93 


Solution 4.54 

In this example the independent variable, t, is unchanged so @ = 0, in equa- 
tion (3.131) (page 119), Y, = 0 and wy =constant: here we have used the correspon- 
dence y = q1, y2 = q2 and x = t. Hence, equation (3.133) becomes 0L/42 = constant, 
which is the integrated form of Lagrange’s equation of motion for q2, that is 


p= (a) ab _ 4 (aL 
~ dt \Aj2) ~ Oq2 ~~ dt \ G2) * 
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